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INTRODUCTION

The study of a number of physical processes is based on the solution of equations containing the
Laplace operator that, by separating variables in curvilinear coordinate systems, lead to differential
equations with a singularity. In the presence of a certain symmetry, these equations are transformed
into the Euler—Poisson-Darboux (EPD) or Legendre equations.

Initial problems for the classical EPD equation have been investigated in many works (see the
introductions in the monographs [1, 2]). In [3, 4], the present author obtained results for abstract
equations.

In this paper, in a Banach space E for ¢ > 0, we consider the Legendre equation

(sinhktsinhq(%))/ , k 2 B
sinh* ¢ sinh?(2t) (8) + (2 + q) u(t) = Au(t), (1)

u”(t) +

containing two real parameters k, ¢ € R and a linear closed operator A.

A solution to Fq. (1) is a function u(t) ranging in D(A), twice continuously differentiable and
satisfying this equation on the set (0, 00).

The differential operator on the left-hand side in Eq. (1) is the radial part of the Laplace—Beltrami
operator in a two-point homogeneous space and in a symmetric space of rank one (see 2, p. 111]).
For ¢ = 0, Eq. (1) is the Legendre equation containing one parameter k. A review of publications
and studies of a number of uniquely solvable problems for the abstract Legendre equation with one
parameter can be found in the author’s papers [5-8]. The so-called incomplete Cauchy problem for
such an equation, when a solution tending to zero as t — oo is sought and the second initial condition
at t = 0 is not specified, was considered in the paper [8]. Previously, the incomplete Cauchy problem
for the abstract wave equation was studied in [9, 10| and for the Euler-Poisson-Darboux equation,
in [11].

Equation (1) is not included in the family of singular differential equations considered in |7] and
therefore requires separate study.
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1384 GLUSHAK

One of the methods for studying differential equations is the method of transformation operators.
Recall that a nonzero operator T is called a transformation operator intertwining operators L and M
if the relation T L = M T is satisfied. For a detailed review of the theory of transformation operators
see |2, Ch. 2; 12]. In the present paper, the method of transformation operators is applied to
establish the solvability of initial value problems for Eq. (1) and explicit formulas for their solutions
are obtained.

1. THE TRANSFORMATION OPERATOR BY THE FIRST INDEX k& FOR THE CAUCHY
PROBLEM AND THE LEGENDRE OPERATOR FUNCTION

In the future, we will need the concepts of the left-sided fractional integral of the function w(t)
with respect to a specially chosen function g(t),

13, ult) = (dgd(t)) ) = s [ o) = 9(6) " Guls) s a >0 @

and the left-sided fractional derivative (ﬁ(t))iu(t) with respect to the function g(t) (see [13, p. 248]).

The operator on the left-hand side in Eq. (1) is denoted by

Ly u(t) :=u"(t) +

(sinh” ¢ sinh? 2t)" )+ <k

2
-+ t). 3
sinh” ¢ sinh?(2t) " 2 q) ult) 3)

We will also us the representations

. (sinh"? ¢ cosh?t)’ <k: >2
Ly u(t) =u"(t) + t)+ | 5 +q) ult
equ(?) Q sinh**7 ¢ cosh? ¢ ®) 2 1 ®

= u"(t) + ((k + q) cotht + g tanh t)u’'(¢) + (]; + q) u(t),

obtained from (3) after elementary transformations.

Introduce the operator
dru(t) = sinh" ' tu(t). (5)

For ¢ > 0 for sufficiently smooth functions u(t), the article [7] established the relations

Lg,k,()(I)ku(t) = (I)kLk’OU(t), (6)
1 d\" 1 d\"
L _— t)=|——— | L t R.
k+2a’0<sinht dt>+u() <smhtclt>+ wou(t), o€ @)
Note that formula (2) with g(¢) = cosht is used in (7).
Relation (7) is valid for functions satisfying the condition u(0) = 0, which can be removed

for a € N. Thus, the operators ®; and (sinh™'¢ %)i perform the movement of the operator Ly o
with respect to the first index. Let

25/2 (k)2 +1/2) 1 d\ " ()
T = P, P sinht’
ko u(t) Nz 2 k(sinht dt) sinht’ ®

then, as established in [8], with & > 0 for functions satisfying the condition «'(0) = 0, from
relations (6) and (7) one has the relation

+

Lo Trou(t) =Trou"(t), 9)
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INITIAL VALUE PROBLEMS FOR THE ABSTRACT LEGENDRE EQUATION 1385
’]Tk’,O ’U,(t) ‘t:O = U(O),
(Tiou(t)],_, = 0.

