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Abstract—We establish a mean value property for the functions which is satisfied to Laplace—
Bessel equation. Also results involving generalized divergence theorem and the second Green’s
identities relating the bulk with the boundary of a region on which differential Bessel operators act
we obtained.
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1. INTRODUCTION

As is well known, the spherical mean operator has many important properties with application to
classical harmonic analysis and PDEs (see[1]). B-harmonic analysis provides a mathematical theory to
deal with problems connection with the singular Bessel differential operator of the form [2]

1 0 4 0

By =———z’—, j=1..,n. 1
] :L‘;'YJ 8.%]'33] 836]-’ J y ey T ( )

We will use notation Ay = (Ay)z = Y51 (B, )z, For A, theterm Laplace—Bessel operator is used.
A function u = u(x) = u(x1, ..., z,) defined in a domain Q € R™ forx; > 0,47 =1, ...,n is said to be B-
harmonicifu € C?(Q) such that g—ﬂwizo = 0,7 =1,...,n and satisfies the Laplace—Bessel equation of
the form A, u = 0 at every point of the domain 2.

Laplace—Bessel equation A,u = 0 is a singular elliptic equation containing the Bessel operator.
These equations are mathematical models of axial and multiaxial symmetry of the most diverse processes
and phenomena in the nature. Difficulties in the study of such equations are connected with singularities
in the coefficients. Such equations were started to be analyzed systematically by Weinstein in [3,
4]. L.A. Kipriyanov, together with V.V. Katrakhov and V.I. Kononenko (see [5, 6]) studied boundary
value problems for elliptic equations, with singularities of the type of essential singularities of analytic
functions at isolated boundary points. Trace theory for boundary value problems for elliptic equations
with power singularities was presented in [7]. Another problems with singular differential equations with
a Bessel operator were considered in [8, 9].

The first who apply the Fourier—Bessel (Hankel) transform to equations with the Bessel operator B,
was Ya. [. Zhitomirsky [10]. This served as an impetus for the development of B-harmonic analysis and
its application to the solution of a wide variety of problems associated with the Bessel operator. In this
article we continue to develop B-harmonic analysis and would like to present mean-value theorem for
B-harmonic functions. In order to do it we will need the second Green’s formula for the Laplace—Bessel
operator.
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1402 SHISHKINA
2. DEFINITIONS AND B-HARMONIC FUNCTIONS

The theory of B-harmonic functions is should include generalizations of classical tools for solving
problems with the Laplace—Bessel operator. We need following definitions. First of all since divergent

form (1) of Bessel operator contains power function m;“ we should restrict our consideration to not

negative (or positive) z; for all j = 1,...,n. Next, all integrals by n-dimensional regions in this theory
should be taken by weight measure.

Suppose that R™ is the n-dimensional Euclidean space,
Rg_ = {.Z’ = (.Z'l, . ,IL’n) S Rn’ {L’]_>O, e ,xn>0},
RZL_ = {1‘ = (1‘1, L. ,l‘n) c Rn, 120, ... ,:L‘nZO},
v =(7,...,7) is a multi-index consisting of positive fixed real numbers ~;, i = 1,...,n, and |y| =
Y1+ ..o+ Yn.
Let Q be finite or infinite open set in R™ symmetric with respect to each hyperplane z;=0,i =1, ..., n,

QF = QNR’}. We deal with the class C™ () consisting of m times differentiable on Q™ functions such

that all derivatives of these functions with respect to z; for any ¢ = 1, ..., n are continuous up to x;=0.
Class CT(Q1) consists of all functions from C™(Q") such that 2%2;:1 |z;=0 = 0 for all non-negative

integer k < mT_l (see[10]and [2], p. 21). In the following, we will denote CT(R" ) by CI.
Part of the sphere of radius r with center at the origin belonging to R” we will denote S;"(n):
Stn)y={z eRY :|z|=r}U{z eR} :2; =0,|z| <rji=1,...,n}.
For the weighed integral by the S (n) we have formula ([11], formula 107, p. 49)

