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Abstract. The development of theoretical methods of analysis of heat and mass transfer processes requires involvement of 
mathematical physics apparatus first of all. And here there are some problems. In first, heat and mass transfer processes are 
described by very difficult differential equations. In second, practical difficulties are appeared with definition of parameters 
and calculation of turbulent heat and mass transfer. In this paper we suggest the approximate method of solving the 
internal convective heat and mass transfer problems based on the combined use of the Laplace transform and quasiclassical 
approximation. As an example of the method implementation, the boundary value turbulent heat and mass transfer problem 
under Dirichlet boundary condition for the motion of medium in a cylindrical channel is considered. The results of numerical 
analysis of the obtained solutions in smooth and rough channels are presented. The examples of determining the eigenvalues, 
eigenfunctions and solution constants are given.
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Аннотация. Предложен приближенный метод решения внутренних задач конвективного тепло- и массопереноеа, 
основанный на совместном применении интегрального преобразования Лапласа и квазиклассического приближения. 
В качестве примера реализации метода рассмотрено решение краевой задачи турбулентного тепло- и массопереноса 
для случая движения среды в цилиндрическом канале при граничном условии первого рода. Приведены результаты 
численного анализа полученных решений для гладких и шероховатых каналов. Даны примеры определения 
собственных значений, собственных функций и постоянных решений краевой задачи.
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58 Q uassiclassical approxim ation  o f  solutions o f  boundary  convective-type problem s o f  hea t and  m ass transfer

1. In t ro d u c t io n .  The processes o f h ea t and m ass transfe r in  tu rb u len t m otion  are in terconnected . A t the 
same time, the m ain  transfer equations have an identical basis since the differential equations, w hich are used to 
describe these phenom ena, relate to the general diffusion equation  [7, 8] .

A t present, the processes of heat and m ass transfer and hydrodynam ics are ra ther fully studied in  tu rbu len t 
m otion  o f the m edium  in  sm ooth  and  rough  channels. T urbu len t flow  characteristics w ere investigated  by 
Reynolds, P randtl, Launder, Ryhardtom , Deysler, Kolmogorov, Spalding, K utateladze and m any  o ther au thors 
[9, 13, 18, 22, 24, 25, 27] . A nalytical m ethods o f solving o f h ea t and m ass transfe r problem s are quite diverse 
[7, 8, 9, 12, 13, 14, 15, 17, 25] . However, they  relate to the narrow  class of sim ple tasks.

Recently, m uch attention  in  the problem  of tu rbu len t heat and m ass transfer in  the channels has been paid to 
researching the transfer phenom ena and improving models of turbulence in  the boundary layer [11, 12, 19, 23, 25, 26] , 
as well as to the num erical solving the boundary  problem s of convective heat and mass transfer [4, 5, 25, 26]. The 
absence o f w idely  accepted m odels in  m any  cases and the application  o f  m any  d ifferent m odels o f tu rbulence 
require effective m ethods of analytical solving the boundary problems, w hen  the functions characterizing turbulent 
transfer are defined in  general form.

In turn, m odern num erical m ethods allow to solve m any boundary  value problem s of heat and mass transfer. 
But at the same time, there is a certain  loss o f p resen tation  and universality  o f solutions is observed. Also, there 
is a very  im portan t requ irem en t for the researcher to have sufficient experience and practice w ith  com plicated 
num erical models.

For this reason, the specialists are in terested  in  use of approxim ate analytical m ethods of solving convective 
heat and mass transfer problem s [2, 10, 21, 25] . These m ethods have a num ber of advantages, because they allow 
to effectively construct the solutions of m any boundary  problem s of heat and m ass transfer. In this case, various 
modifications of the approxim ate G alerkin m ethod [2, 21] are fairly used. They allow to obtain solutions tha t are 
presen ted  in  finite series using coordinate functions.

The disadvantages of this m ethod are the significant increase of analytical and com putational complexity w ith 
an  increase in  num ber o f term s of the series in  the approxim ate solu tion  and also the problem  o f choosing the 
satisfactory coordinate functions. To our mind, there is insufficient atten tion  has been paid  to  the approxim ate 
analytical m ethods of solving the boundary  problem s of heat and m ass transfer, w hich  allow to p resen t general 
solu tions in  the  form  o f infin ite series, and to the m ethods o f  justifica tion  o f coordinate functions, w hich  
correspond to the particu larity  o f the solved problem .

The purpose of this w ork is to p resent an analytical m ethod for solving boundary  value problem s of heat and 
mass transfer based on the Laplace transform  and asym ptotic decom position of the images w ith  the subsequent 
constructing of the general approxim ate solution. This m ethod allows to receive solutions of ra ther wide class of 
heat and mass transfer problem s in  an approxim ate analytical form.

