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Abstract—We study mapping properties of two-dimensional linear integral operators in some
weighted spaces with special kernels. The considered spaces are certain variant of Sobolev—
Slobodetskii spaces and their generalizations related to Banach spaces. Sufficient conditions for
boundedness for such operators in these spaces are obtained.

DOI: 10.1134/81995080223080474

Keywords and phrases: integral operator, weighted norm inequality.

1. INTRODUCTION

Some systems of integral equations arise under studying model pseudo-differential equations in plane
corners [1, 2], for example when we consider simple boundary conditions like Dirichlet or Neumann
conditions. According to this fact it seems interesting to study some mapping properties of such integral
operators. These two-dimensional integral operator act in Fourier images of Sobolev—Slobodetski
spaces which are weighted spaces with prescribed weight. These mapping properties play important
role under studying discrete boundary value problems [4, 5] since we try to compare such integral opera-
tors with their truncated analogues, these arise under considering discrete boundary value problems.
Let us note that integral operators and corresponding equations do not arise under studying model
boundary value problems in a half-space, there are systems of linear algebraic equations as a result
of reduction [3].

We will give here a simple example. Let © C R? be the first quadrant. We consider the following
Dirichlet boundary value problem [1, 5] in Sobolev—Slobodetskii space H*(2)

{(Au)(m) =0, z€Q,
u, o = f(x2), wuy,,_, =g(z1),
where A is a pseudo-differential operator with the symbol A(&) satisiying the condition
ci(1+[E)* < A < e2(1 + [€)°
and admitting the wave factorization [1] with respect to
A(£) = Ax(§)A=(¢)
with the index e such that & — s = 1 4 0, || < 1/2 then the Dirichlet problem (1) can be reduced to the

system of linear integral equations

T E(©C(E)d + D(&) = Flea),

(1)

C&) +_T K>(€)D(&)des = G(&1)
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with respect to two unknown functions C, D. These functions should belong to Fourier image of certain
H?-space with certain s < 0.

2. INTEGRAL OPERATORS
We study the following integral operator
+o0
~ [ Kwa)swiy

in functional spaces with the following norm

1/2
f(/ f 1+x>28dx) |

We assume that the kernel K (z,y) satisfies the following condition
[K(z,y)| ~ (L +[z[+[y)™", =ckR (2)
Theorem 1. The operator K is a linear bounded operator K : H**(R) — H%2(R), where s; <
0,2 > max{1/2 — 51,1+ s — s1}.
Proof. Let us verify
2

400 +oo
K FIE, = / (14 2?2 |(K f) (2)|2dz = / (1+ a2 L/ K(z,y)f(y)dy| da

—+00

2
/<1+|x\ o (/ Kz, y)||f(y >dy) da
2
< const [ 1+\m| (/ L+ Ja] + o)1/ (v >dy) d.

In the inner integral, we 3PP1}’ the Cauchy—Schwartz inequality introducing the factors (1 + |y|)~** and
(1 +|y[)®* form the first and the second term and taking into account that (1 + |y[)™* < (1 + |z| +
ly])~**. Then, we obtain

—+o0 —+o00
IEKSI2, < const||fI2, / (1 + [z ( / (1+ o] + y>2<51+ae>dy) dz

—0o0 — OO

+oo
< const[IfIZ, [ (14 [ol)?*2(1 4 Jal) 2t 2

0
since —2(s1 + &) < —1. Thus, we conclude

+oo

1A, < const 17, [ (1 fal2e2 -1/ < const 112,
0

since2(sg —s1 —a+1/2) < —1. O

Corollary 1. The operator K is a linear bounded operator, K : H*(R) — H*(R), where s <
0,2 > max{1/2 — s,1}.
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3. SOME GENERALIZATIONS: H*P-SPACES
3.1. First Variant

This section is devoted to a generalization of the above result to Banach spaces H*P(R),1 < p < oc.
Let us write that for f € H®P(R)

1/p

1 llep = / F@PA + ) da
R

Obviously, for p = 2 we have H%?(R) = H*(R). Let us remind also that the pair (p,q) is so that
1/p+1/q=1.