E{ ('yri-l)

+ _ dS — - Y= i 2
St = [ avds - s (ZH) I1- (2)
Sit(n) 2 =
The multidimensional generalized translation is defined by the equality
(TN () ="T5f(x) = O' T T f) (), (3)
where each of one-dimensional generalized translation " T} acts fori=1, ..., n according to[12]
F ('Yz"l‘]- s
(%Tyzf)( )= \/_I‘ Ji /f L1y Ti—1, \/:E +T — 2%y COS iy Ti1, .0y & )Sin%_l i dp;.
w F(“/z_“)
Next we will use notation C(y) =772 [] r(i) .
i=1 2
. . L 2
We will use notation A, = (A,), = kZl(B%)xk, where B, = %1 82] m;“ 82 = gz + ZJ 900 J =

1,...,n is the Bessel operator For A, the term Laplace—Bessel operator is used. A function u =
u(a;) = u(xy,...,zy) defined in a domam QT c R% issaid to be B-harmonic ifu € C2,(27) and satisfies
the Laplace—Bessel equation A, u = 0 at every point of the domain Q.

Letz € R}, n > 1and

A afel, nt =2
E(z) = {S+( )|y

||2—n— ]
S s > 9
e ER Rt

where |7 ()], is (2), then for |z| > ¢ Ve > 0 we have A,E(x) = 0, therefore E(z) is B-harmonic in
any domain not containing a neighborhood of the origin.
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3. GENERALIZED DIVERGENCE THEOREM AND THE SECOND GREEN’S FORMULA
FOR THE LAPLACE-BESSEL OPERATOR

The aim of this section is to develop some elements of a field theory for the case when the Laplace-
Bessel operator is used instead of the Laplace operator. Here we prove generalized divergence theorem
and the second Green’s identities relating the bulk with the boundary of a region on which differential
Bessel operators act.

Let

(Lo 1 9
V= (m?l Oxy’ 7 alt Oxy,

is the first weighted operator nabla,

0 0
v’ — 71 Tn
7 <x1 8z1’m’x" 8zn>

is the second weighted operator nabla, then (V/, - V) = A, where A, = ];1 B, is Laplace—Bessel

; 2 .
operator, B,, = Lig;j.ﬂ % S R |
J

5 Be; = 9a7 T 2,000 = 1,...,n is a Bessel operator.
J

I F = F(z) = (F(x), ..., F,(x)) is a vector field, then

= ~ 1 0Fy 1 OF
d. /F — !/ . F — n
oy (V5 F) z]' Oy z]" Oz
is the first weighted divergence,
4 ~ oF; OF,
- / n "N

is the second weighted divergence.

In this case the generalized divergence theorem states that the weighted surface integral of a vector
field over a closed surface is equal to the weighted volume integral of the first weighted divergence over
the region inside the surface.

Theorem 1. Let G* is a domain in R such that each line perpendicular to the plane x; =0,

i =1,...,n, either does not intersect G either has one common segment with G (possibly
degenerating into a point) of the form

0472(517/) < Zg < ﬁi(l‘/)y .ZL'/:(I'l, vy Li—1, Li41, "'7$n)7 1= 17 - T

where «;, B; are smooth for i =1,...n. If §=(g1(x),...,gn(x)) is a vector field continuously
differentiable in G+ and F=(F\ (), ..., Fu(x)), Fi(z)=2] g1 (2), ..., Fn(x)=2" gn(x), then

/ = o JEN
/(Vv -F)2Vdr = /(g -7)z dS, (4)
G+ S+
where U = & cosny + ... + €, cosny, is an outer surface normal vector for ST, n; is an angle between

vector V and an axe xj, €1, ..., €, is an orthonormal basis in R".