2 . A p p ro x im a te  a n a ly tic a l m e th o d  fo r  so lv in g  b o u n d a r y  v a lu e  p ro b le m s  o f  h e a t  a n d  m a ss  tra n s fe r .  
A pproxim ate analytical m ethod  for solving b oundary  value problem s of h ea t and m ass transfer. The boundary  
value problem  of a stationary  convective heat and mass transfer at the m otion of various particles in  the channels 
of any geom etrical form  leads to the in tegration  of differential equation, w hich can be presented  in  the form:

  _
W ( M ) —  = a div [ f  (M ) grad 9 (M ,z)]  + V, (M ,z) ,  (1)

dz

under boundary  conditions
ls [9( M ,z )] s = V(Ms,z),  (2)

and initial conditions
[9 (M ,z  ) b =0 = n  (M ), (3)

w here s is the contour o f surface Q; Q is the surface o f the cross-section rem oved by  the  distance z from  the 
entrance of the channel; M  = M  (x, y)  is the current point of the surface Q (M  e Q );M S is the point on the contour 
s; 4  is the linear differentiation operator defined on the contour s; 4  [9( M ,z )]j = a9 + Ц  \j; 9 (x, y ,z )  is the heat 

or mass transfer potential; W  (M ), f  (M ) are the velocity of the m otion of the m edium  and param eters o f turbulent 
transfer in  the cross-section z of the channel; a is the coefficient o f therm al diffusivity (diffusion) of the medium; 
Vt (M ,z)  is the function describing sources or drains; a, are the constants.

The condition (2) can be rep resen ted  in  the form  of D irichlet or N eum ann boundary  conditions. In the first 
case, the zero-order differentiation operator has a form:

4  [9 ]s = [9 (M,z)]-S,

In the second case, the differentiation operator of the fist order can be represented as: 4  [9]s = [X(M) Ц ] . ,  where 
X (M ) is the  function  characterizing  h ea t or m ass transfe r on  the channel wall; n is the ex ternal norm al to a 
contour s .

A fter applying the Laplace transform  on coordinate z  the boundary  value problem  (1) -  (3) is reduced to:

L [9 (M, p )] + 1 R (M, p ) = 0; (4)
a
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ls [9( M ,p ) ]s- = Tp(Ms, p ), (5)

w here 9 (M ,p ) = f 0™ 9 (M ,z )  e x p ( - p z ) d z  is the Laplace transfo rm  o f the function  9 (M ,z )  on  coordinate z; p

is the Laplace transfo rm  param eter; L [9( M ,p )] = div [ f  (M ) grad9] -  p W (M )9  is the d ifferentiation  operator; 
Vt. (M ,p ) = f ™ V„(M,z) exp ( - p z  ) d z ; f  (Ms , p ) = f 0™ q> (Ms ,z )  e x p ( -p z )d z ;  R ( M ,p ) = Vt. (M ,p ) + W  (M  )(p0 (M ).

In m ost cases, it is ra th e r difficult or sim ply im possible to obtain  an exact so lu tion  o f  th e  problem  (4)- (5). 
Therefore, developm ent of approxim ate analytical m ethods for solving such problem s is o f considerable interest. 
The approxim ate m ethod [21] is based on combined use of the Laplace transform  and Ritz m ethod or the orthogonal 
B ubnov-G alerkin m ethod. It has g rea t opportun ities for solving the num ber of transfer problem s. This m ethod 
allow s to reduce a study  o f  h ea t and m ass transfe r problem s to solving the algebraic system s and  to receive 
approxim ate analytical dependences. However, a t constructing  the  solutions the re  is a problem  to choose the 
optim al system  of coordinate functions on w hich the solution depends. In particular, at solving the boundary  value 
problem s of convective heat and mass exchange in  tu rbu len t flows the correct accounting of the boundary  layer 
is o f g rea t im portance. In th is case, it is alm ost im possible to select the optim al system  o f coordinate functions 
in  advance. A dditional difficulties, w hen  using Ritz o r B ubnov-G alerkin m ethods, are associated w ith  the fact 
th a t w ith  an increase in  num ber of coordinate functions up to th ree or m ore the volum e of com putational w ork 
increases dramatically. Therefore, the m ethod [21] did not gain w ide distribution in  solving the transfer problems 
for tu rbu len t flows.

We propose a new  m ethod  o f an approxim ate so lu tion o f b oundary  value problem s. It is based on the 
p relim inary  analysis o f the so lution  in  the Laplace transfo rm  dom ain  and asym ptotic decom position  o f the 
image for a great value of transform  param eter [3, 14] . A fter transition  to the original dom ain the d istribution of 
potentials for an initial stage of heat and mass transfer process is determ ined. For the prelim inary analysis o f the 
solution in  the Laplace transform  dom ain the quasiclassical approxim ation is used [20, 16]. This m ethod allows to 
obtain the solutions of w ide class of heat and m ass transfer problem s in  an approxim ate analytical form.

Consider a technique of m ethod’s application. Suppose that in  the Laplace transform  domain the approxim ate 
so lu tion  o f  the problem  (4)- (5) by m eans o f  a quasiclassical approxim ation  m ethod  is ob ta ined  at p  ^  ™. By 
asym ptotically  expanding the ob ta ined  so lution  in to  rapidly  converging series for the g rea t values p  and  the 
subsequen t transition  to the original dom ain  the d istribu tion  o f po ten tia l for the in itial stage o f  h ea t or m ass 
transfer process can be found by the Lykov m ethod for small values z  [14] .

