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AHHoTauus. MonyyeHa acuMiToTUYeCKast hopmyia A1l Yumcia peLLeHni ypaBHeHUS ¢ KBagpa-
TUUHbIMK chopmamMu. pu goKasaTeNbCTBE UCMOMb3YeTcsl OLEHKA /19 CyMMbl CyMM KriocTepmaHa.

KntoueBble cnoBa: aganTUBHbIE 3a4a4K, YNC/IO PELLEHMIA, acCMMNTOTUYeCKas hopmya, CyMMbI
KnoctepmaHa.

1. BeepgeHue. B 1927 1. A.E. VIHram noctaBus 1 peLunsi afieMeHTapHbIM MeTo40M 3ajady
NMoSTlyYeHUs1 acCUMMTOTUYECKOA OPMY/bl AN YUC/ia PELLeHNA AMO0DAHTOBOr0 YPaBHEHUS:

AN —13M = 1, X\XX2 < M (1)

OTa 3agava nosayymnia HasBaHMe agauTUBHON Npobniembl genntenein VHrama.
B 1931 rogy T. 3c.TepmaH [1] ans yncna peweHunin J(n) ypaBHeHuns (1) KpyroBblM METOLOM
BbIBE/T aCUMMNTOTUYECKYD hopMyny

J(n) = 1tP2(Inn) + R(n) ,

roe P2(t) ~ mHorouneH crenenn 2, a R(n) = 0(nn”™2Inl/3m).

OueHKa 0CTaTO4YHOro unieHa 3To hopMysibl YTOUHS1ACb MHOTMMW aBTOPaMM.

Tak B 1979 rogy AO.UN. Ncmounos, pasBmnBas metog T. 3c.TepMaHa, gokasan, uto R(n) =
0 (?7756+€), [ne e > 0 - CKOMb YFOAHO Masias NnocTtossHHadA. MNpakTnyeckn O0AHOBPEMEHHO C
cmonnoBbIM apyrum MeToOM Ty >Ke oueHKY ocTaTka nonyumn O.P. Xu3-BpayH.

B 2006 rogy M. ApxmnoB un B.H. Yybapunkos [Z] BbiBesin HOBYH OUEHKY ana R{n):
R(n) C 7341n4("?).

B 1982 rogy >X.-M. [Oe3yiie n X. NeaHey, [3], NCNOMb3yl0 OUEHKY CyMMbl cyMM KnocTep-
MaHa, gokasanu, 4to R(n) = 0(n2'S+L).

B mMatemaTuuyeckon nutepaType W3BECTHbl MHOFOYUC/IEHHblE aHas/orM JaHHOW 3ajauMn.
Hac 3amHTepecoBan 0OguMH M3 Takmx aHanoros. MycTb d - oTpuuatenbHoe 6ec.kBagpaTHoe
umcno, F = Q(y/d) - MHMMOe KBagpaTu4iHoe rnosne, 8fF —ANCKPUMMHAHT nonda F, Qi(m) =

Ai'fh, - 6MHapHble NOMOXXNTENIbHO OMNpPeAesieHHbIE MPUMUTUBHbIE KBagpaTuUyHble (DOPMbI
¢ maTpuuamn Ai7 det Ai = —Sp, r= 1, 2. MycTb

I(n, h) = v, e- (QIM+Q2())/ra . )
Q\(m)—n(K)=h
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CTaBunTCS BOMPOC 0 NOAYYEHUN acMMNTOTUYECKO hopmynbl ans /(??,, h). JaHHasa 3agaya
paccmaTpuBanacb B cTaTbe [4], B KOTOPOW BbiBeeHA acMMnToTMyeckas qopmyna anst vyuc-
Na peLleHni ypaBHeHUs1 B 06LUeM c/nydae. B HacTosilen paboTe mM3yyaeTcss OAVH YacTHbINA
cnyyar, ANl KOTOPOro ygaeTcs ynydllnTb OLEHKY ocTaTKa.