Proof. Let 7 is the fixed natural number between 1 and n inclusively. The part of surface S* defined by
equation z; = 3;(2) we denote by S;I and part of surface S* defined by equation z; = «a;(z") we denote
by S:[, then

— L mGSj,

(7es) = \/1+(§§.;‘)2+...+(@ij‘ii>2+(@ij‘j1)2+...+(g;;)2’
\/1+(§fj)2+...+(%)2+(afil)2+...+(§fjb)2’
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We have

G+ G+
Let consider
1 OF, M or
/m;ﬁ &E: 2Vdr = / z]t.. x;“ f:n?fll aindry..dr;_1dzigq...dxy, / oz, —dx;,
Q a;(z')

where Q is a projection of G to z; = 0. Integrating by z; we obtain

1 OF;

7 :z:Z ,82(96 1 Yi—1,.Yi+1 Yn . .

/:ﬁi oz, dx Fi(x ml_al(w N atdry e dr o1 d ey d Ty
(]

G+

!
Let (2)7 = xi’l...x;“ 11$;/jr+11 ayt, dx’ = dxy...dv;_1dwiyq...dv,, then

1 OF; ,
/sz o z7dx /F T1yeeny Tj 1,/81( ) Tif1, @ )( /)'y dx’
+

—/Fi(ZL‘l,...,ZL‘Z'_l,OéZ'(ZL‘/),I‘Z'_;_l,...,l‘n)(l‘/)ﬂ/dl‘/:/Fi(l‘l,...,I‘Z‘_l,ﬂi(l‘/),l‘i_;_l,...,l‘n)(ﬁ,ei)

Q
9B\ a8 \? . ( 9B BN v
1 _— v
w (Y (Y () o (2 e
+/Fi(mh-~-,33i—1,04i($/),33i+1,---,xn)(ﬁaei)
Q
da; \ 2 da; \? da; \° 0o \?, oy
i i 4 ~ /
X\/1+<8x1> +'"+<8332-_1> +<533¢+1> + .. +<8$n> ()" dz
— /E(az)(ﬁ, ei)(m')7/d5u+/ﬂ(m)(ﬁ, ei)(m')ylde
Chg st
= /gi(az)(ﬁ, ei)deSu—i—/gi(m)(ﬁ, e;)xdSy = /gz(m) cosm; x7dS.
Si S S+
Then

/ (V- F)aVde = / gi(x) cosm; 27dS = / (§- 7)a" dS,
i:15‘+ S+

G+

which completes the proof.

Remark 1. Suppose that the domain Gt € R” is a union of domains G7 , ..., G}, without common
interior points. Let each domain G;r in R” is such that each line perpendicular to the plane z; = 0,

i =1,...,n, either does not intersect G;r either has only one common with G;r segment (possibly
degenerating into a point) of the form

ol () <a < BI), T'=(1, 0y Tii1, Tis1, o Tn)y i =1, .1,
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where ay, B; are smooth fori=1, ...,n and F=(Fy(z), ..., F,(z)), Fi (x)=2]"g1(2), ..., Fr(x)=27" gn (),
g = (g91(x), ..., gn(x)) is a vector field continuously differentiable in GT, then the following formula holds

/(vi, CF)aVds = /(g- 7)Y ds, (5)
G+ S+
where ST € R piecewise smooth surface boundary of G*, 7 is a normal vector of the surface S.

Theorem 2. Let G satisfies to the conditions of Remark 1. If ¢,v € C%(GV), then the second
Green’s formula for the Laplace—Bessel operator of the form

dp O
_ YAy — _ v
/(z/JAa,gp eA ) 2V dx /< 95 g0817> 27 dS (6)
G+ S+
is valid.
Proof. Let
2 8@@ o v 0P o
_ "o " Y1 oM 2
F ¢V»YSD Spv»yﬂ) <¢ ':E 90 xl a 9. ﬂ/’ n 8 90 n amn>

_ (o (022 fw L (28,00
1 Oy 83: n Oy, 8xn

then F satisfies conditions of Remark 1. Setting

o _(p0p O 0o Oy
g_<¢8m1 S083:’ ,1[)8% 8xn>

we obtain that g is continuously differentiable vector field defined in G and

(V.- F) = (V) (Ve — oVi))