If the asym ptotic approxim ation  Ф (М ,р ) o f the function  9( M ,p ) a t p ^  ™ and the corresponding  original 
Ф(М, z) of 9 (M, z) at z  ^  0 are found, then  it is possible to compose the residual o f the equation (1) in  the original 
domain.

There is a general solution of the mixed problem  (1)- (2) for the equation of parabolic type, which, accoording 
to [7] , in  some cases at f  = 0 and V* = 0 can be presented  by  Fourier expansion on eigenfunctions Xn o f operator 
L [9] as:

9 (M ,z)  = ^  A nXn(M ) exp ( - p nz),
n=0

where p n are the eigenvalues; A n are the constants. These values can be determ ined from  the condition of equality 
of functions Ф(М, z)  and 9 (M, z)  for z  = 0 and small values z:

9 (M ,z ) \ z=0 = Ф(М, z ) \z=0 = f 0 (M ); (6)

lim [9( M , z ) -  Ф(M ,z)] = 0, (7)

w here 8* is a value close to zero.
Let coordinate functions f n(M ), w hich are approxim ated eigenfunctions Xn (M ) ,be found and satisfy boundary

conditions (2). W hen  applying one o f residual’s m inim ization m ethods, one can ob ta in  a system  o f the linear
algebraic equations for finding o f the constan ts A n and a system  of linear o r non linear algebraic equations for 
finding o f the eigenvalues. The best approxim ation  o f the  coordinate functions f n (M ) is determ ined  from  the 
asym ptotic solution Ф(М, z). Let us construct an approxim ate solution of the equation (1) in  a form:

N
9n(M ,z )  = ^  A nT „ (M ) e x p ( - p nz), (8)

n=0

and we will reduce the process of solving the boundary value problem  (1)- (3) to aproxim ation of function Ф(М, z) 
by  the series (8) for small values z.

To determ ine the coefficients A n on the basis of equation (6), w e construct the residual:

£ ( M ,A n) =
N

f 0 (M ) -  2  A n Чп (M )
n=0

2
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and select the coefficients A n from  the condition of m inim um  e (M ,A n). Thus, we will receive the algebraic system  
of equations on coefficients A n:

1 dc
2 dAi

1 dc
2 ~dAn

ГГ \ N
/ /  (M) - У а п T n (M)

JJn [ 7=0

JJQ V0 (M ) - T J  A n T  (M )

T  (M  )dw  = 0;

T„ (M  )dw  = 0,

w hence the coefficients A n are determ ined by know n m ethods.
If T„ (M ) is taken to be an orthogonal system  of coordinate functions in  the dom ain Q w ith  respect to a w eight 

function p ( M ), then  the coefficients A n are determ ined from  the equations:

A n =
ffQ p(M)(P0(M )T „ (M )dw

f f a p ( M )T 2(M )dw

To determ ine the eigenvalues p n from  the equation  (7), w e take the residual in  a form:

N
£(pn, M, Z) = Ф (М ,г) -  ^  A nT „ (M ) e x p ( - p nz )

and  choose th e  eigenvalues p n in  such a w ay  th a t the residual has its sm allest value at z ^  0. By expanding 
exponents into a series and lim iting to tw o term s of a series, w e obtain the algebraic system  of equations:

1 d£
2 ~dp[

1 d£
2 dp~

Г ГГ

J 0 JJn H M , Z) - £ - o [ A n T " (M ) - A n T " ( M )pnZ]

г  г  г  Д
J  JJn  Ф (M , z ) - / _ j [ An  T" (M ) -  A " Tn (M  )pnz]

X A i T  (M  ) zdw dz  = 0;

X A n T n (M  )zdw dz  = 0;

If we take T„ (M ) as an orthogonal system  of coordinate functions in  a domain Q w ith  respect to a w eight function 
p ( M ), th en  the eigenvalues p n are determ ined from  the equations:

Pn =
f 03t f f Q [AnT n(M ) -  Ф(М,г)] p ( M ) T n(M )dw dz

fo3' Un AnP(M )V" (M )zd w d z

Thus, the search procedure for an approxim ate solution of the boundary  value problem  (1)—(3) consists of the 
following stages:
1) using the Laplace transform , the initial convective heat and mass transfer problem  is reduced to the boundary  
value problem  for the differential equation  of the second order;
2) using the m ethod  o f quasiclassical approxim ation, w e determ ine the asym ptotic so lu tion  Ф (М ,р ) o f  the 
differential equation  in  the Laplace transform  dom ain for large values p ;
3) by analyzing the image Ф(М, p ) for great values of param eter p , we receive the original Ф(М, z) for small values 
z;
4) based on  the form  o f the function  Ф(М, z), the basic coordinate functions фп (M ) are determ ined. Thus, we 
ob ta in  an asym ptotic approxim ation  o f  the corresponding  eigenfunc- tions Xn (M ) in  the space, in  w hich  the 
approxim ate solution of the boundary  value problem  is found;
5) the approxim ate solution of the problem  is com plicated in  the form  (8);
6) approxim ation of the function Ф(M, z)  by functions вп (M, z), using residual’s m inim ization in  the dom ain Q, is 
found for small values z;
7) the system  of algebraic equations for determ ining of the constants A n and the eigenvalues p n is being form ed 
and solved.