Teopema. lycTb £ - NPOU3BOSILHOE MOMOXKNTENLHOE YMCMO, 8F —AUCKPUMUHAHT MOJIA
F, 868 = —p, p > 3 - npocToe uncno, n E N, h - HaTypanbHoe uncno, Takoe, yTo h = 0
(mod p), h N n£. Cnpaseg/ivBa acuMnTOoTUMYecKasi hopmynia

o 2, 00 q
{(Ir, h) = Y1 e~2mC 1{q,l1,0)G2{q,-1,0) + 0{n7/12+) , 3
P q=1i 1= 1,
(*. =i
rge Gi(q,l, 0) = £ exp(27r/q9 (= 1,2) - oBOWMHbIeE CymMMbl [Naycca n cymma
W (mod q)

psAga nonoXkKuTensHa
JloKka3zaTesibCTBO MPOBOANTCSA KPYroBbIM METOAOM C MPUMeHeHMEM oueHOK A.Belina gns
cymmbl KnoctepmaHa n X.MBaHua gna cymmbl cymmMm KnoctepmMaHa.

2. BcnomoraTtenbHble YTBEPXAEHUS.

Nemma 1 (PaBeHcTBa anga cymm laycca). MycTb F = Q(y/d) - MHMMOe KBagpaTWU4HOe
none, d= 1 (mod 4), 8f = —p - AMCKPUMUHAHT nons F.

1) Ecnu (q,p) = 1, 10 Gi(q,l,fh) = exp(—2Trirp*Q'1(m)/q)Gi(q,/, 0), npuyem

(a(— )(-1)(@+ass ,e~nq = 2aqgll(gll2) = 11

G1(qj.0)={
J ,ecnm (q,2) = 1.

2) Ecnn (q,p) = p, to Gi(g,/;m) = e(p)ay/px(Qi(™);p, 0) (—) exp (-2mI*Q1(m)/pq),
rae
n 11, ecimp=1 (mod 4),
ir, ecqimp =3 (mod 4),

d\ - KoahpmuMeHT Npu M2 KBagpaTUUHoi dhopmbl Q\{fh) = \T*pA\lT.
JokasaTenbcTBo cM. [5].

Nemma 2 (OueHka cymmbl cymm KnoctepmaHa). MycTb T, U, V,p,£ - NONO>XKNUTENbHbIE
JeACTBNTEMbHbIE YMC/a, au ii bv - nocnegoBaTenbHOCTM KOMMJEKCHbIX uwncesn, S(u,v,q) -
cymma, KnocTepmaHa. Torga

oy by -S(u,v,q) M cTE(-(UV)IR+ (UVT)1/ x
U<u<U Vw2V fov \

fuvs’
g=0 (mod p)
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JlokazaTenbCcTBO CM. B [7, c. 234].

3. Cxema gokasaTesibCTBa TEOPEMBbI.

1. MonyyeHue r1aBHOrO 4YsieHa acUMMTOTUYECKOM (QOpPMYy/ibl He OT/INYaeTCsa 0T obLiero
cny4yasi, paccMoTpeHHoro B pab6ote [4].

2. bonee nogpobHO OCTAaHOBMMCS Ha OLEeHKe 0CTaTKOB. PaccMoTpuUM OguMH U3 HUX. FycTb
9 - CKOJIb YrogHO Masioe MOJIOXKMUTE/IbHOe YUC/IO.

[prl/ 2+®] 1
B=F E J $ & 28 - 2ritalx
q<N 1=1
(*9=1
roe
n 2yr 1 4712 Qi(m) ( 1 -\
o= AT ¢ -2M™ME “ P\/ n.-1—2lx)
O
n 1 [ 4m2 2(k
P2=" - e— Vexp = -—- %g()q,—l,k).
? \/p ™+ 27rrr &1 V g2 /r-1 + 2nixJ

DPYHKUMN D! n P2 cogepkaT cymMmbl Maycca. Bblunmcnmm npovissBefeHMe COOTBETCTBYHOLWLMNX
cymm [Taycca, ncnonb3ys paBeHcTBa U3 fieMMbl 1. Vimeem