Theorem 2. Let the kernel K (z,vy) satisfies the condition (2). Then, the operator K is a linear
bounded operator

K : H°VPY(R) — H*P2(R),

where s1, so, &, p1, p2 Such that s1 < 0,8 > max{1/q — s1,1/pa +1/q1 + s2 — s1}.
Proof. We estimate

+oo +o00 p2
K72, = / (1 + |72 (K f) ()P di = / (1+ [P / K(x.y)f(y)dy| d
-0 N —0o0 o
/ (1+ |zl / K@ y)|f(w)ldy | dz
::3 +00 b2
< const / (1+ |zl / (Lt el + )| w)ldy | da.
0 — 00

Let us consider the inner integral

+00 +o0
/(1+|x\+\y|)_£\f(y)\dy= /(1+|y\)_51(1+|l’\+\y|)_ae\f(y)\(1+|y\)81dy-

Applying the Holder inequality and taking into account the inequality (1 + |y]) ™%t < (1 + |x| + |y|)~**
we have

+o00 1o qll
[ @ lal )7 wldy < [ ( Jasi+ y)q1(31+ae)dy)

0
—a1(sy+a)+1

< const HfHSLPI(l + |x\) . ’

—00

since —q1(s1+ &) < —l<=a&>1/¢1 — 5.
[f so then we have

“+00
K fI[55 p, < const||fI[%7 /(1+ | )PV m= b2 qy < const || f][22
0
since po(1/q1 —s1 —e+s2) < -1 <= &> 1/ps+1/q1 + s2 — s1. O

Corollary 2. Let the kernel K (x,y) satisfies the condition (2). Then, the operator K is a linear
bounded operator K : H¥P(R) — H%P(R), where s, e, p such that s < 0,2 > max{1/q — s, 1}.
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3.2. Second Variant
This section is devoted to another generalization of the above result to Banach spaces H*P(R), 1 <
p < oo. We say that for f € HP*(R)

1/p

£ llps = / F@PA + 2] da
R

Obviously, for p = 2 we have H%?(R) = H*(R). Let us remind also that the pair (p,q) is so that
1/p+1/q=1.

Theorem 3. Let the kernel K(z,y) satisfies the condition (2). Then, the operator K is a
linear bounded operator K : HPV*1(R) — HP2:%2(R), where s1, s2, &, p1, p2 Such that s; < 0, >

max{1/q1 — 2s1/p2,1/p2 + 1/q1 + 2s2/p2 — 251 /p1}.
Proof. Let us estimate the norm

+00 400 P2
Kf, = / (1 + |2)252|(K £) (@) [P2de = / (1+ ) / K(x,y)f)dy| de
—00 . —00 -
/ (1 + Jz])? / K@ y)lf@)ldy | de
:—Ooi +00 P2
< const [ (1t lep®e [ [ @tlal+ )=l wldy | de
fasir{ ]

Let us consider the inner integral
“+00 +o0
/(1 + |zl + 1y~ (w)ldy = /(1 + lyD) TP+ ]+ Jy) L )N+ )PPy,

—0o0 —00

Applying the Hoélder inequality and taking into account the inequality (14 |y|)=25/7=1 < (1 + || +
ly|)~251/P=1 we have

+00 +oo ‘111
[ 1= D 1@y < Sl | [ @ fal+ gl o=l
J J

—q1(2s1/p1+e)+1
< const || fllpy,s, (1 + [2]) o ;
since —q1(2s1/p1 + &) < =l <= & > 1/q1 — 251 /p2.
If so then we have
+o0
K flb2 s, < const]|fI[5? /(1+\$|)”2“/‘“ /=@t gy < const || f[22
0

since po(1/q1 — 2s1/p1 — ) +2s9 < —1 <= > 1/pa + 1/q1 + 2s2/p2 — 251 /p1. O
Corollary 3. Let the kernel K (x,y) satisfies the condition (2). Then, the operator K is a linear
bounded operator K : HP5(R) — HP*(R), where s, e, p such that s < 0,2 > max{1/q — 2s/p, 1}.

S1,

4. CONCLUSIONS

The considered spaces H*P(R) and HP*(R) like almost the analogous spaces considered in [6,
7]. But we work in Fourier images, and the introduced spaces are usual weighted spaces with power
weights.
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