The proposed m ethod of obtaining approxim ate solutions can be used to solve the problems of non-stationary 
heat conductivity and diffusion, convective heat and mass exchange in  pipes and channels under various boundary 
conditions and also the problem s o f h ea t and  m ass transfe r in  various bodies at variable coefficients o f  h ea t 
conductiv ity  and  diffusion. The m ethod  allow s to  receive approxim ate analytical solutions o f b oundary  value 
problem s in  a simple w ay tha t are currently being solved numerically. The received solutions satisfy the boundary 
conditions and asym ptotically coincide w ith  the exact solution for an initial stage of heat and mass exchange. An
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advantage of the m ethod is the possibility of determ ining the asym ptotic approxim ations of coordinate functions 
(basis) and constructing  a residual for determ ining the constants and eigenvalues in  the original domain. A part 
from  that, we can obtain the approxim ate solution in  the form  of infinite series on the obtained approxim ations of 
the basis. The disadvantage o f th is m ethod  is the possib ility  o f an erro r in  the approxim ation  com pared to the 
exact solution for the last stages of the heat and mass exchange process (at great values z).

3. S c h e m e  f o r  re c e iv in g  a  q u a s ic la s s ic a l  a p p r o x im a t io n  o f  s o lu t io n s  o f  in te r n a l  c o n v e c tiv e  h e a t  
a n d  m a s s  t r a n s f e r  p ro b le m s . C onsider the in te rna l problem  o f convective h ea t and  m ass transfer, w hen  a 
hom ogeneous liquid or gas enters a fairly long channel o f rectangular or circular cross-section.

A t the in itial region o f  the channel (z < 0) the steady flow  is form ed in  such w ay  th a t the velocity  field at 
the en trance o f the liquid in to  the channel (z  > 0) becom es stationary . The bou n d ary  condition  o f  h ea t and 
m ass exchange w ith  the external env ironm ent on the w all o f a p ipe is specified. This condition  is described by 
hom ogeneous D irichlet and N eum ann boundary  conditions. The in ternal problem  of convective hea t and m ass 
transfer is reduced to determ ining the tran fer potentials в .

D istribution  of po ten tia ls o f h ea t and m ass transfer for the steady liquid flow  in the fla t channel (n = 0) or 
cylindrical channel (n = 1) satisfies the following equation:

I  = * {a + f « ) * I
P e w  ф ф  —  = —  (1 + f  ф ) ф ф  1 ,0 < i  < 0 < у < ж .  (9)

U nder boundary  conditions
9 (?, y) = 1  у = 0 (10)

| = ° . { = 0 a 1)

w here f  (g) is the function, w h ich  is characterizing the param eters of tu rbu len t hea t and m ass transfer, having 
continuous derivatives o f the second order and f  (g) > 0,0 < g < 1. H ere £ = у / у 0, у = z / z 0 are d im ensionless 
spatial coordinates, Pe is the heat or diffusion Peclet number.

In addition to  the conditions (10)- (11), for solving the equation  (9) it w ill be necessary  to set a boundary  
condition  on  the channel wall. U nder D irichlet b oundary  conditions for % = 1 w e have 9(%, у ) = 0, and under

99 &  у )
N eum ann boundary  conditions at % = 1 : ------  —  = 1.

9s
Using in tegral Laplace transfom  for the equation (9) on the variable y, w e obtain equation:

d_
dg * ( «  f '

- p - P e - r (  0  9 = 0, (12)

w here к ф )  and r ф  are anyw here positive functions, having continuous derivatives of the second order in  the 
range 0 < % < 1.

We construct a quasiclassical approxim ation of solutions of the equation (12) at p  ^  ж [16, 20] . By replacing 
9 ф  = f  ф и (S), S = S (%), we lead equation (12) to a form:

U " ( S ) - [ p  + g (S )] U (S ) = 0, (13)

w here S ф  = dt,q>ф  = [ к ф г ф }-1/4, 0 < %0 < 1.
It is know n [20, 16], th a t the solu tions o f the equation  (13) a t p  ^  ж asym ptotically  approxim ate to  the 

solu tions of the equation  U " ( S ) -  pU  = 0, w hich, in  tu rn , have a form: U (S) = A  ex p (yS ) + В e x p ( - y S ), w here 
у  = фр, A, В are the constants. R eturning to the  previous variables in  a given equation , w e receive th a t the 
solutions of the equation  (12) for p  ^  ж is as follows:

9 ф  = lr / 1 / ^  [A exp (g ф )  + В e x p ( - g  ф ) ] , р  ф )  = ^ jp  ( 0  =А  (?) = I Р ( t  )dt.  (14)
4

Also, the solving the equation  (12) is o f practical in te rest at p  ^  ж, w hen  functions к ф  and г ф  have the 
expressions: к ф  = ф к ф ;  г ф  = { ф г ф ,  and functions к ф  and г ф  are strictly positive in  the range 0 < % < 1.