Relation (9) means that the transformation operator Ty o has been constructed, intertwining the

(10)

operators Lj o and %.
For & > 0, ¢ = 0 we consider Eq. (1), where the operator A is a generator of the cosine
operator function (COF) C(t; A). The terminology and examples of COF generators can be found
in [14, Ch. 2.8; 15].
Relations (9) and (10) actually mean that the function uy () = Ty 0 C(t; A)ug satisfies Eq. (1)
for ¢ = 0 and the initial conditions
u(0) = wy,

u'(0) = 0. ()

Theorem 1 [7]. Let k > 0, ¢ =0, ug € D(A) and let an operator A be a generator of the COF
C(t; A). Then the function

t
k/2
Up,0(t) = Tro C(t; A)ug = 2 \57%;1/(2]{:72;/2) sinhl_kt/(cosht — cosh 8)*/271C(s; A)ugds  (12)

satisfies Eq. (1) and the initial conditions (11).

The operator function Py(t; A) = Ty C(t; A) is called the Legendre operator function (LOF)
in [5, 7]. In the special case where the operator A = (a + 1/2)?, a € R is the operator of multipli-
cation by a number, the LOF P, (t; A) is expressed via the associated Legendre function of the first
kind P?(-) (see [16, p. 661]),

(1 — B)sinh” ¢

PP(cosht), B= %

2. TRANSFORMATION OPERATOR BY INDICES k, ¢ FOR THE CAUCHY PROBLEM

Let us further construct a transformation operator, using which and given the known solution
Up,0(t) = Tro C(t; A)ug for ¢ = 0, we determine the solution uy 4(t) to Eq. (1) for ¢ > 0.
Let
W, qu(t) = sinh® £ sinh?™ " (2t)u(t). (13)

In this case, to determine the transformation operator in relation (2) for the left-sided frac-

tional integral of the function wu(¢), one should choose the function g(t) %(2”, and instead of
relations (6), (7), one should, accordingly, use the relations
L,k’Q,q\Ijkyq’LL(t) == \Ijkquk_’qU(t), (14)
1 d\ I AN
Livioa| ———2) w@) = [ ———2) Loou(t), R. 15
kit <sinh(2t) dt>+u( ) <sinh(2t) dt>+ wqult), @€ (15)

Relation (15) is valid for functions satisfying the condition u(0) = 0, which can be removed

for € N. Thus, the operators ¥, and (sinh™"(2t) 4)% implement the movement of the opera-

tor Ly , with respect to the second index. Let

_ 21T(g/2+1/2) L d\™_ut)
Toqu(t) = =17 ‘I’ozq<smh(2t)dt> Sinh(20)’ 10
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1386 GLUSHAK

then for £ > 0 and ¢ > 0 on functions satisfying the condition «'(0) = 0, for the operator Ty,
defined by relation (16) relations (14) and (15) imply the equality

Ly, gsinh™* ¢ Ty, sinh® t u(t) = sinh™* ¢ Ty, sinh* t Ly gu(t). (17)

Introduce the operator
Th.q = kg Sinh "t Ty, sinh” ¢ T} o,
 VAT(k/2+q/2+1/2) (18)
Pha = D(k/2+1/2)T(q/2 + 1/2)°

which is a transformation operator intertwining the operators L; , and %, i.e., on functions satis-
fying the condition u/(0) = 0, one has the relation

Lk)q Tk7q u(t) == Tk7q u”(t). (19)
Indeed, by virtue of relations (9) and (16)—(18) we have
Liq Trqu(t) = g Lgqsinh ™"t Ty, sinh™ t Ty, g u(t) = pgqsinh™* ¢ To , sinh® t Ly o T 0 u(t)
= ppgsinh™* ¢t To  sinh® ¢ Ty g u” (t) = Ty u” (t).

