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Abstract—The purpose of this paper is to address questions related to transmutation theory and
applications of the integral transforms composition method (ITCM) for obtaining a general concept
of generalized transmutations operators via integral transforms. This method allows us to obtain
a wide range of transmutation operators. Classical integral transforms are implied in the ITCM
as fundamentals blocks, among them are Hankel, Y, Mellin, Laplace, Fourier, sine- and cosine-
Fourier, and some generalized transforms. In [5] the ITCM and transmutations derived by it are
applied to get connection formulas for solutions of singular differential equations and more simple
nonsingular ones. The main conclusion is the fact that approach via ITCM for constructing
transmutations is very important and constructive tool for obtaining connection formulas and
explicit representations of solutions to a wide class of singular differential equations, including those
with Bessel operators.
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1. INTRODUCTION AND PRELIMINARIES
In order to fix some ideas before dealing with the main aim of this paper, we first state some basic
concepts and tools that would be required for representation of our results.

Further we provide definitions and brief information on the differential Bessel operator, the transmu-
tation theory, the special functions, some classes of functions and integral transforms.

1.1. The Differential Bessel Operator
The differential Bessel operator is given by

B,=p’+"D, v>0, D= ", (1)
T dx
and its fractional powers (B,)%, a € R, have been studied in many papers. However, in the majority of
them, they were defined implicitly as a power function multiplication under Hankel transform. In [10]
fractional powers of the Bessel operators were derived in the form

b 2 2\ 2a-1 _ )
B =g [ (Vo) 2 (a5 a2n= ) s 2)

T
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1030 SITNIK, JEBABLI
for f € C21+1(0, ], b € (0, 4+00), and

z v 2 2 2a—1 . 2
(Bt f) )= F(;a)/(z) ("50) an (o -t ) s @)

for f € C**1[a, +00), a€(0,4+00). The operators (2) and (3) are called the right- and left-sided
fractional Bessel integrals. they are given explicitly in the integral form without using integral
transforms in their definitions.

The defined fractional powers of the Bessel differential operator (1) are also generalizations of
Riemann—Liouville fractional integrals, as it is easy to derive that forv = 0

(Bos- f)(@) = (L2 f) (), (Bogyf)(@)y = (123 f)(x),

where I2* and I2¢ are the right-sided and left-sided Riemann—Liouville fractional integrals given
respectlvely by

b
F© = 1y [ €= D00 a >0, €€ o), (4)
3
and
) £
PO =y [E= DTN a0 g€ @il (5)

a

I, [f] and I [f] are defined on (a, b) for f € L'(a, b;R), cf. [9, 15].

1.2. Transmutation Theory

Let’s consider the following second order linear differential
d2
ﬁ = _de + q(.’E), (6)

where ¢ is an L?-function defined on a finite interval. The next equation is called the one-dimensional
Sturm—Liouville equation

Ly(x) =vy(z), ~v€C, (7)
taking in consideration that Liouville transformation reduces a large variety of linear ordinary second
order equations to this form.

An intertwining operator is sought to relate £ to the simplest linear second order expression B =
—dd; by the formula LT = T'B.

Let (A, B) be a given pair of operators. An operator T' is called transmutation (or intertwining)
operator if the following property is valid on elements of some functional spaces

TA= BT. (8)

1.3. Some Special Functions

Here are some definitions and brief information some special functions and classes of functions.
Let o F1 be the hypergeometric function defined by the power series

o~ (@)n(b)n "
o F1(a,b;c;t) = Z ()n(5)

, where |t <1 (9)
~ (O n!
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ON APPLICATIONS OF INTEGRAL TRANSFORMS 1031

The Bessel functions of the first and second kind of order v, respectively J, and Y,,, are defined as
follows by series expansions neart = 0

o] _1)ym ¢ 2m—+v
Tult) = Z m!I‘((m—zu—l—l)<2> ' (10)

m=0

and

Y (1) = cosvd,(t) — J_,(t) (1)

sin v

where R > —1/2 and is non-integer.
Normalized (or “small”) Bessel function of the first kind j, is defined by the formula

i) = 2T (v + 1) I (), (12)

a':l/
where J,, is Bessel function of the first kind. Its basic property is 5, (0) = 1.
We denote by H,, the Struve function given by the following power series expansion

B o] (_1)m ¢ 2m—~+v+1
H”“)‘n;r<m+3>r<m+u+;’><2> ‘ (13)

The best reference on Bessel and connected functions is still [ 16]

1.4. Integral Transforms

After introducing some special functions we now consider integral transforms, which use the above
defined special functions as kernels.