As show n in [16] , quasiclassical approxim ation of solutions of the equation (12) in  this case can be presented 
in  the form: _̂________

9(?)  = k ш v( s (? ))+  BK* (s (?))],

where p ф  = -^jp , gф  = / ^  p ( t)d t ,  v = l™?++2, I vФ ,  K v(z)  are the modified Bessel functions, n -  m + Y > 0.
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Taking in to  account the corresponding  b oundary  conditions on cross coordinate, it is possible to receive 
asym ptotic approxim ations of solutions of the equation (12) in  the Laplace transform  dom ain for great values p . If 
it is possible to determ ine the original o f the corresponding image, the approxim ate solution of this equation can 
be obtained by the m ethod described in  the previous section.

4. H e a t a n d  m a ss  t r a n s fe r  in  a  cy lin d r ic a l c h a n n e l u n d e r  D ir ic h le t b o u n d a ry  c o n d itio n s  a n d  v a ria b le  
f lo w  ra te . We define the solution of the boundary  value problem  (9)- (11) under Dirichlet boundary conditions in 
the case o f variable flow  rate. A pplying the Laplace transfo rm  to the  system  o f equations on the  longitudinal 
coordinate /7, we obtain:

d_
d£ (1 + f  ( f Щ -  Pe ■ p  ■ £ ■ W  (£) [9 - - )  = 0, ( 6)^=1 = 0; = 0 . (15)

£=0

Let us determ ine the solu tion  o f the equation  (15) for the m ain  area o f  a tu rb u len t flow  and  for very  th in  
parietal section. In the first case, the solution of the equation (15), taking into account (14) and boundary condition 
for £ = 0, can be approxim ately presen ted  at p  ^  ж, 0 < £ < 1 -  8 , in  the form:

_  F1/2 (? )l0 (F (£ )л /Р ^ 7р )

p  "  4 1  [(1 + № ) w Ш ] 1/4,
9 + ------ = с 1 (16)

S is the thickness of the boundary  layer near the wall; c1 is a constant, F (£) = f ^  ( i+f(t) ) d t .

In this case, potential of heat and mass transfer will be described by two functions: 9+(£, rf) -  in  the m ain area 
of tu rbu len t flow  for 0 < £ < 1 -  8  and 9-(£, rf) -  in  th in  parie tal section for 1 -  8  < £ < 1. This is explained by 
the fact tha t the equation (15) has a singularity at £ = 1. In this regard, the solution of (15) cannot be extended to 
the boundary  layer zone for 1 -  8  < £ < 1. In the boundary layer f  (£) = 0 and the velocity W (£) and thickness of

A*Re
the boundary  layer are equal to W (£) = ------ (1 -  £); 8  = 5 \ R e J 3* . A ccording to this, the equation  (15) for

16
the boundary  layer at 1 -  8  < £ < 1 has an approxim ate form:

d2 9
d £2 -  Pe ■ P ■ r*(1 -  ^  (0 - - p )  = 0; r* = 16

L R e

The solution of this equation  is as follows [11] :

9- (f , P) -  ~  = V 1 -  %c 1̂ 1/3 л/Ре ■ P ■ г*(1 -  £)3/2j +

+V 1 -  f c2^1/3 л/Ре ■ P ■ r*(1 -  £)3/2j .

For the th in  boundary layer at £ ^  1 we replace the functions I1/3 (z)  and K1/3 (z)  for small values z  by their limits 

[16, 1] : I1/3 (z ) Г(4/3) ( I ) '  ; K 1/ 3 (z) ~  2 Г (1 /3) ( I )  1 . Therefore, the solution of (15) in  a very  th in  boundary

layer can be approxim ated by linear function: 9 ~ (£ ,p ) -  1 = c2 (1 -  £) + const. Considering ab o u n d ary  condition 
on the wall, w e receive:

9 . ( £ , p ) = c2(1 -  i ). (17)

Coefficients c1 and c2 from  (16) and (17) can be found from  the conjugation condition of the functions 9 + (£, p ) 
and 9 ~ (£ ,p ) on a border o f the boundary  layer for £ = 1 -  8 : 9 + = 9 - ;  Щ- = .

D eterm in ing  the constan ts с 1 and с2 from  these conditions and passing in to  the original dom ain, w e will 
obtain the solutions 9 + (£, rf) and 9-(£ ,  q) for small values /7:

9 + (£ ,p ) = 1 -
F1/2 (£) W -1/4 (£)

V ? ( 1 + f  ( t  ) ) 1/4

-  1 -  £ 1 -  £ 
9- ( f , 9) = ------a1n— ~

1 -  £  A„Jo (f (£) ^ ) exp )
П=1 V '

ж [ 2 \
-  ^=1 A nJ0 (Pn) exp

П=1 V '

w here

An  =
J0 (Pn) (p 2n + f 2)

a.1 + 818  1
; p = — — —  m ;n = 1— 7—ё ; a 1 =0,1 + b1§

F1/2 (?)