Just as relations (6), (7), and (9), using the representation (4) for the operator Ly ,, one can
establish relations (14), (15), and (17) by direct verification, which can be cumbersome in some
cases. In Sec. 3, we will show that (like the operators Ty o and Ty ) the transformation operator T ,
defined by relation (18) will preserve the initial conditions, i.e.,

Ty q u(t)],_, = u(0),
(T’C)q u(t))/‘t =0

3. CAUCHY PROBLEM

=0

Taking into account the established relation (19), we construct a solution to the Cauchy prob-
lem (1), (11). For ug € D(A), we introduce the function

Up g (1) = Thy C(t; A)ug = piggsinh ™" ¢ Ty, sinh® ¢ Ty o C(t; A)ug

_ Al(q/2 4+ 1/2) g
~ /7D(q/2) sinh® t sinh?*(2t)

t
/ (cosh(2t) — (:osh(23))‘1/271 sinh® s Ty o C(s; A)ug ds
0
O O2RERT(K/2+ /24 1/2)
/7 D(q/2) sinh* t sinh? ' (2t)

t
/ (cosh(2t) — cosh(2s))q/2_1
0
: (20)

x sinh s /(Cosh s — cosh 7)*/271C (15 A)ug dr ds

0
B 2K/242 (K /2 + q/2 + 1/2)
~ /mD(k/2)T(q/2) sinh® tsinh? ™" (2t)

t t

X /C’(T; A)ug / sinh s(cosh s — cosh T)k/Qfl(cosh(2t) - cosh(25))Q/2_1 dr ds.
0

T
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INITIAL VALUE PROBLEMS FOR THE ABSTRACT LEGENDRE EQUATION 1387
Relation (19) means that the function (20) satisfies Eq. (1). Indeed,
Ly qup q(t) = Ly g T g C(t; A)ug = Ty C" (t)ug = ATy, C(t; A)ug = Auy 4(2).
The inner integral in the representation (20) can be calculated (see formula (3.20) in [17]); then
22R2T(K /2 + q/2 4+ 1/2)
VL (k/2 + q/2) cosh*/? t sinh* ¢ sinh? ™" (2t)

t
X / (cosh(2t) — COSh(QT))k/2+q/2_12F1 <k +q—1, g;

Uy q(t) =

k +q cosht — coshr
2 2cosht

5 )C(T; A)ug dr,
where o F(+) is the hypergeometric function.

Let us show further that the function (20) satisfies the initial conditions (11). Note that
as t — 0, the operator Tj, acts on functions as a Poisson-type transformation operator
(see [2, pp. 2.1.2, 2.1.3)]),

" (.7 27 B Ve N YRR
Py ,C(t; A)ug = T(h/2 + 1/2)T(g/2)tra T /s (t? — s*)V?>71C(s; A)ug ds,

which possesses the properties that we need,
Py qu(t)|,_, = u(0),
!
(Pk7QU(t)> ‘t:O =0.

Expanding the integrands in the representation (20) into the corresponding series and using
integrals 2.2.3.1 and 2.2.4.8 in [18|, we have

S

t
20711 (k /2 2+1/2
lim g, (t) = (k/244q/24+1/2) 5 /s(t2 _Sz)q/z—l /(82_7_2)k/2—1u0 dr ds
0

= hm . k . —1
t—0 =0 \/70'(k/2)T(q/2) sinh" ¢ sinh?

0

t
T 2I'(k/2 +q/2 +1/2) k(a2 2\q/2—1 1 . _

= Tw2 + g e | & ¢ ) uods = lim Py, Ot AJuo = uo.
0

Thus, the following assertion holds.

Theorem 2. Let k > 0, ¢ > 0, ugp € D(A) and let the operator A be a generator of the
COF C(t; A). Then the function (20) is the unique solution to problem (1), (11).

Proof. To prove the theorem, taking into account what was stated above in Sec. 3, it remains to
establish the uniqueness of the solution to problem (1), (11). Let u;(t) and uq(t) be two solutions
to the problem. Consider the function of two variables

w(t,s) = f(Cls: 4) (wr (1) = wa(1)))
where f € E* (E* is the dual space), t,s > 0, which obviously satisfies the equation