The one-dimentional Hankel transform of a function feLy ,(RL) is defined as

~

H, 1) = @) = FO) = [ 1)1 (s)a"da, (14)
0

where v > 0, and j, is the normalized Bessel function of the first kind (12).
From now on, we assume f € S, where S is the space of rapidly decreasing functions on (0, 0o)

S:{fECOO(O,oo): sup t“Dbf(t)‘<oo Va,b€Z+}.

te(0,00)

Let the Hankel, Y and Struve transforms be the integral transforms of order v of a function f defined
as follow
“+oo

(Hof) (z) = / ()37, (at) f (1), (15)

0

+oo

1) () = / ()Y, (t) £ (£) . (16)

0

+oo

(S.f) () = / (at) S (at) f (t)dl. (17)

0

It is known that (15), (16) and (17) are invertible transforms, where (#,)™1) = %, (V,)) = 8,,.
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1032 SITNIK, JEBABLI

1.5. The Integral Transform Composition Method

What is the integral transform composition method (ITCM), and how does it work? In transmutation
theory, explicit operators were derived based on different ideas and methods, often not connecting
altogether. Therefore, there is an urgent need in transmutation theory to develop a general method
for obtaining known and new classes of transmutations.

In this section, we give such a method for constructing transmutation operators. We call this method
Integral Transform Composition Method, or ITCM for short. The method is based on the representation
of transmutation operators as compositions of basic integral transforms. The Integral Transform Com-
position Method (ITCM) gives the algorithm not only for constructing new transmutation operators,
but also for all now explicitly known classes of transmutations, including Poisson, Sonine, Vekua—
Erdelyi—Lowndes, Buschman—Erdelyi, Sonin—Katrakhov and Poisson—Katrakhov ones, cf. [1—4, 6, 7,
12—15] as well as the classes of elliptic, hyperbolic and parabolic transmutation operators introduced by
R. Carroll [1=3]. This method, with many applications and examples, was essentially introduced and
developed by S.M. Sitnik.

The formal algorithm of ITCM is next. Let us take as input a pair of arbitrary operators A, B, and also
connect with them generalized Fourier transforms F4, Fiz, which are invertible and act by the formulas

FyA=g(t)Fa, FpB=g(t)Fs, (18)

t is a dual variable, g is an arbitrary function with suitable properties. It is often convenient to
choose g(t) = —t2 or g(t) = —t*, «a € R. Then, the essence of ITCM is to obtain formally a pair of
transmutation operators P and S as the method output by the next formulas

1
w(t)
with arbitrary function w(¢). When P and S are transmutation operators intertwining A and B

SA=BS, PB=AP. (20)

A formal checking of (20) can be obtained by direct substitution. The main difficulty is the calculation of
compositions (19) in an explicit integral form, as well as the choice of domains of operators P and S.

The main advantages of Integral Transform Composition Method (ITCM) have been listed in[5, 11].

One obstacle to which to apply ITCM is the next one: we know acting of classical integral transforms
usually on standard spaces like Lo, Ly, C*, variable exponent Lebesgue spaces and so on. However, for
application of transmutations to differential equations, we usually need more conditions to hold, say, at
zero or at infinity. For these problems, we may first construct a transmutation by ITCM and then expand
it to the needed functional classes.

Let us stress that formulas of the type (19) of course are not new for integral transforms and its
applications to differential equations. However, ITCM is new when applied to transmutation theory!
In other fields of integral transforms and connected differential equations, theory compositions (19) for
the choice of classical Fourier transform leads to famous pseudo-differential operators with symbol
function w(t). For the choice of the classical Fourier transform and the function w(t) = (£it)™° we
get fractional integrals on the whole real axis, while for w(¢) = |z|~* we get M. Riesz potential, also for
w(t) = (1 +t?)~* in formulas (19) we get Bessel potential and for w(t) = (1 & it)~* — modified Bessel
potentials [9].

The next choice for algorithm of ITCM

A=B=DB, Fys=Fg=H, gt =-t> w(t)=7j,(st) (21)

leads to generalized translation operators of Delsarte [15], for this case we have to choose in the
algorithm defined by (18), (19) the above values (21) in which B, is the Bessel operator (1), H, is the
Hankel transform (14), j, is the normalized Bessel function (12).