\ 4 £  [W (£  )(1 + f  (£) ) ] 1/4 i=1-S
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Ъ2 =
F1/2 (%)W1/4 {F) W  (£)

I V ? [ ( i + f т з/4) ы . 8 ’ J* г + f ($  ’ I V ? w ш  + f ( r n 1/41

F1/2 (?)

pn are the roots of the equation  Д/0 (p) = p j 1 (p); f  (%) = 0 at 1 -  8  < % < 1.
D eterm ine the general solution of the equation (9) in  the range 0 < % < 1 in  a form:

в+(^ 9 ) = Y j A nЧп(& exP ( - p « p ^ .  (18)
n=0

Denote by Чп(£) =  ̂ ^ /4 ^ ( ^ ) ) the eigenfunctions. These functions satisfy boundary  conditions.

They are asym ptotic approxim ations of eigenfunctions for p ^  0 in  the range 1 -  8  > % > 0. Functions Чп(%) are 
orthogonal in  the range 0 < % < 1 -  8  w ith  the w eight %W(%) as:

f 1 3  ф Ч ( О Ч ( №  = ( 0, "  ’ 2 .
J - 1+8 [m + ^  sm  ( 2pn ) ,n  = k.

In the equation (18) the coefficients A n and eigenvalues p n are determ ined by the previously specified m ethod 
and are equal to

2Rn
A n =

m 2 (J 2 (pn) + J 2 (kn) ) ’

2 nj1 (p n) Pn _
Pn =  Б------- , Rn =

r 1-8 ^ щ т м ъ/4(Ю / Pn )

J ,  (1 + f  ( ( )  )1/4 (F ®  rn) *R ,  " Л  (1 + f  ( 0  ) « 4

In the range 1 -  8  < F < 1 the solution of the equation  (15) is:

a n :  \ _ 1 -  S y mh  (kn ) ( „2 4 ) , 1П\
- ( ^ Ч )  -  2 j  n rW ( 1 _  x) n  + f f 1 _  ^ l 1 / 4 e x p ( pn p e ) .  ( )

The approxim ate solutions (18) and (19) of the equation (9) satisfy boundary  conditions and tend to zero for great 
values p, while the functions f  (%) and W (%) are given in  general form. The dependence of the potential value 9m 
on the average cross-section of the channel on p is as follows:

f  1 ™
9m (i)  = 2 У  f w ( 0 9 (F,g)d£, = 2 ^  A nRn exp ( - p 2 .

The influence of the change of the value 9(%, p) in  the boundary  layer o f thickness 8  can be neglected. 
Local N usselt num ber N u ( p ) is equal to:

, , = _  2 1 3 9 - \ = Z™=p A nл/m jp (pn) exp (- p 2nj ~e)

U )  = 9m ( p ) \  je =1 = 8 [ W (1 -  S ) ] 1/4 2 Г=0 A nRn exp ( - p 2n£ ) '

In the cross-sections of a cylindrical pipe, w hich  are rem oted  from  its entry, the N usselt num ber is close to the 

following constant value Nu™ = s = p i . In tha t special case, w hen  the flow velocity in  the channel is 
constant, the solution of the boundary  problem  (9) has a form:

в (^, 9) = Y j A n4 ( ^  exp l - ^

w here

’ ■( f)  = ™ f  ( f ) ) ; F ( f l  = Г ((1 + 4  ( ' ))_
r- 1M, M , v ■ , ,~,)~1/2dt,

s g ( 1  + f (  F))1/4 Km

 ̂2 J1 (и)Ип (1 + f ( { ) ) 1/4 л 2Rn n f 1 л [ Ш  j I Pn r ry , ) ly
p" = ----------------------------- ;An = 2, \ ;Rn = . h \ — f (0  d ^

Rny m  m 2]^ (pn) J0 ( 1 + f  ( О ) 1' 4 Ут ’

pn are the roots of Bessel function  of the first kind ] 0 (p ); m = F (1).
A nd the N usselt num ber is equal to Nu™ = № )  = p2.21 ymR<0 r °
5. H e a t a n d  m a ss  t r a n s f e r  in  s m o o th  a n d  r o u g h  c h a n n e ls .  5.1. S m o o th  c h a n n e ls .  T he num erical 

analysis of the received solutions was carried out for different types of functions f  ( 0  and w ( 0  for the m otion of 
gas m edium  in  fla t and cylindrical channels. In the calculations the P randtl num ber or Schm idt num ber varied
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Table 1. Sm ooth channel. The eigenvalues and constants o f solutions of heat and m ass transfer problem  under 
D irichlet boundary  condition, the constant flow  rate w (?) = 1 and function  f  (?) specified by M artinelli’s

equations

Таблица 1. Гладкий канал. С обственны е значения и постоянны е реш ения задачи  о тепло- 
и массопереносе при граничном  условии первого рода, постоянной скорости потока w (?) = 1 и задании