62w(i, s) (Si.nh’;tsi.nhq(%))'aw(t,s) . (k . q>2w(t7 5 = azw(i, s),
ot sinh” ¢ sinh?(2¢) ot 2 Os

t,s >0, (21)

and the conditions du(t,s) du(t,s)
. . w(t,s) . w(t,s)
e = e T e, 2

DIFFERENTIAL EQUATIONS Vol. 60 No. 10 2024



1388 GLUSHAK

Applying the Laplace transform in the variable s, from (21), (22) we obtain the following problem
for the image w(t, \):

o inh® ¢ sinh?(2t))" 9ui 2
0%t,)) | (sinh tsinh'(20)) 8w(t’A)+<k+q> D) = N2, ), t>0,  (23)

ot? sinh” ¢ sinh?(2t) ot 2
o g 0wt )
fm b (t, A) = lim =5 = 0. (24)

In [19] it was established that the scalar problem (23), (24) has only the zero solution. Conse-
quently, w(t,\) = w(t,s) = 0 for any s > 0. Due to the arbitrariness of the functional f € E*
for s = 0 we obtain the equality u,(t) = us(t), thereby establishing the uniqueness of the solution
to the problem under consideration. The proof of the theorem is complete.

Example 1. Let & > 0, ¢ = 2 and let the operator A be a generator of the COF C(t; A). Then
after calculating the inner integral in formula (20), the solution to problem (1), (11) will have the
form

t
0 /sinh s(cosh s — cosh 7)*?~1 ds dr

T

o 2MPRD(K/243/2) t A
~ /Al (k/2) sinh" ¢ sinh(2¢) O/ c(m4)

U,k-yg(t)

o 2MED(R/243/2)
k7 I'(k/2) sinh” ¢sinh

Proa(t; A)ug,

t
1
@0 /(coshs — cosh 7)¥/2C (15 A)ug dr = p—
0

where Pyo(t; A) = Tri2,0C(t; A) is the LOF (see (12)).

In a special case, if k = ¢ =2, A € R, C(t; A) = cosh(t\/A) in Eq. (1), then the integral can be
calculated,

t
% /(cosh t — cosh 7) cosh (T\/Z) U dT
sinh” ¢ sinh(2t)
0
6+/A sinh t cosh (tﬂ) ug — 6 cosh ¢ sinh (tﬂ) Ug

= if A#0, A#1.
(A — 1)v/Asinh? ¢ sinh(2t) 1 # 7

U o(t) =
(25)

For A =0 or A =1, one should calculate the corresponding limits on the right-hand side in (25)
to obtain
6(t cosht — sinh t)u

sinh® ¢ sinh(2t)

) Azov

ng(t) ==
3(sinh 2t — 2t)ug

2sinh® ¢ sinh(2t)’

4. THE TRANSFORMATION OPERATOR BY THE FIRST INDEX k
FOR THE INCOMPLETE CAUCHY PROBLEM AND THE ASSOCIATED LEGENDRE
OPERATOR FUNCTION

In what follows, we will be interested in a solution to Eq. (1) that tends to zero as ¢t — oo, so in
this section, instead of the left-sided fractional integral of the function u(t) over a specially chosen

DIFFERENTIAL EQUATIONS Vol. 60 No. 10 2024



INITIAL VALUE PROBLEMS FOR THE ABSTRACT LEGENDRE EQUATION 1389

function g(t), we will use the concepts of the right-sided fractional integral

15 ult) = (dgd(t)) ) = o [ (66 =) gty ds, az0. )

and the right-sided fractional derivative (ﬁm)iu(t)

For ¢ > 0 with sufficiently smooth and exponentially decreasing functions u(t), the paper [8]
established the relation

LHM,O( ! d>iu(t):< ! d>iLk,0u(t), a € R. (27)

sinh t dt sinh t dt

Thus, the operator ®; defined by relation (5) and the operator (sinhflti)i implement the

movement of the operator Lj , with respect to the first index.

Let 52
A NZs 1 d\ 77 u®)
Ty u(t) = By 4) B 2
coul) = mrmy P2\ Gimvar ) smnt (28)

then [8] for k£ > 0 for exponentially decreasing functions, relations (6), (27) imply the relation
Ly o Tk,o u(t) = Tk,o u”(t), (29)

which means that formula (28) defines a transformation operator ?AI‘;%O intertwining the operators Ly, o
and 4.