[t is possible to apply ITCM instead of classical approaches for getting fractional powers of Bessel
operators [14, 15]. Therefore, we may conclude that the method we consider in the paper for obtaining
transmutations — ITCM is effective; it is connected to many known methods and problems, it gives all
known classes of explicit transmutations and works as a tool to construct new classes of transmutations.
Application of ITCM needs the following three steps:

S=Fg'  Fa, P=F'w(t)Fp (19)
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ON APPLICATIONS OF INTEGRAL TRANSFORMS 1033

e For a given pair of operators A, B and connected generalized Fourier transforms Fy, Fp define
and calculate a pair of transmutations P, S by basic formulas (18), (19).

e Derive exact conditions and find classes of functions for which transmutations obtained by step 1
satisfy proper intertwining properties.

e Apply now correctly defined transmutations by the first an second steps on proper classes of
functions to deriving connection formulas for solutions of differential equations.

1.6. Some Previous Results
In this section we collect some of our results on the applications of ITCM from papers [5, 11]. We
start by investigating composition operators of the form
T:%u Y, T:yu Vs T:yu%m T:Hu Hy. (22)

where H,, and Y, are the Hankel and Y-transforms defined by (15) and (16). The operators T" defined
in (22) commute with the differential operator (23) given by

d? n 1d _ v?
dz?  xdx 2%’
and obeying the transmutation property (8) in the form T'L, = L, T. The compositions H, ), and
Y, H, are considered as generalizations of Hilbert operators.

L, = (23)

For the special case v = $§, it is easy to see that the operator H, ), equals to Hilbert transform on
semi-axes

vy =2 [ 27,

0

dt.

The norms of H,,, ), and their compositions in Ly(0, 00) are also studied in this section and it is shown
that ||[HoVullL, = IV HoullL,- By applying ITCM of the form Tlsfﬁz =Ft <g0(t)Fl,>, we obtain an

interesting and important family of transmutations including index shift B—hyperbolic transmutations,
“descent” operators, classical Sonine and Poisson-type transmutations, explicit integral represen-
tations for fractional powers of the Bessel operator, generalized translations of Delsarte and other

transmutations or “shiit operators”, such that T,EﬂBZ, = BuT,ffD).

For p(t) = Ct*, C € R, and T,,(fp,z = T,,(O‘,Z we proved in [5, 11] the following integral representation

ga+1 (oz-i—u-i—l) pea E )

2 x at+u+1l «a v+1 y
T(O‘) > =C / F 1: . vd
( u,uf (ZL‘) I <,u—2i-1) F(_g) f(y)2 1 2 9 + 1 9 g2 y ay

0

F(V—gl) r a+lu’+1 O‘_‘_:U_V :u—i_l 332 v—p—a—1

+ f(y)2F1 ; + 1 ;oY dy| ,
F(u;—l)r(u—g—a) 2 2 2 Yy
x

where o F} is the Gauss hypergeometric function.

2. GENERALIZATIONS OF FRACTIONAL BESSEL OPERATORS

The next operators constructed by ITCM may be considered as generalized fractional powers of the
Bessel operator, as they annihilate integer powers of classical Bessel operators.
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1034 SITNIK, JEBABLI

Theorem 1. Let f € L?(0,00), z,y > 0, Re(s) < 0and Re(s +v + 1) > 0. Then, for the transmu-

tation operator Ty obtained by ITCM in the form (Ty f) (x) = H, [(—t*)*Hy f] (x) the next integral
representation is true

xT

3 2
Hy [(_tz)stxf] (v) = Cs,y TV /2F1 <
0

I/+8+1,8+1;1/+1;z2> y”+; fly) dy

—+00

2
+Cs,,,x”+% /2F1 <V+8+1,S+1;1/+1; $2> y_zs_”_g fly) dy,
Yy

T

r 1
where Cs,, = (—1)%225+1 F((_VS;;?V—: )1) and o Fy is the Gauss hypergeometric function.

