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ON ADDITIVE BINARY PROBLEMS
WITH SEMIPRIME NUMBERS OF A SPECIFIC FORM

N. A. Zinchenko UDC 511.345

Abstract. The paper is devoted to methods of solution of binary additive problems with semiprime
numbers, which form sufficiently “rare” subsequences of the natural series. Additional conditions are
imposed on these numbers; the main condition is belonging to so-called Vinogradov intervals. We
solve two problems that are analogs to the Titchmarsh divisor problem; namely, based on the Vino-
gradov method of trigonometric sums, we obtain asymptotic formulas for the number of solutions to
Diophantine equations with semiprime numbers of a specific form.
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1. Introduction. An important branch of the additive number theory is devoted to problems on
prime numbers from so-called Vinogradov (short) intervals:

[(2m)¢, 2m+1)°), meN, ce(1,2]. (1)

If we denote by {a} the fractional part of a number a, then the fact that a prime number belongs to
the interval (1) is equivalent to the condition

11/6 1
{} <

This branch of number theory is related to works of I. M. Vinogradov [14] and S. A. Gritsenko [4]. Ad-
ditive problems with prime numbers from intervals of the form (1) were considered, for example, in [1,
3, 5, 6]. Problems examined in these papers either were ternary or admitted solution by the ternary
scheme inapplicable in the case of additive binary problems with prime numbers from Vinogradov
intervals. Solutions of such problems are based on an equipollent analog of the Bombieri—Vinogradov
theorem (see [2, 13]), which has not yet been obtained. We mention D. Tolev’s theorem (see [12] which
asserts that if the inequalities 0 < A < 1/4,0< 60 < 1/4 — A, and A > 0 are fulfilled, then
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y<z ged(a,k)=1 Al ) ©
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k<z?
where

dalyik,a) = Y An),
n<y

n=a (mod k)

{V/n}<1/n?
In this theorem, the range of variation of the parameter k is less than 21/4, whereas in the classical
Bombieri-Vinogradov theorem it is close to z!'/2. Therefore, one cannot apply Tolev’s theorem to
binary additive problems with prime numbers from intervals of the form (1). For a particular case,
this boundary was approximated to /3 in [7], but this was insufficient.
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At the present time, one can solve binary additive problems with semiprime numbers from (1), i.e.,
numbers of the form p;ps or p1p§. They form sufficiently rare sequences in the set of natural numbers.
For a > 2, the latter sequence is “close” to the sequence of prime numbers. In this paper, we consider
two binary additive problems with these numbers from Vinogradov intervals, which can be regarded as
analogs of the Titchmarsh divisor problem. These problems are solved by I. M. Vinogradov’s method
of trigonometric sums. Methods applicable to problems discussed in this paper can also be used for
other binary problems with semiprime numbers from Vinogradov intervals.

2. Notation and auxiliary lemmas. We will use the following notation:
P, p1, p2 are prime numbers (primes);
m(x) = > 11is the number of primes that do not exceed z;

p<z
m(z,a, k)= > 1
p=z,
p=a (mod k)

7(m) is the number of natural divisors of a number m;
w(m) is the value of the Mébius function at m;

©(m) is the value of the Euler function at m;

A(n) is the value of the von Mangoldt function at m;

Lix :/ du ;
Inu

2

{z} is the fractional part of a number x;
ged(a, b) is the greatest common divisor of numbers a and b;
[a,b] is the least common multiple of numbers a and b;
f(x) ~ g(z) means that lim 1) =1;

z—00 ¢ ag)
A = B means that there exist ¢; and c¢; such that c;B < A < ¢B.
We will need the following auxiliary assertions.

Lemma 1 (Brun—Titchmarsh theorem; see [8]). For natural numbers a and k satisfying the condi-
tions (a,k) =1 and k < z, the following relation holds:

m(x,a, k) = Z 1< (2+n)

2z 7
p<z, So(k) 1H ( k )
p=a ( mod k)
where n > 0 and x > xzo(n).
Lemma 2. Let X > 2; then
=coIln X 4+ O(1).
g( p(m)

Lemma 3 (see [16]). For N > 2 and a positive integer |, we have

Y. (r(m)) < NN,
0<m<N

where
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Lemma 4 (Bombieri-Vinogradov theorem). For any A > 0, there exists B such that

Li(z) x
I k)— =0 .
S e - =0 (5 )
K< (Lk)=1

Lemma 5 (see [15]). Let r be a positive integer, o and 3 be real numbers, and 0 < A < 0.25 be such
that A < B —a < 1 — A. Then there ezists a periodic function (z) with period 1 possessing the
following properties:
(1) ¢¥(x) =1 in the interval o + 0.5A < x < 3 — 0.5A;
(2) 0 <¢(z) <1 in the intervals a — 0.5A <z < a+ 0.5A and 5 — 0.5A <z < 5+ 0.5A;
(3) ¥(x) =0 in the interval B+ 0.5A <z <1+ a — 0.5A;
(4) Y(x) can be expanded into the Fourier series of the form
?Z)(l“) _ ﬁ —a+ Z (gme27rimr + hme—27rimw)’

m=1

where gy, and h,, depend only on m, «, B, and A and, moreover,
1 1
Tm ™m
gul < - (T ) Bl (T
It S e \emA ) T rm \mmA )

l—«

Lemma 6. Let x be a large number, D < -~ where

O<a<;, (I,D)=1, =z <z, r—x >z 2
Then
Z (T(Dm + l))k =0 (aj _D:El (lnaj)a(k)> ,

z1<Dm+I<z
where a(k) is a constant depending only on k.