Since we are interested in a solution to Eq. (1) that tends to zero as t — oo, the required
condition is provided by the form of the operator A. We assume that the operator A = B2
where B is a generator of an exponentially decreasing Cy-semigroup 7'(¢; B) admitting the estimate

|T#:B)|| < Te™, T>1, w>0. (30)

For k > 0, w > |k/2 — 1|, vy € E, following [8], we introduce the operator function

X JT 1 d\ "*T(t: B)v,
t; BYvo = Tyo T(t; BYvp = —o B, 2y =it
Qults Bloo = Tuo Tt B)vo = s ®ei| Giivar ) sinhe
o0 (31)
VT ik k/2-1
= T0k/2) sinh" ™" ¢ [ (cosh s — cosht) T(s; B)vg ds.

t
The convergence of the integral in (31) for w > |k/2 — 1] is ensured by the condition & > 0 and
inequality (30). Indeed, taking into account integral 2.4.14.1 in 18], we obtain the estimate

oo

T\/’]T' . 1—k c/2— —wt
HQk(t;B)H < T(k/2) sinh 75/(cosh7f—coshs)k/2 et ds

J (32)
< TV?2 sinh'/?7%?¢ Q’:)/_Qf/lz/z(cosh t),

where QZ/_Q 1712/ 2() is the associated Legendre function of the second kind, which tends to zero
as t — +00, since as t — oo the leading term of the asymptotics of the function fo 1_/12/ 2(cos,h t)

has the form ¢ cosh ™~/ ¢ with some constant ¢, (see, for example, [20, Sec. 7]).

DIFFERENTIAL EQUATIONS Vol. 60 No. 10 2024



1390 GLUSHAK

In particular, if B € R, B < 0, then T'(t; B) = €' and (see integral 2.4.14.1 in [18])

k
Qu(t; B) = —iv2 exp{ ;z} sinh'/27%/2¢ Q]i/;jg (cosht). (33)

The operator function Qy(t; B) is the result of applying the transformation operator ']AI‘;%O to the
decreasing semigroup 7'(t; B) and is called the adjoint Legendre operator function (ALOF), and
relation (29) means that for ¢ = 0 the function u(t) = Q(¢; B)vy satisfies Eq. (1). Thus, the
following assertion holds.

Theorem 3 [8]. Let k >0, g =0, vg € D(A) and let the operator A be representable as A = B?,
where B is a generator of the Cy-semigroup T (t; B) that admits the estimate (30) for w > |k/2—1].
Then the function uyo(t) = Qr(t; B)ve defined by relation (31) satisfies Eq. (1).

5. THE TRANSFORMATION OPERATOR BY INDICES k, ¢ FOR THE INCOMPLETE
CAUCHY PROBLEM

Let us further construct a transformation operator, using which and given the known solution
ug,0(t) = Qi (t; B)vg, we determine the solution wuy ,(t) to Eq. (1) for ¢ > 0. Let

Uy, qu(t) = sinh® tsinh?™ " (2t)u(t). (34)

In this case, to determine the transformation operator, instead of relations (6), (7), one should

use the relations
Lfk’qu\IJkyqu(t) = \Ifk’qu_’qU(t), (35)

1 d\" 1 d\"
L = - (———2) 1L R.
k’q“a(sinh(Qt) dt)u(t) <sinh(2t) dt) kqult), € (36)

Relation (36) is valid for exponentially decreasing functions w(t). Thus, the operator ¥y , de-
fined by formula (34) and the operator (sinh™'(2t) 4) defined by relation (26) for g(t) = %@”
implement the movement of the operator Ly , with respect to the second index. Let

. 1 d\ " @)
TO#} U(t) = \1’072_(1 <51nh(2t)dt>_ m, (37)

then for £ > 0, ¢ > 0 with exponentially decreasing functions wu(t) relations (35), (36) entail the
equality R R
Ly gsinh™* ¢ Ty, sinh* tu(t) = sinh ™" ¢ Ty, sinh® ¢ Ly, gu(t), (38)

which means that we have coinstructed the transformation operator

']AI‘M =sinh "¢ ']AI‘O,q sinh” ¢ Tm, (39)
intertwining the operators Lj , and j—;, i.e., for exponentially decreasing functions u(t) one has the
relation

Lk,q Tk,q U(t) = Tk,q U//(t). (40)

Indeed, by virtue of relations (29), (37)—(40), we have

Ly, ']AI‘k’q u(t) = Ly 4 sinh ™"t ']AI'M sinh* ¢ Tk,o u(t) = sinh ™" ¢ ']AI'qu sinh” ¢ Ly o ']AI‘HJ u(t)
= sinh " ¢ Ty, sinh® ¢ Ty, o w” (t) = Ty, u” (t).