G1H{qJd,m)G2{q,-1,k) = £2{q,p,al,a2,m,k)g2e-™ tdlw ™ )- N K)A

/
1, ecrim (q,p) = 1,2 J(q,
(L\pa
=D 5 ecnm (4,p) = 1,2°1\g
£2{q’p1a1i;a2;m,k) = <
I \p/ \p

= 1V, ecnm (g,p) = 1,
1 [1/p, ecnn (q,p)=p.
Pa3obbem cymmy, onpegensawowy R, Ha AgBe CyMMbl:
[qnl/2+9]-1 [gn1/2+0]-1

R= S [ =)2n+)222

</rl2—0 o] nl/2~e<qg<N o}
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Tak kKak g™ Y2 B, 0™ x ™ [gnl22+€e] 1, TO

e.- u »®).r  (-Mullm)m

mé&r

ThO O
Torpa
51m « »3/2-0+&e-aax £ 0-5/2 « yr7/12+ .
g™n1/2-0
3. TMMepeiigem K oueHke E-R2-
A n e2(q,p,ai,a2,m,k)q~1S(-h, - Q2(k)), o) f (a),
rndl? fcgZ2nl/2-®<q<N
MmO  fco
] 1 _
i f ( 4m2 Qi(m) \ [ 4m2  Q2(fc) \ e~2mhxdx

fig) = g J exp - 2THx/ exp +bni)n-2+ W -
0

f(q) = Oie-"W+~2n/q), fq@ =0(Q[(m)+Q re-*"+"n/q?2,
rae C - MocTosiHHas.

Cymmy no g nepenuwem B Buge: E = E~o (mdP + E g~o (nodp = E i+ E 2
y

1) Myctb q p O (modp). Torga E2(qi,p, c\, &2_,LIJ, K\ = 1, d\ = p*. Mo ycnosuto p \h,
o6o3Haynm 4yepe3 h\ = h/p, h\ - yenoe uncno, W = Q'i(fn) —Q'2(k). Torga

cm«fg Y1 Y1 Y1 q 1S(-h1,-v1q)f(q)
121 mE? kG nd<q<l’
1I=p T}O g=0 (mod r)

K Kaxkgow 13 cymMM Mo g NpMMeHMM npeobpasoBaHue Abens. Monoxxmm B fiemme 2, 4To
n= —hiyv = ' jJav]= 1, B] = e~adn¥2+£, U = V = nE, T = N 1 p paBHO ogHOMY U3
yncen 1,p. B pe3synbtarte nosyvyaem

Yl qu’\Si-hu-qu)< n7/12+£

mE£R?  k&22 4<N
TP KO q=0 (mod i)

q~Si-hu-Vut) <Ad-n/B+En 1+
m&l12 kgl? t<q

THO KO *= (mod ¥

MpouHTErpmnpoBaB Nocrie4HI0 OLUEHKY Mo g B npegenax [l 2-0;00), B utore nonyumm ™ \
o(n7/12E).
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2) Myctb q = 0 (modp). Torga ¥ (qi,p, cd\ &, T, K\ = p 1 He 3aBUCUT oT g, AN = p
O603Hauum yepe3d h\ = h, A= —Q7ik™/p. Torga cnpaseasiMBo HEPaABEHCTBO

mdl?  kgl? nl/2-e<qg<N
THPO kp0 g=0 (mod p)

K cymmam no q npymMeHUM npeobpasoBaHmne Abena v gas nosiydeHUs OueHOK MCMNOoJSib3yeMm
Jlemmy 2. Bce paccy>XgeHUs aHasiorMyHbl TeM, 4TO NPoBOAMAUCE ANA cnydvas 1). B pesynb-
TaTe MOXXHO yTBepXaaTb, UTo Er = 0(n‘NM2+E).

Takmm obpa3om, Hamm NokaszaHo, 4To E-R2= 0(n‘/M2+5).
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ABOUT THE NUMBER OF SOLUTION
OF AN EQUATION WITH SQUARES
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Abstract. The asymptotic formula of the solution number of the equation with squares is
obtained. It is done by circular method with using the estimate for sum of Kloosterman'’s sums.
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