ф ункции  f  (?) уравн ен и ям и  М артинелли

Order Pr or Sc Re m Rn An Eigenvalues рП
0 0.7 10000 0.3093 0.07187 5.5750 31.24
1 -0.02144 -3.8720 157.20
2 0.00264 0.7479 1602.00
3 -0.00270 -1.0450 1825.00
4 0.00112 0.5491 4949.00
5 -0.00141 -0.8347 4335.00
0 0.7 50000 0.1594 0.03651 10.6600 85.65
1 -0.01211 -8.2330 388.40
2 0.00159 1.7020 3692.00
3 -0.00159 -2.3160 4317.00
4 0.00057 1.0430 13660.00
5 -0.00056 -1.2540 15130.00
0 0.7 100000 0.1191 0.02714 14.1900 133.30
1 -0.00925 -11.2550 588.40
2 0.00122 2.3410 5560.00
3 -0.00124 -3.2220 6426.00
4 0.00046 1.1540 19490.00
5 -0.00045 -1.8080 21730.00

from  0.1 to 1.6, and the Reynolds num ber -  from  5 ■ 103 to 106, and the P randtl and Schm idt tu rbu len t num bers 
w ere assum ed to  be 1.0.

In the process o f calculations the function  f  (?), characterizing tu rbu len t therm al conductiv ity  or diffusion, 
was given as: p  = -рф ■ -у , ^  = p ?  ■ ф , w here Ргт and Sct are the P randtl and Schmidt tu rbu len t num bers.
The tu rbu len t kinem atic v iscosity  Vt (?) for sm ooth  channels w as set in  the form  of M artinelli’s equations [ !2] 
(the three-layer schem e of a tu rbu len t flow):
a) for lam inar layer: 0 < y + < 5; u+ = y +; f  (?) = 0;
b) for buffer (interm ediate) layer: 5 < y + < 30; и + = -3.05 + 5.00 ln  y +; f  (?) = 0 Y y  + -  1;
c) for tu rbu len t kernel (logarithm  layer): y + > 30;u+ = 5.5 + Y .5 ln y +; f  (?) = 0.4y+?,

w here y + = R e (1 -  £); u+ = w ( ? ) ^ f f t ;

R aykhardt’s equations (two-layer flow  scheme): f  (?) = 0.4 (y + -  11th ^ p  j  j  ; 0 < y + < 50;

f  (?) = 0.133y+(0.5 + ?n)(1 + ?); 50 < y + < y+, w here y+ = R e i j p  is the dim ensionless p ipe radius;
and Spalding’s equations (single-layer scheme):

y + = и + + 1 [exp(ku+) -  1 -  k u + -  (Ц ^  -  Щ р 3 -  Уфр3 ] ;

f  (?) = 1 |exp(fcn+) -  1 -  ku  + -  Щ Р —  ) ] , w here к = 0.407, E = 10.

The function  w (?), characterizing the  flow  velocity  in  the channel, w as taken  in  the form  of the equations 
o f rod  profile and  the equations of logarithm  profile o f velocity. As an exam ple, the eigenvalues and constan ts 
o f  solutions o f the b oundary  value problem  o f h ea t and m ass transfe r for cylindrical channel at constan t flow  
ra te  in  the cross-section are given in  Table 1. The m ade analysis show ed th a t the  type o f function  f  (?) affects 
the eigenvalues and constants o f the received solutions. N um erical results coincide well w ith  the available data 
for the eigenvalues and constan ts of so lu tions of h ea t transfer p roblem  in  tu rbu len t flow  of the m edium  a t the 
therm ally initial site [6]. Heat exchange problem s in  turbulent flow  in a cylindrical channel in  this case are solved 
by separating of variables and num erically  determ ining the eigenvalues and eigenfunctions.

5.2. R o u g h  c h a n n e ls .  For th is case, as well as for sm ooth  channels, the  num erical analysis w as carried  
ou t at different types of functions f  (?) and w (?), characteristic for the describing of the m otion of the m edium  
in  a cylindrical channel. A t calculating the  P rand tl and Schm idt num bers varied  from  0.1 to 1.6, the Reynolds 
num ber -  from  5 ■ 103 to 106, and the Prandtl and Schmidt turbulent num bers were taken to be 1.0. The roughness 
value varied w ith in  As = R0/ k s = 15 -  500 (ks is the roughness height), and the analysis was carried out m ainly for 
hom ogeneous sand roughness as the m ost studied. In calculations the function, characterizing turbu len t therm al
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Table 2. Rough channel. The eigenvalues and constants o f solutions of heat and m ass transfer problem  under 
D irichlet boundary  condition, the constant flow  rate  w (%) = 1 and function  f  (%) specified by R oth’s equations,

R0 / k s = 15

Таблица 2. Ш ероховатый канал. Собственны е значения и постоянны е реш ен и я задачи  о тепло- 
и массопереносе при граничном  условии первого рода, постоянной скорости потока w (£) = 1 и задании