DIFFERENTIAL EQUATIONS Vol. 60 No. 10 2024



INITIAL VALUE PROBLEMS FOR THE ABSTRACT LEGENDRE EQUATION 1391

Just as in the case of relations (6), (7), and (9), relations (35), (36), and (38) are established by
direct verification using the representation (4) for the operator Ly ,.

6. INCOMPLETE CAUCHY PROBELM
Relation (40) menas that for vy € D(B?) the function

Upq(t) = Try T(t; B)vg = sinh ™" ¢ T, sinh® ¢ Ty, o T(t; B)v,

217‘1/2 T q/2—1 . k
= — 3 (cosh(2s) — cosh(2t)) sinh” s Q4 (s; B)v ds,
I'(¢/2) sinh” ¢ sinh?™ " (2t)

(41)

t
which, considering (31), can be represented in the form

- 21—q/2ﬁ
 T(k/2)T(g/2) sinh” ¢ sinh?~ ! (2¢)

U q(1)
X / (cosh(2s) — cosh(2t))q/2_1 sinh s /(coshT — cosh 8)¥271T(1; B)vy dr ds
t s (42)
2!-9/%\/w
 T'(k/2)[(g/2)sinh” ¢ sinh?* (2¢)

oo T

1

- / T(T;B)UO/ sinh s(cosh 7 — cosh s)"/2~" ((cosh(2s) — cosh(21))"* " ds dr,

t t

satisfies Eq. (1), since, by virtue of (40), we have
L qtg(t) = Liy Ti g T(t; Byvg = Ty y T" (t)vo = B> Ty T(t; B)vg = Aug o(t).

Just as in (20), the inner integral in the representation (42) can be calculated, and then the
solution to Eq. (1) is written as

217k/27q/2 i _
Upo(t) = e ﬁk - / (cosh(27) — cosh(21t))k:/2+q/2 !
I'(k/2 + q/2) cosh™~ ¢ sinh” ¢ sinh?™ " (2t) (43)
t
k k k+q cosht—cosht
(2 —1.= : T(r;B .
X 2 1<2+q 727 9 ) 9 cosh t ) (T? )UOdT

As already noted, the leading term in the asymptotics of the function Qi/f 1712/ 2(cosh t) has the
form ¢y cosh™~/? ¢ with some constant c¢y; therefore for w > max{k/2+q—2,|1—k/2|}, as follows
from the representation (20) and relations (12) and (13), the function wuy ,(t) satisfies the limit
relations

lim [[u(t)|| = lim ||o/(?)]| = lim |[u”(¢)|| = 0.
t—o0 t—o0 t—o0

Now let us find out what initial condition the function (43) satisfies at t=0. If 0 <k + ¢ <1,
v € E, then by virtue of the estimate (32) and Lebesgue’s theorem, after obvious transformations
we obtain

/ (cosh(2t¢) — cosh(2t))k/2+q/2_1

1

. ‘ 21—k/2—q/2 Tt
lim uy, ,(t) = lim 52 \Fk g1
t—0 t=0 '(k/2 + q/2) cosh™~ t sinh” t sinh?™ " (2¢)

DIFFERENTIAL EQUATIONS  Vol. 60 No. 10 2024



1392 GLUSHAK

k k+ g cosht — cosh(tf)
27 27 2cosht

XgFl(l;:—f—q—l, >T(t£,B)UQd§

2T /(52 )Ry e — N(1/2 —k/2 - Q/Q)vo.

- T(k/2+q/2) 1 24

Thus, the following assertion holds true.

