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1. INTRODUCTION

Let E be a Banach space and A be a closed linear operator in £ whose domain D(A) C E is not
necessarily dense in E. Consider the problem of defining the function

u(t) € C([0,1], B) () C*((0,1], E) [ C((0, 1), D(A)),

satisfying the abstract Euler—Poisson—Darboux equation
k
u”(t) + ?u’(t) = Au(t), 0<t<l1, (1)

as well as some boundary conditions. The statement of boundary conditions for the Euler—Poisson—
Darboux equation, due to the singularity of the equation at the point ¢ = 0, depends on the parameter
k € R. Various types of boundary conditions at the points £ =0 and ¢ =1, as well as the corre-
sponding criteria for the uniqueness of the solution boundary and nonlocal problems were established
in[l,2].

Problems of solvability of boundary value problems for a nonsingular second-order equation (the
case k = 0 in the equation (1)) with various assumptions on the operator A can be found in ([3], Ch. 3,
Sect. 2; [4]; [5], Ch. 2; [6]). Results on the solvability of boundary value problems in a hali-space
for the Euler—Poisson—Darboux equation in partial derivatives are given in [7, Sect. 41], and the
boundary value problems on the semiaxis for abstract singular equations were studied in [8, 9]. Historical
information and a detailed range of questions for equations containing the Bessel operator can be found
in the introduction of monographs [10, 11].

In this paper, we present sufficient conditions for the unique solvability of the Dirichlet and Neumann
boundary value problems for an abstract Euler—Poisson—Darboux equation (1) and also for a number of
degenerate differential equations on a finite interval [0, 1].
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2. THE k <1 CASE FOR THE EULER—POISSON—DARBOUX EQUATION. DIRICHLET
CONDITION FOR t =0

For the Dirichlet problem of the form
u(0) =ug, u(l)=1wu (2)

in[1], the following criterion for the uniqueness of a solution was proved.

Theorem 1. Let k < 1 and A be a linear closed operator in E. We assume that the boundary
problem (1) and (2) has a solution u(t). For this solution to be unique, necessary and sufficient,
that none of the \,, n € N zeros of the function

Tok(A) = Yo (L), (3)

where
Yo_r(t:\) = T(3/2 — k/2) (tf /2) ? J2—f2 (t\/_ )

['(+) is Euler gamma function, I,(-) is modified Bessel function, would not be an eigenvalue of the
operator A, i.e., \p, & op(A).

Theorem 1 is established under very general conditions on the operator A, which do not ensure the
solvability of the Dirichlet problem. In the following theorem, we give sufficient conditions for its unique
solvability.

Theorem 2. Let k < 1, A be a linear closed operator in E, uy € D(A?), and also for alln € N
the zeros of A, defined by the equality (3) of the function YTo_j(N), belong to the resolvent set
p(A), and the estimate

sup [ An| [|(And — A) 7| < My < . (4)
neN
Then, the problem
k
u”(t) + ?u’(t) = Au(t), u(0)=0, u(l)=w (5)
is uniquely solvable and its solution has the form
Yo i (t; \n)
_o4l-k 2 k( _ AL
2t ng oW MMl — A) "y, (6)

Proof. As is known ([12], points 15.33—15.35), zeros A, of the function To_(A) simple and

negative, and lim 24 = —72.
n—oo ™

Arrange them in descending order and using the equality
MO — A) 7ty =T+ AT — A) Ly, (7)

let us write (for now formally) the series (6) in the form

e Yo k(t ) _
_ _ oyl—k 2—k\ly An . 1
u(t) = Yr(t)ur — 2t E_ 75/2’_k(1;An)A()\"I A) Mg, (8)
where
Yo i (t; An)
1— k§ : 2— k
- Y] (LA ) (9)

In particular, it follows from the equality (7) that the multiplication of the resolvent (\, I — A)~!
by a A, corresponds to the application of the operator A.