ф ункции  f  (£) уравн ен и ям и  Ротта, R0/ k s = 15

Order Pr  or Sc Re m Rn A n Eigenvalues p 2
0 0.7 10000 0.2062 0.05036 8.789 55.66
1 -0.0995 -4.042 423.80
2 0.00237 1.514 2223.00
3 -0.00236 -2.075 2581.00
4 0.00100 1.102 6925.00
5 -0.00112 -1.492 6812.00
0 0.7 50000 0.0940 0.02305 19.360 198.50
1 -0.0451 -8.811 1527.40
2 0.00096 2.963 8923.00
3 -0.00105 -4.408 9545.00
4 0.00039 2.091 28670.00
5 -0.00048 -3.103 25730.00
0 0.7 100000 0.0667 0.01635 27.260 387.80
1 -0.00323 -12.520 2957.00
2 0.00067 4.072 17870.00
3 -0.00075 -6.264 18480.00
4 0.00027 2.861 57670.00
5 -0.00035 -4.410 49820.00

conductivity  or diffusion, w as given in  accordance w ith  the equations [23] :

f  (£) = 2  V1 + (21+)2T + -  1,

w here
+ т ^  p w  1 dpow2

Ts^ il "* 8 2 d y '

T he tu rbu len t kinem atic v iscosity  Vt (%) for rough  channels w as defined according to [23] . The m ixing m ethod  
w as adopted in  the form  of R oth’s equations [ ] (here I is a m ixing length):

I = 0; у < A y ;

I = x (y -  A y ) , y > A y.

T he velocity function  w (%) w as given as the equations of a rod  profile w (%) = 1 and the equations of logarithm  
profile o f velocity in  rough  channels.

For rough channels the distribution of the functions f  (%) and w (%) also depend not only on the distance from 
the wall y, the Reynolds and Prandtl (Schmidt) num bers, but also on the value of roughness height ks and ratio k s 
and  distance y. It leads to  the fact th a t the field o f  nom inal d im ensions for rough  channels is m ore extensive, 
th an  for sm ooth channels. Therefore, the calculations w ere carried  out m ainly for the channels w ith  significant 
roughness, as th is case is o f g rea t in te rest for the subsequen t analysis o f the diffusion o f h ea t and  im purity  in 
rough  channels.

For som e cases, the eigenvalues and constan ts o f the solutions of the boundary  value problem s of h ea t and 
m ass transfer for a cylindrical channel are given in  Table 2.

The received resu lts are qualitatively  close to the  resu lts given in  the previous section for the processes of 
heat and mass transfer in  sm ooth pipes. However, the num ber of influencing factors in  this case is greater. This is 
explained by  the fact th a t the values o f  function  f  (%) and  its derivatives on the w all have significant effect on 
calculation results as the equations under consideration include value f  ( 1), w hich differs significantly for various 
models.

The se tting  o f these values is ra th e r com plicated, since the experim ental data are practically  absent, and 
these values depend on the type of roughness and  canno t be universal. In general, the carried -ou t calculations 
show ed th a t the received solutions of boundary  value problem s are universal, since they  allow to determ ine the 
fields o f po ten tia ls and the N usselt num bers b o th  for sm ooth  and rough  channels. A nd the hydrodynam ic and
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therm ophysical features of the m edium  flow  in the channel can be taken into account by a type of functions f  (F) 
and w(F). The im pact of the values of functions f  (F) and w(F) in  the boundary  layer on the calculated indexes of 
heat and mass transfer is quite large. Finally, it should be noted that, if  experim ental values of the Nusselt num ber 
distribution through the length of the channel are known, it is possible to define the turbulent transfer param eters 
by  com paring the N usselt num bers w ith  the obtained dependences.

6. C o n c lu s io n . O n the basis o f the executed calculations it can be concluded that the proposed m ethod allows 
to  obtain  approxim ate solutions o f a num ber o f b oundary  value problem s o f tu rb u len t h ea t and m ass transfer. 
These solutions are quite simple and can be successfully used in  calculations.

The universality  and sim plicity of the m ethod is related to obtaining the solution in  an analytical form, if we 
define transfer functions in  general form, w hich allows to use different models of tu rbu len t transfer in  solutions.

The efficiency o f  the m ethod  is also ensured  by the fact th a t for the first tim e it w as possible to construc t 
asym ptotic approxim ations of coordinate functions (basis) in  the process of solving and to find the residual of the 
functional for determ ining the constants and eigenvalues not in  the Laplace transform  domain, but in  the original 
domain.

The reliability o f a m ethod was verified by com parison of calculation results, available experim ental data and 
semi-empirical dependences for the condition of the stationary  motions of media in  sm ooth and rough cylindrical 
pipes.

F urther research  m ay be d irected  to the application  o f  th is  m ethod  for solving the external problem s of 
convective heat and mass transfer, w here using the traditional approxim ate m ethods at half-finite intervals, such 
as the Bubnov-G alerkin m ethod, is not always possible.
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