Theorem 4. Let k >0, ¢ > 0, k+q < 1 and let the operator A be representable as A = B2,
where B is a generator of the Cy-semigroup T (t; B) admitting the estimate (30) for w > 1 —k/2.
Then for any choice of uy € D(A) the function

24/2+1

(q/2)T(1 — k/2 — q/2) sinh” t sinh? ' (2¢)

uk,q(t) =
T
X / (cosh(2s) — cosh(27f))q/2_1 sinh” s Q. (s; B)ug ds

t

is a solution to Eq. (1) satisfying the conditions

u(0) = uy, tliglo Hu(t)” = lim Hu’(t)” = lim Hu”(t)H =0.

t—o0 t—o00
Next, for £ > 0, ¢ > 0, k+ ¢ > 1 with vy € D(A) we similarly find the limit as ¢t — 0 of the
derivative of the function wy, ,(t) with weight t*7¢. We have

oo

. , 2i-a/r d _
g 0= g7 B g (€ 0T B
1
29/ kgt [ 2 q\k/2+a/2 2
= G T € DT B B

1

Taking into account the existence of a fractional power of the operator —B (see, for exam-
ple, [14, p. 96]), the limit of the last integral was found in [8]; as a result, we obtain

lim 490, (8) = —2"/°D(k/2 + q/2 + 1/2)(=B) ™ 7,.

t—0
Based on the previous reasoning, we have the following statement.

Theorem 5. Let k > 0, ¢ > 0, k+q > 1, and let the operator A be representable as A = B2,
where B is a generator of the Cy-semigroup T'(t; B) admitting the estimate (30) for w > max{k/2+
q—2,11—k/2|}, and, in addition, u; € D((—B)*"4). Then the function

21—q/2—k
(q/2)T(k/2 + q/2 + 1/2) sinh” t sinh? " (2t)
o (44)
X / (cosh(2s) — cosh(21€))q/271 sinh® s Q. (s; B)(—B)** 1 u, ds

t

Ugqo(t) = T

is a solution to Eq. (1) satisfying the conditions

lim t*u/ (t) = uy, tliglo |u(®)|| = tlggo v ()| = tli)n;lo v ()] =o0. (45)

t—0
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Example 2. Let & > 0, ¢ = 2 and the operator A be representable as A = B?, where B is
a generator of the Cy-semigroup T'(¢t; B) admitting the estimate (30) for w > max{k/2, |1 — k/2|}.
Then, according to formula (44), after calculating the inner integral, we have

o0 T

u2(t) = : \/j:r : /T(T;B)vo/sinhs(coshT — cosh s)¥* ' ds dr
’ ['(k/2) sinh” ¢ sinh(2t)
t t
! 46
= ﬁ — /(coshT — cosht)**T(1; B)vy dr (46)
I'(k/2 + 1) sinh” t sinh(2t)
t
= Quua(t B)
= Qcosht AT
where Qr12(t; B) is the ALOF (see (11)),
(_B)k+1u1
= — . 47
Y0 T ToRAT (/2 + 3/2) (47)

The function (46) is a solution to problem (1), (45).

Example 3. Let k > 0,¢ > 0,k+q¢ > 1, B€ R, B < —max{k/2+q—2,|1-k/2|}, T(t; B) = B,
then the ALOF has the form (see (33))

_ k
Qr(t; B) = g sinhl/%kmtQ]i/BQ_ig(cosht), = —i\/iexp{;i}.

Taking into account integral 2.18.4.3 in [16], after obvious transformations from relations (41), (47)
we obtain

21-a/2,,
wralt) = ['(q/2) sinh” t sinh?~ " (2t)
X / (cosh(2s) — (:osh(2t))q/271 sinh*/2+1/2 Qﬁ/éiig(cosh s)vg ds
t
_ Mk [ 2 2 \a/2—1 (2 k/A—1/4 Ak/2—1/2 (48)
 T(q/2)sinh® tsinh?™*(2t) /(€ ~coshTTE 1) Q5-17a(E)v0 dt

t
_ I(-B/2—k/4+1/2)T(-B/2 - k/4—¢/2+1)
23k/2+4T(k /2 + q/2 + 1/2)I'(1 — B) sinh” ¢ sinh?~" 2t cosh™/ >4~ 5+ ¢
X oF 1 (=B/2—k/4+1/2,—-B/2 —k/4—q/2+1;1 — B; cosh 2 £) (= B)F a1y,

The function (48) is a solution to problem (1), (45).

In a particular case, if k = ¢ =2, B < —1 in Eq. (1), then the solution to problem (1), (45) has
the form
B?*(Bsinht — cosht) g,

&
3(B? — 1) sinh” ¢ sinh(2t)

UQ’Q(t) = Uq.
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