Denoting /A, = iu,, defined by the equality (9), the function 1 (¢) in terms of Bessel functions of
the first kind J,,(-) can be rewritten in the form

_ogpl- kz Yo 1 (t; \n) _ogl/2— k/2§: L2 kj2(tVAn)
Y2’ w1 ) \/_11/2 k/g(\/)‘_)
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—2t1/2_k/2§: J1/2 k/2(tﬂn) t1/2 k/gi J1/2 k/2 tﬂn) —tl_k; (10)

n=1 ””J{/2 I<:/2( ) MnJ3/2 k/2 Mn)

the well-known relation z.J},(z) = vJ,(2) — zJ,+1(%) for the derivative Bessel functions of the first kind,
as well as the Fourier—Bessel expansion of a power function (see[13, 5.7.33.1])

J12-ky2(tpin) _ 1t1/2—k/2,

0<t<l1. 11
= pnd32g2(tin) 2 ()

Thus, ¥ (t)u; = ti=kyy, t € [0,1] and, as is easy to see, this function is a solution to the problem (5) for
A=0.

Next, we study the convergence of the series in the formula (8). Same as in formulas (10) let’s write
it in the form

0 Jio s (tun
Z 1/2 k/2( H ) A()\n-[ o A)_IUL An — —N?,“ up € D(A) (12)
ot 32—k /2 (pin)

Using the Abel transform, one establishes (see [14, p. 306]) simultaneous convergence, moreover, to
the same the sum of the next series

Zan ns Za1+a2+"'+an)(bn_bn+1)
n=1
provided that
li_)rn (a1+a2—|—~-+an)bn:0. (13)
Let’s put

_ J1jo—k/2(tin)
NnJ3/2—k/2 (Nn) ’

n

bp = AN T — A)71

Then, dueto (11)

a1+ as + - -+ an| < MR My >0, (14)
and the difference b,, — b,,41 is estimated using the inequality (4). Get
1 1 M2||A’LL1||
bp —bpy1|| < My | — + —— ) ||[Auq|| £ —————. 15
10 sl < Mo (57 + o ) | < 2205 (15)

The condition (13) is obviously satisfied, and taking into account (14), (15), we have

o0 _ e 1
D (ar+az+ oo @) (B — bugr) || < Mst' 272 Y | A,
n=1 n=1

therefore, the series (12) converges absolutely and uniformly in ¢ € [0, 1] and, consequently, also the
series in the formulas (6), (8) also converge.

[t is easy to see that the representation (8) implies the validity of the boundary conditions «(0) = 0,
u(1) = uy of problem (5).

Let us show that the series in the formula (8) can be term by term differentiated as u; € D(A?).
Consider a series of derivatives

— Yo 4 (t; )
R AN — A7
nz::l Yy o (1 An)
and transform it using the equality
Ant
—k

Yy_p(t;An) = Yy i (t; An),
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and the shift formula with respect to the parameter (see [15]). As a result (up to a power factor) we will
have the series

1 )\Y4kt)\

3=k &= Y] (IA)

A(Anl — Ay

1
/ SERY, p(ts; M) ds AT — A) "ty
0

p"qg

1Yk

1
B o [ = Yo i (ts; An)
_0/(1_32)32 k <; mx n(And — A)~ 1Au1> ds.

Using the equality (7), we obtain the sum of two series whose uniform convergence has already been
proven earlier and which can be integrated term by term by s. Thus, it is established that the series in
the formula (8) can be differentiated term by term as u; € D(A).

Since by the condition u; € D(A?), the possibility of one more differentiation of the series in the
formula (8) installed in the same way.

We verify by direct differentiation that the function u(t) defined by the equality (8) satisfies task (5).
To do this, we calculate its derivatives. We have

k)t Yo g (6 An) + 1 RY 4 (8 20) _
u'(t) = ' (t)u —22 YT 2k A — A) g, (16)

3
Il

u(t) =" (Hw
L f: (1 — k) (=Rt 1Y, (t; An) +Y?/(1 —k)tRY) (6 A) RS (6 )
n—1 2113 An)
x AT — A)7tuy. (17)
Substituting (16), (17) into the left side of the equation (1), we get

k TR (YL An) + (2 — k)Y (8 )
ae Zd(t) = -2 2—k\" 2—k\"
w(t) + () >, Y7 (1)

n=1

A I — A7

R, ()
—2y TN AT — A) 7y = Au(t), 0<t<1.
; YT ( )"lur = Au(t), 0<t<

Thus, the function u(t) defined by the equality (6) is a solution to the problem (5), and thus the theorem
is proved.