Proof. Applying the ITCM for the Hankel transform given by (15) and the dual variable ¢ such that
(—(d?))® = (—t?)*, we have

“+oo

Ho (<) (@) = (-1 [ (o020, Cat)a +/oo(yt)%Ju(yt) F() dy
; )
= (=1)° +/Oo(zy);f (y)dy +/Ootz’s“Ju(zt) Ju(yt) dt
= fooz 5
—(-1) 0/ (2)" ut +0/ I, (at) J, (yt) b
_ s A 2(s+1)—1
—(-1) 0/ (2) sy 0/ 201, (at) J, (yt) b

—+00 “+oo

+(—1)5/ <;>%yf(y)dy/t2(8+l)_l Iy (xt) J, (yt) dt.
0

T

Using ([1], formula 2.12.31, page 209) we derive
“+oo

/ 21 7, (bx) Jy(ca) da = A%, bye,Re(a+p+v) >0, Re(a) < 2.

(25)
0

NGRS vtpta v—pu+a c?

AY = oo lpmvmay 2 F; < , v+ 1; > , 0<c<b,
v (e )T +1)° 2 2 b2
INGaEand a+p+v atp—v b?

A= oo lppmhua 2 F < ) s+ 1 > , O<b<e
v D s D+ 1) 2 o HTH 2

Thus,forp=v, a =2(s+ 1), b =z, ¢ =y, we get
o for0 <y <z,

+oo
/ 2L 7, (xt) J,(yt) dt
0

Y I'(v+s+1) y?
— 92s+1, . —v—2(s+1), v . .
2 T F(—S)F(V+1)2F1 <y+s—|—1,s—|—17y—|—17x2
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1/2\26T) v T(w+s+1) y2
= F 1 1; 1; .
2 (a:) (:L‘) I(—s)Tv+1)*" <U+S+ s v ’:E2>

o for0 < x <y,
+o00
/ t2L 7, (xt) J,(yt) dt
0
—v—a(s+1) L +s+1)
N(—=s)I'(v+1

1/2\26D /2\Y T(w+s+1) 2
= Filv+s+1,s+1;v+1; .
2 <y> <y> D(=s)l(v +1) ° ( y2>

— 228-{—1:1:1/

2
y )2F1<V+3+1,8+1;1/+1;z2>
y

Here we have Re(2(s 4+ 1)) < 2 for Re(s) < 0, and z, y, Re(2(s +v + 1)) > 0. Hence
Mo [(—12)*Ho f] ()

(=17 Y\ (2 2(s+1) T(v+s+1) | .yz
— /(x) <x> D)l (v + 1) o F1 (V—I—S—I—l,s+1,1/+1, x2> y fly) dy

+00 1
(—=1)° / 2\ T2 226+ F'v+s+1) ' 22
+ y y D(—s)T(v + 1) o (v+s+1,s+1Lv+1; )2 yf(y)dy

(-1 Twts+1) 2\ [ yye-d o
2 I(=s)I'(v+1) \=z /(aj) o F1 I/+8+1,S+1,I/+1,$2 y f(y) dy

+00 1
(=1 I'(v+s+1) o +1)/ 2\ VT3 22\ gy
2418 F 1 1: 1: s
+ 2 T(=s)T(v+1) y 21\ v+s+1s+Liv+ by Y f(y)dy

T
Tw+s+1) o, ?
=(—1)8225+1F((_3)F(V+)1)x 2oy 3/ 2y <u+s+1,s+1;v+1; ‘Z2> v f(y) dy

S228+1 F(U + s+ 1)

D L Carw 41

+o0
2
o / o Fy <l/ +s+1,s+1;v+1; $2> y_QS_V_% f(y) dy.
) Y
X
Thus,

x
2

Ho [(—2)Hof] (@) = Cop 22772 /2F1 <u+s+1,s+1;v+1; z2> vz fly) dy

“+00
2
+CS,,,a:”+% /2F1 <V+8+1,S+1;1/+1; §2> y_QS_”_g fly) dy,

IF'v+s+1)

h = (—1 8225+1 .
where C; , = (—1) I(—s)T(w + 1)
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1036 SITNIK, JEBABLI

3. OPERATORS COMMUTING WITH THE BESSEL OPERATOR
AND GENERALIZATIONS OF HILBERT OPERATORS

In this section we construct some more examples by ITCM method.