— - i 0 ’Yia_gp _i 9 %‘a_w
B ; (m]i Oz; (11} i 8mi> z)" Oz <SD i 8xl>>
1

2"2161[) W00 10 L0 L0 L0010 0
z)t Oz Ti 0x; z) 8$Z$’ 0x; m;h Ox; i 0x; v z) aa:z-"”i 0x;

=1

= Z ('(/JB%-QO - SOB%"(X}) = QZJA,YQD - ¢A7¢7

99 _

7. — (2% 9p _ (9% 9 _
(§g-v)= <¢8x1 cosnl—l—...—kwax cosnn> <g0 cosm—k...—i—cpaxn cosnn> =Y55 (%.

n 85171

Now we can easily get (6) by applying (5).

4. MEAN-VALUE THEOREM FOR B-HARMONIC FUNCTIONS

In this section we obtain mean-value theorem for B-harmonic functions. This theorem states that
the value of a B-harmonic function at a point is equal to its weighted spherical mean over part of
a sphere centered at that point. Weighted spherical mean in this case constructed with the help of
multidimensional generalized translation.

Weighted spherical mean (see [13—17]) of function u(z), z € R™ forn > 2is

(M) = M)fuw)) = s [ T as 7)
st
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where 67= T 67, S (n)={6:/6|=1,0€R" } is a part of a sphere in R", |S}(n)|, is given by (2) and
i=1

YT is the multidimensional generalized translation (3). Forn = 1 let M;'[f(z)] = "TLf (x).

The weighted spherical mean M [f(z)] is the transmutation operator intertwining (A,), and
(Bp|y|—1)¢ for the f € C2, (see[l1]):

(Buy) -0 M [f ()] = M{[(Ay)a f ()],

Theorem 3. Let n+ |y| > 2. [fuis B-harmonic in a domain Q) and if the part of a sphere S;g L(n)
is contained in Q, then u(x) = (M u)(z) for 0 < r < ro.
Proof. Since operator %T# of function u € C2, is a transmutation operator with the following
intertwining property
VT (By)au(x) = (By, )y " T u(z),
then if u is B-harmonic in a domain € then YT%u is harmonic in Q. That is, B-harmonicity is preserved
under generalized translations. Therefore, we can consider only the case when z =0. Let E is a

subdomain of €2 satisfies to the conditions of Remark I such that OF consists of smooth pieces and
OFE C Q. Applying formula (6) we obtain

ou

o
OF

x7dS = /A u(z)xVdx = 0, (8)

where a% is differentiation in the direction of the outward directed normal to OF and dS is the element of
surface area on OF.

Let 2 € R and v(z) = |2|>7"~ 1], then for || > £ Ve > 0 we have A v(z) = 0, so v is B-harmonic
in any domain not containing a neighborhood of the origin.

Suppose S;fo(n) and S:O(n) be the surfaces of the parts of spheres centered in origin of radii e and

r correspondingly and €* is the shell domain between S1(n) and S (n). Applying formula (6) to the
functions u and v we obtain

ov ou
— - 2 = —_— = V— 2
0= /(uAﬂ,v vA ) 7 dx / <u81/ 08]/) x7dS. (9)
Q* oa*

On the coordinate planes z; = 0, i = 1, ..., n the the surface integrals in the right side of (9) are equal to
zero. In the parts of a spheres S;fo(n) and S,‘fo( ) the function v(x) is constant so by (8) we get

/v—x“’dS—O

o0*
Therefore we obtain from (9)

/u—mvdS 2—n—-1) / w(x) |z Y ds — / w(x) |z ds | =o.
90+ S o(n) So(n)

Consequently

7«1_”_‘7‘ / u(x) xﬂ/ dS = El_n_k{' / U(.Z’) .Z'PY dS
Sto(n) So(n)

and

(Mu)(0) = — - / Tu(r0)07dS = {r0 = 2} 1 / w(z) 2" dS

ST ()l S (n) ]yl =t
st Sto(n)
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1
= 5 ()L / u(x) 27 dS — u(0), € —0.
1 gl
S;O(n)
This proves Theorem 3.
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