To conclude this section, we note that, in the language of control theory, Theorem 2 means
controllability from the zero position of the system described by the conditions (5).

3. THE k£ >0 CASE FOR THE EULER—POISSON—DARBOUX EQUATION.
NEUMANN’'S WEIGHT CONDITION AT t =0

For the Euler—Poisson—Darboux equation (1), consider a boundary value problem of the form
: k 1 o o
tgr(l)lth w(t) =wug, u(l)=mu. (18)

In[1], the following criterion for the uniqueness of a solution was proved.
Theorem 3. Let k > 0 and A be a linear closed operator in E. We assume that the boundary
problem (1), (18) has a solution u(t). For this solution to be unique, necessary and sufficient, that

none of the A, n € N zeros of the function
Tr(A) = Yi(1;A), (19)
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1/2—k/2
) Tijo—1/2 (tﬁ), would not be an eigenvalue of the

where Yi(t; \) = T(k/2 + 1/2) (tﬁp
operator A.
Theorem 4. Let k > 0, A be a linear closed operator in E, uy € D(A?), and also for all n € N

the zeros of n defined by the equality (19) of the function T (\), belong to the resolvent set p(A),
and the estimate

sup [An| ||An — A) 7| < Mo < 0.
neN

Then, the problem
u”(t) + Eu/(t) = Au(t), lim t*/(t) =0, (1) =u (20)
t t—0+
is uniquely solvable and its solution has the form

=Y, t;Xn ~ o~ _

n=1

The proof of Theorem 4 is basically similar to the proof of Theorem 2.

4. BOUNDARY VALUE PROBLEMS FOR DEGENERATE DIFFERENTIAL EQUATIONS
WITH POWER DEGENERACY

As applications of Theorems 2 and 4 in the Banach space E, consider the equation that degenerates
with respect to the variable ¢

" (t) + 07N (1) = Av(t), 0<t<T. (21)

Let 0 <y <2, beR. The value of the parameter 7, 0 < 7 < 2 means a weak degeneration of the
equation (21), in contrast to the case of strong degeneracy v > 2, which will also be considered further
in the paper. For v = 2, the Euler equation is obtained, which, as is well known, reduces to a non-
degenerate equation.

The setting of boundary conditions at the degeneracy point ¢ = 0 depends on the coefficients b and
~ > 0 of the equation and these boundary conditions will be given below.

For b < 1, consider the problem of determining the function v(t) € C([0,T], E)( C?((0,T], E),
belonging to D(A) fort € (0,T), satisfying the equation (21) and the Dirichlet conditions

v(0) =0, o(T)=nuv;. (22)
Change of independent variable and unknown function

O T (GRS

taking into account the equalities
ey (T 1= mepyy (T 2(1-9) " 1-4 ,
= (5) W, o= (5) (v =),

reduces the weakly degenerate equation (21) to the Euler—Poisson—Darboux equation of the form

w” (1) + éw/(T) = Aw(t), 7€]0,1], (23)

2
where k=065 —9+1, § = SR [ =6T"°. To simplify the notation, we will further assume that T is

chosen so that [ = 1. At the same time, the conditions (22) are converted into conditions respectively
w(0) =0, w(l)=uwv. (24)
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The resulting problem (23) and (24) has already been studied by us in paragraph 2. Returning to
the original Dirichlet problem (21) and (22) for a weakly degenerate equation, using Theorem 2, we
formulate the following conditions unambiguous resolution.

Theorem 5. [ef 0 <y <2,b< 1, k= 2(b 1) +1,6= T = 55, Ais alinear closed operator

in E, vy € D(A?), and also for alln € N the zeros of A\ a’eﬁned by the equality (3) of the function
Yo_r(A), belong to the resolvent set p(A), and the estimate

sup | An| |[|(And — A) 7| < My < .
neN

Then, the Dirichlet problem (21), (22) for the weakly degenerate equation is uniquely solvable
and its solution has the form

o Yo_p,(t1/95\)

v(t) = —2(5tY/9)1-k
(t) (6t779) Y7 (1)

MM — A)7E

n=1

As mentioned earlier, the setting of the boundary condition at the degeneracy point ¢ = 0 depends
on the coefficient b. Let now the coefficient b > ~/2 in the equation (23). In this case, instead of the
Dirichlet conditions (22) the following conditions should be set

lim t%/(t) =0, (1) =v. (25)

t—0+

Similar to Theorem 5, but using Theorem 4 instead of Theorem 2, and in this case we formulate the
conditions for unique solvability corresponding boundary value problem.