Theorem 2. Let f € L?(0,00), z,y > 0, Re(s) < 0, —Re v < Re 2(s + 1) < 2. We have that for
an operator (Tof) (x) = H, [(—t*)* W, f] (z), the next integral representation is true

_1)s+1 2(s+1) —\T(s v
@@ =" (2) esom Y

G Y
x/(w) 2F1<8—|—1,8—|—1—|—I/;1+I/;$2> y fly) dy
0

_1)st+1 /9 2(s+1) T()I(s+1 K T vty 2
+ 23r (a:) (Fiu(— 5) )/<y> 21 <S+1’8+1_w1_y; z2> v I)
0

(—=1)% Jo(s+1) Ms+14+v)I'(s+1)
2
T oon cos(sm) T(v+1)
+00

2\ V2 2
X / <y> o Fy <8+1,S+1—I/;1—V; y2> y 27t fly) dy. (26)

Proof. Applying the ITCM for the Hankel and the Y-transforms given by (15) and (16), and the dual
variable t such that (—(d?))® = (—t2)*, we have

+00
Hy [(—2)°V,f] () = / ()2, (1)

0

0

+oo
(—t%)° / (yt)éYu(yt)f(y)dy] dt

+oo +oo
= (=1)* [ (at)2 T (at)e®dt [ (yt)2Y,(yt) f(y) dy
/ /
+oo +o0o
= (1) [ y2f(y)dy | (@)2F T, (at) Yy (yt) dt
[ |
400 1 400

¢ [ <‘;>2yf(y)dy [ 2 et vyt
0 0

T 1 “+o00

" (”“’) urydy [ P g ) Yyt di
[ ) e |
+oo 1 +oo

+(—1)S/ <‘;>2yf(y)dy/t2<s+1>—1 T, () Y, (yt) dt.
x 0

Using (formula 4. 2.13.15 from [1], p. 272) of the form

e for0<b<e
“+o0

/ 21 7, (b2) Yy (cx) do =
0

201 pH
o T cotu
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a+p—v \ TEETETETE™) a+pu+v a+p—v b2
F ; 1; : 27
xcos( 0 7r> (i +1) 2 F 9 9 Y R (27)
e for0<c<b
+o0o

/ 1 1, (bx) Y, (cx) da

0
__2a—1 I cos (o) F(—y)r(a+g+u) a—p+v a—i—u—l—y.1+u 2
— . ba+1/ F(l . a+;21—1/) 2 ) 2 9 9 b2
ga—1 pr—a P(\I(*THY a—pu—v at+pu—v ?
- R B Y e T L

me¥ T(1+ VJ”QL_O‘)

where b,c > 0; |Re v| — Re u < Re . Thus, fora=2(s+ 1), u =v,z =t,b=x, c =y, we obtain

—+00

/ t2 L g, (xt) Y, (yt) dt

0

I 1 I 1 2
(s+1+v)(s+ )2F1 <s+1+u,s+1;y+1;x2>,
Yy

228+l v
R G (s7) L(v+1)
for 0 <z < y;
and also
+oo
0
92s+1 T F(—V)F(S L1+ V) y2
= T p2(s D)+ cos (vm) I'(—s) oy <s+1,s+1+y;1+,j; x2>
24t 2 TW)(s + 1) y
a F 1 1—v:1l—u
Ty I'(v—s) 2 1<S+ »S T v; Val,2>7
for 0 <y < z;

z,y >0; —Rev < Re2(s+1) < 2, where Re(s) < 0. Hence,
+o0o

(—1)° / (y ) oy [ ) Vo)
0

Hy [(_t2)5yuf] (z) =
+oo

+o0o 1
s <§>2yf<y>dy [ et Vit = 1+

T 0

where
x 1 —+o0
2
=0 [ (2) wrway [ 0 a0 v
Y 0
—1)s+L /2 2F D(—)(s+1+v
= ( 2; (m) cos(vm) ( )Fg—s) )
z L1 9
x/(y) P LR <s+1,8+1+1/;1+1/; y2> y fly) dy
z T
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1038 SITNIK, JEBABLI

S0 2\ 2D PuD(s +1) [ (@)Y ?
) ) - ) s
0

22
and at last we get the final formula
—+00 1 +oo

L= | <z>2yf(y)dy [ 2 ) V)

Mis+1+v)'(s+1)
IF(v+1)

_ (514

= o cos(sm)

“+oo

2\t 2
X / <y> o F1 <8+1,S+1—I/;1—V; y2> y~ 271 f(y) dy.
xr

[t is easy to see that forv = % the operator H, ), equals to Hilbert transform on semi-axes

i =2 [ Yy
0

Now we calculate another useful composition by ITCM method, it is again a transmutation operator.
Theorem 3. Let f € L?(0,00), z,y > 0; Re(s) < 0, —Rev < Re 2(s + 1) < 2. Define an operator
Ts(f) = Yu(=1*) M (). (29)