Theorem6. Lef 0 <y <2,b>v/2, k= 2(2%71) +1,0 = 52T =k, Aisalinear closed operator

2—y 65’
in B,v1 € D(A?), and also for alln € N the zeros of \, defined by the equality (19) of the function
Yr(N), belong to the resolvent set p(A), and the estimate

sup [An| [|(0nd — A) 7| < My < oo.
neN
Then, the problem (21) and (25) is uniquely solvable and its solution has the form

00 /6.5 V.. .
o) = —2 3 OISR 5y gy
Y/(LA)

n=1

Let us further consider the equation (21) in the case of strong degeneracy, when the parameter v > 2.
Change of independent variable and unknown function

) e = ((5) ) e

reduces the strongly degenerate equation (21) to the Euler—Poisson—Darboux equation of the form

W'(r) +

\ll’ﬁ

W'(1) = Aw(r), 0<T<I, (26)

2(b 1)
-2
that T'is chosen so that! = 1.

In the case of strong degeneracy, the setting of the boundary conditions at the degeneracy point
t =0 also depends on the coefficient b. Sufficient conditions for the unique solvability of boundary
value problems for the Euler—Poisson—Darboux equation (26), which reduce considered boundary value
problems for strongly degenerate equations are contained in Theorems 2 and 4; therefore, similarly
Theorems 5 and 6 establish the following assertions.

where p = +1,1=—0T"Y9 To simplify notation, in what follows, as before, we will assume
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-5
Theorem 7. lety>2,b<1,p= 2(2b__,yl) +1,0= QE—A{ T = (}5) , Ais alinear closed operator

in E, vy € D(A?), and also for all n € N the zeros of A\, defined by the equality (3) of the function
To_,(A), belong to the resolvent set p(A), and the estimate

sup | An | |[|(And — A) 7| < My < .
neN

Then, the Dirichlet problem (21), (22) for a strongly degenerate equation is uniquely solvable
and its solution has the form

_ Yo /6)\71) -1
o(t) = —2(—6t /%) =1 An(AnI — A)
nzl FIEw

2(b 1) 1\7° . .
Theorem 8. Let v>2,b>2—~/2, p +1,0= —v T= (_—5) , Ais alinear closed

operator in E, v1 € D(A?), and also for all n € N the zeros of An defined by the equality (19) of
the function Y,(X), belong to the resolvent set p(A), and the estimate

sup [An| [|(0nd — A) 7| < My < oo.
neN

Then, the problem

10" (t) + bt () = Av(t), tlir& 270 =0, v(l)=u
%

is uniquely solvable and its solution has the form

V8.3 Yo
Z Y (0t 1%, )An(AnI—A)‘lvl.
n=1 Y/(1§)‘n)

Finally, we formulate a theorem for the abstract analogue of the degenerate in space variable
differential equation with a power character of degeneracy. Forw > 0, consider the equation

V'(t) =t Au(t), 0<t<T (27)
and boundary conditions
v(0)=0, v(T)=u. (28)
If A is the differentiation operator with respect to the spatial variable x, for example, Av(t,z) =
v (t, ), then the equation (27) is a degenerate hyperbolic generalization of the Tricomi equation, but

has a different character degeneracy compared to the previous degenerate equations. Therefore, the
abstract equation (27) is also natural call degenerate.

Change of variable and unknown function

- (2. oo 2 oit) = (2) a(r)

o w4+ 2 o

forT = io reduces the problem (27) and (28) to a boundary value problem for Euler—Poisson—Darboux

o
equations
~ 11 o+1_, ~ . o+1 ~1 ~ o
w' (1) + w'(r)=Aw(r) (0<71<1), hH?(l]T w'(0) =0, w(l)=0.
T T—

Since the parameter of the Euler—Poisson—Darboux equation (1) satisfies the inequalityk = o +1 >
1, then by virtue of Theorem 4, the following assertion is true.
Theorem 9. Let w >0, 0 = w+2, k= gig‘ T = -, Ais a linear closed operator in E, v1 €
D(A?), and also for all n € N the zeros of An defined by the equality (19) of the function Yi(N),

belong to the resolvent set p(A), and the estimate
sup [An| [|(And — A) 7| < My < o0
neN
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Then, the problem (27) and (28) is uniquely solvable and its solution has the form

- =Y, Utl/";Xn ~ _
k »\n

n=1

5. EXAMPLES OF SOLVING BOUNDARY PROBLEMS

Let us give several examples of problems whose solutions can be expressed in integral form.

Example 1. Let £ = 0 and the operator — A be the generator of the operator cosine function C'(t; — A),
which satisfies the estimate

[[C(t;—A)|| < Me*', M >1, w>0. (30)
Then, as is known, the resolvent of the operator — A satisfies the representation
€T+ A) = /e—ﬁto(t; “A)dt, £>w. (31)
0
Consider the problem
u’(t) = Au(t), u(0)=0, wu(l)=u; € D(A?). (32)

[ in the inequality (30) w < , then given the representation (31), according to Theorem 2, we write
the solution of the problem (32) in the form

( N ']1/2 t Nn -1
QtZ Vi el =47 ul—zwzunjg/z Lyl = 4)

)

)

Ty o (t; fin
o 2\/_2 J;//j 1: ':n (( ) I+ A Ul = 22 n+1 sin 7Tnt) 7Tn((7'rn)2[+ A)_l
= ZZ n+1 sin(7nt) /6—7”180(5; —Auy ds, w<m, (33)
0

2
where A, = —(wn)?, pun, = 7n are the zeros of the function Jy /(1) = 4/ o sin p.

Using series ([16], 5.4.12.1), after summing under the integral sign in the formula (33), we obtain the
representation integral solutions

u(t) = sinwt/ Olsi=A)u ds w < . (34)

chms + cosmt’
0

In particular, if the number A < 0, then C(s; —A) = ch (s\/—A), and calculating the integral (see
[16], 2.4.6.7) in the formula (34), we obtain the solution of the Dirichlet problem in the scalar case

u(t) = sin (t\/j) ul'
sin (\/j)

Condition w = v/—A < 7 required for integral representation (34) in the last equality is no longer
required.

Note also that in the case A < 0 the sum of the series in the representation (6) of the solution of the
Dirichlet problem for k£ < 1 can be found directly, using formula ([13], 5.7.33.4), and we arrive at the
expression

t12R2 7 g o (tV/=A)
J1j2-kj2(V—A)

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 44 No.8 2023
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Example 2. Let k& = 2 the operator — A be the generator of the operator cosine function C(t; —A),
which satisfies the estimate (30). Taking into account Theorem 4, similarly to Example 1 for solving the
problem

2

u”(t) + ZUl(t) = Au(t), tg%lJr 2/ (t) =0, u(l) =wu; € D(A?)

the integral representation is set

sin 7t 7C(s; —A)uy ds
w< T

t
0

u(t) =

chms + cosmt’

In particular, if the number A < 0, then using formula ([13], 5.7.33.4), we obtain the solution of the
problem (20) for £ > 0 in the form

t) tV2R2 0 1 o (tV/=A)
u =
Jkj2—1/2(vV—A)

ui, (35)

which for kK = 2 has the form

) sin (t\/—A) Uy

u(t) = —————L—.
tsin (\/ —A)

Example 3. Let k£ = 0 and, as before, the operator — A is the generator of the operator cosine function
C'(t; —A) which satisfies the estimate (30). Consider the problem

u”(t) = Au(t), tg%lJr u'(t) =0, u(l)=u; € D(A?). (36)

[ in the inequality (30) w < g, then given the representation (31), according to Theorem 4, we write

the solution of the problem (36) in the form

N CltAn) ~ _1 2, cos (tin) ~ ~ .
) n=0

n=0
=2 Z(—l)" cos <%t + 7rnt> /e_(”/2+m)80(8; —Auyds, w< g, (37)
n=0

~ 2
where A\, = — (g + 7m> , [ = g + 7n are zeros of the cos u function.