Then, the next integral representation holds true

G P I(s+1+4v)(s+1)
@i =50 () eostem L

1

Y\V " 2 y2
X/(az) 2F1<S+1’8+1+V;1+V;x2> y fly) dy
0

_1\s+192s+1 — (s v
—i—( 1 712 cos(mr)r( )ig_:)l—i_ )

T V—i—% 12
X / <y> y 2D Ry <s+1,8—|—1+1/;1+1/; y2> y fly) dy

(_1)s+122s+1 F(U)F(s—l—l)

+ ™ I'(v—s)

“+00

Y\ e —2(s+1) a?
X (m) Y o F 3+1,s+1—y;1—y;y2 y fy) dy. (30)

xT

Proof. Applying the ITCM for the Hankel and the Y-transforms given by (15) and (16), and the dual
variable (—(d?))* = (—t2)%, we have

+o00o “+oo
Vo~ H, f] (2) = / (2)3Y, (at) [(t?)s / (yt)éJy(yt)f(y)dy} dat

0 0

+00 +00
— (1) / (2)3Y, (at) 2 de / (W) T (t) £(y) dy
0 0
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+oo 1 +oo

= [ <§>2yf(y)dy [ ) Voot
0 0

T 1 —+o00

— (-1 (”“’) Sty [ ) Y (at) dt
[ (3) wras |
+oo 1 +oo

+(—1)s/ <§>2yf(y)dy/t2(s“)‘1 J, (yt) Y, (xt) dt.
x 0

Using formula (27) and (28) fora =2(s+ 1), pu =v,z =t, b=y, c = x, we obtain for 0 <y < =z,
“+oo

/ t2 L T, (yt) Yy (xt) dt
0

225+ g F(s+1+v)(s+1) 2
2Fl )

T p2s+ )+ ©0F (s) T(v+1)

s+ls+14+viv+1; 7,
x
and also the next is valid for 0 < z <y
+oo
/ 23T, (yt) Yy, (wt) dt
0

2251 v I(—v)I'(s+1+v) 22
T 2t O (vm) T(—s) 2F1 (S tlhetltvil+y; )

2
92s+1 yy—2(s+1) F(V)F(S + 1)
g I'(v—s)

x,y >0; —Rev < Re2(s+1). Thus,

2
o Fy <3+1,s+1—y;1—y; 2>.
Y

“+oo

_ 42\s ) = (—=1)° x % 2(s+1)—1 z
V(=2 Ho f] (@) = (1) 0/ <y) yF(y)dy 0/ t Jo(yt) Yo(at) dt

+oo 1 +oo

s <$> Cutdy [ G0 Yo et) de = i+
T 4 0
where
x 1 +o0
= f (9”) “utdy [ O 0 Vet di
0 Y 0
s$02s+1
- (;22(11) cos o) +1£O—t I:L)E)(S i
X / (y)y_% o Iy <s+ Ls+1+vv+1; y2> yf(y)dy
x ’ ’ " a2
0
and

+oo 1 +oo

n=c1 [ (i)zyﬂy)dy [ ) Vet d
0

T
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_ (—1)st1ig2s+l cos (vr) D(—v)'(s+1+v)
v I'(—s)

+o00 v+l 9
AN I N |
X/(y) o F1 <8+1,s+1+1/;1+1/;y2>y fly)dy

T

“+oo
225t DT (s + 1 v—} 22

xT

Remark. The special case when s tends to 0:
lim [V, (—t*)*H, f] (z) = lim [Jy + Jo] & [V H, f] (z) = lim J; + lim J.,
s—0 s—0 s—0 s—0

where
. 2 [y _ P _250 y\=> yf(y)
iﬂ%“’l_mﬂ/(x) oFy <1,1+u,v+1, o yf(y)dy—ﬂ/<x> L
0 0
and
lim Jo — — 2 +OO<?J>”_5 F(1,1—v1- 7 “1f(y)d _ 2 +°°<y>y_% y/ ) d
sgr(l] 2 = - 2 2141 5 v, V7y2 ) ) y_ﬂ_ T x2_y2 Y.
Hence
2 ooyt uf) 2 (e ufw)
. Y\V—2 yjy . T yj\y
[yl’%”f](x)_ﬂ' / (z) m2—y2dy_7T / <y> xz_dey.
0 0
Forv = —5 the operator Y, H,, equals to Hilbert transform on semi-axes
2 yi xf(y
—D’—;H—;ﬂ(m):[’H;y;f](l’):W/y?—(m)zdy’