Using series ([16], 5.4.12.4), after summing under the integral sign in the formula (37), we obtain the
representation integral solutions

1 cosh %8 C(s;—A)uy ds

u(t) = 2cos — , <
(*) 2 cosh s + cos 7t v
0

™

(38)

In particular, if the number A < 0, then C(s; —A) = cosh (sv/—A4), and calculating the integral (see
[16],2.4.6.14) in the formula (38), we obtain the solution of the problem (36) in the scalar case

2 cos %t cos 7r(12— 2 cos (M(t + 1)) — cos w cos (m(l - t))
0= I+ cos (2 A)
2 cos %t sin %t cos (M(t + 1)) + sin %t cos (\/q(l - t)>
- sinwt 1+ cos (2\/1)
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_ cos (V=A(t+1)) + cos (V=A(1 - 1t)) _ cos (tvV=4) uy
1+ cos (2\/3) cos (M) ’

which agrees with the representation (35) for £ = 0. Condition w = v/—A4 < g required for integral

representation (38) in the last equality is no longer required.

Example 4. Lety=1,b= % and operator — A be the generator operator cosine function C(t; —A)
that satisfies the estimate (30). Using Theorem 5, we define the parameters used in it are k = 0, § = 2,
T= %, and similarly example | to solve the problem

10" (t) + 07N () = Av(t), v(0) =0, o(T)=1wv

set the view

) C(s;—A)vy ds
v(t) = sin(2mV/t) ,
0/ ch s + cos(2mv/t)

w <.

In particular, if the number A < 0, then by calculating the integral (see [13], 5.7.33.4), we obtain the
solution of the Dirichlet problem in the scalar case

t) sin (2\/ —At) 1
v(t) = .
sin (\/—A)
. 2 w+4 . .
Example 5. If the numberis A < 0 and 0 = ——, Kk = ——, then in this scalar case the sum
w+ 2 w42

of the series in the representation (29) of the solution to the problem (27), (28) is found directly, using
formula ([13], 5.7.33.4), and we arrive at the expression
0’/2 tJ B _Atl/O'
o(t) = o712\t k/2 1/2(0\/ )v1- (39)
Jj2—1/2(vV—A)

The form of the solution is consistent with formula ([17], 2.162(10)). In particular, the solution of the
boundary value problem for the Airy equation we get from (39) with w = 1.

6. SOBOLEV TYPE SINGULAR EQUATION

The results of the previous subsections are generalized to the case of a singular equation of Sobolev
type

B <u”(t) + %z/(t)) = Au(t), 0<t<l,

where, like A, the operator B is a closed linear operator operator in E whose domain D(B) C E is not
necessarily dense in E. Information about the uniqueness criterion for the solution of the corresponding
boundary value problems is given in [1].

The scheme of proof of the statements is similar to the proof of Theorems 2 and 4. A distinctive
feature is the change of equality Ah = Ah, which determines the eigenvalues of the operator A, onto the
operator equation Ah = ABh, as well as replacing the point spectrum o, (A) with the spectrum o, (B, A)
operator A with respect to B and the resolvent set p(A) on resolvent set p(B, A) of the operator A with
respect to B.

Theorem 10. Let k < 1, A, B be linear closed commuting operators in E, u; € D(A?)( D(B),
and also for all n € N the zeros of \,, defined by the equality (3) functions Yo_(\), belong to the
resolvent set p(B, A), and the estimate

sup [An|||(AnB — A) 71| < My < .
neN
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Then, the task

B <u”(t) + éu'(t)) = Au(t), w(0)=0, u(l)=wuw
is uniquely solvable and its solution has the form

Yo 1 (t; An) _
—ot!~ ’“ZYQ/ oW MBAB — A) "y

Theorem 11. Let k > 0, A, B be linear closed commuting operators in E, u; € D(A?)( D(B),

and also for alln € N the zeros of e defined by the equality (19) functions Yi()\), belong to the
resolvent set p(B, A), and the estimate

sup | An||An B — A)7Y| < My < .
neN

Then, the task

t—0+

B <u”(t) + %z/(t)) = Au(t), lim t*/'(t) =0, u(l)=u
is uniquely solvable and its solution has the form

ulty = —2 5 B3R BS54y
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