0

Theorem 4. Let f be a proper function, |Re(v)|? < Re(2(s +1) < 2 and Re(s) < 0. Then, for the

transmutation operator Ty obtained by ITCM such that Ty(f) = Y, (—t2)*Y,(f) the next integral
representation is true

(Vo (=) Y f] (x) = (—1)
+o0 9
X / y~2s+D—v; fly) 21 (s +1+v,s+1;1+v; :;2> dy

xT

2s+1
52

2 zVte cos(vm)cos ((s+ 1)m) T (—v)I(s+ 1+ v)I(s+ 1)

225+1
S G VA 22 cos ((s + 1 — v)m) T(W)T(s + 1 — v)I(s + 1)
+oo 9
X / y 2T ()R (s +Ls+1-vl-v; ”y;) dy, (31)

T

where o F is the Gauss hypergeometric function.
Proof. We have
+00 “+oo

Vo (=)D f] (2) = (-1)° /(wt)éYu(l‘t)tzsdt /(yt)éYy(yt)f(y) dy

0 0
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+00 “+oo
— (-1 / (29)} £ (9)dy / 1Y, (at) Y, (yt) dt
0 0

+oo 1 +oo

= (=1)° / <§>2yf(y)dy/t2(5+1)‘l Y, (xt) Y, (yt) dt.
0 0

Using ([8], formula 2.13.20, page 278), we derive

“+oo
. g1y atp—v
/ 1Y, (bx) Y, (cx) do = 20t cos () cos ( 5 7r
0
a+pu+v. a+pu—v atp+v atp—v b?
S S TG >2F1( R
20—l en—a a—p—v
+ 2 cos 9 ™
a—p+v . a—p—v a—p+v a—p—v b?
I'(p)l T F; 1 — p;
e L

0<c<b, |Re(p)||+ Re(v)] < Re(a) < 2.
Thus,forp=v,aa=2(s+ 1),z =t,b=x,c =y, and Re(s) < 0, we obtain

oo 92s+1 v
B V) =, costmcos (s + D)
0

2
x T(=v)T(s + 1+ v)T(s + 1)2 Fy (s Fl4v,s+1;1+; $2>
y
228+lyu—2(8+1)

+ 2

Ty

0<z<y, |Re(v)|> < Re(2(s + 1)) < 2.
Thus,

+oo 1 +oo

_42\s ) = (—1)° A 2(s+1)—1 T
o (=YW, f] (@) = (<1) 0/ (y) yF(y)dy 0/ 2Ly, (0) Y, () dit

2254—11,1/
=(-1)° 2 cos(vm)cos ((s+ )m) I'(—v)I'(s+1+v)I'(s+1)

+oo 1

2 2
X / (;) y~ Qe (), Fy <5 Fl4vs+ 114w ;2> "

225+1

+ cos((s+1—-v)m) TW)'(s+ 1)I(s+1—-v)

w2y
+oo 1

T\ ?2 v—2(s+1) 33‘2
X y Yy yf(y)2F1 3+1,s+1—1/;1—u;y2 dy

22s+1 1
=(-1)° 2" %2 cos(vm) cos ((s + 1)) T'(—v)T(s + 1 4+ v)[(s + 1)

T2
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cos((s+1—v)m) T(w)I(s+ D(s+ 1 —v)Fy <s +1,s+1—-v;1—v

2
2

»)
y )
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+00
2
X /y_2(8+1)_”+; fly) 2 Fy <S+1—|—1/,S—|—1;1—|—1/; ;)dy

T
2s+1
2

, VT2 cos ((s+1—)m) T(W)(s + 1 — v)[(s + 1)

+(-1)
“+00
2 1 1 1‘2
3 x /y— (D742 f(y) o Fy <5+1,s+1—y;1—1/; y2>dy.

xT

™

O
So we proved a collection of composition formulas for Hankel and Y transforms with different

parameters by ITCM method, these compositions are also transmutations for differential operators
connected with singular Bessel operator.
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