The well-known Titchmarsh divisor problem is an example of binary additive problems. This prob-
lem consists of the search for an asymptotic formula for the number of solutions of the equation
p—1 =2y, p < n;it was stated and solved by E. Titchmarsh in 1930 (see [11]) under the assump-
tion that the extended Riemann hypothesis is valid. In the 1960s, Yu. V. Linnik using his dispersion
method obtained an asymptotic formula for this problem without additional conditions (see [10]).

Since binary additive problems with prime numbers from short intervals cannot yet be solved, the
search for analogs of the Titchmarsh divisor problem with semisimple numbers from (1) is of great
interest now.

3. Analog of the Titchmarsh divisor problem for semiprime numbers of the form pp;
from short intervals. We consider the equation

pip2 —ry =1, pip2 <n, (2)

with the variables x, y, p1, and ps, where x and y are natural numbers and the prime numbers p;
and py satisfy the additional conditions p; > exp(v/Inn) and py > exp(v/Inn).
We denote by T'(n) the number of solutions of Eq. (2). Obviously,

Tn)= >  7(pp2—1). (3)
p1p2<n
p1>exp(vVInn)
pa>exp(vInn)
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We denote by T (n) the number of solutions of Eq. (2) with semiprime numbers p;ps from the inter-
vals (1). Obviously,

Ti(n) = > T(p1p2 — 1). (4)
p1p2<n
p1>exp(vVInn)
pa>exp(vInn)
{3(p1p2)t/er<

Theorem 1. If ¢ is an arbitrary number from the semi-interval (1,2] and T'(n) and Ty (n) are defined
by the relations (3) and (4), respectively, then the following equality holds:

Ti(n) = ;T(n) + O(nlnlnlnn), (5)
where
T(n) Inln = i wAr)
n con n, co = — T'QO(’I") .

Proof. We split the proof of Theorem 1 into several steps.

1. First, we consider the sum 77 (n) and estimate the error, which appears if we restrict the range
of the variable z in Eq. (2). For this, we transform the sum by using the following auxiliary periodic
function with period 1:

Q(y):{1 if0<y<1/2, ©)

0 if1/2<y<l.
We have

Tiin)= Y 7(mp2— 1o (;(plm)l”) = > ¢ <;(p1p2)l/c>

p1p2<n p1p2<n, pip2—zy=1
p1>exp(vInn) p1>exp(VInn)
pa>exp(vInn) pa>exp(vInn)

= > 0 (;(p1p2)1/6> + > 0 <;(p1p2)1/c> :

p1p2<n, pip2—zy=1, z<\/n p1p2<n, pip2—zy=1, z>\/n
p1>exp(vVInn), pe>exp(v/Inn) p1>exp(vInn), pa>exp(vInn)

Let P = nl/(lnln")2; then

Ti(n) =2 > o (o)) = Falm) + 281 o), g

pip2<n, pipz—zy=1
z<y/nP~10
p1>exp(vInn), pa>exp(vInn)

where

Ri(n) = > 0 (;(plm)l/c) ;

pip2—ay=1, pip2<n, /nP~10<z<yn
p1>exp(VInn), pa>exp(v/Inn)

Ran) = > o (Hme).

pip2—zy=1, IS\/’H, yg\/n
p1>exp(VInn), pa>exp(v/Inn)
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For estimating remainders, we use Lemma 1. Finally, we obtain

Ty(n) = 2 5 o (o) 0 (). €

pip2<n, pip2—zy=1, z<\/nP~10
p1>exp(VInn), pe>exp(vInn)

~—

2. Now we restrict the range of one of the primes p; or ps. We transform the sum in the right-hand
side of Eq. (8) as follows:

> 0 (;(p1p2)1/0>

p1p2<n, pip2—zy=1, x<\/nP~10
p1>exp(VInn), pe>exp(vInn)

1
=2 )» o (5 pa)"') + 2Rafe) + Ralw). )
pip2<n, pipe—zy=1, x<\/nP~10
exp(vInn)<p1 <P, pa>exp(vInn)

where

R(n) = 5 o yome)

p1p2<n, pip2—zy=1, z<\/nP~10
P<p1<y/n, pa>exp(vInn)

1
Ry(n) = > 0 <2(p1p2)1/c> .
pip2—ay=1, p1<y/n, pa<y/n
p1>exp(vVInn), pa>exp(v/Inn)
x<y/nP~10
To estimate the remained R3(n), we use the fact that |o(n)| < 1 and Lemmas 1 and 3. We have
R3(n) < nlnlnlnn.

For estimating R4(n), we partition the summation interval with respect to p;:

Ry(n) < Z 1+ Z L=7r"+7".

pip2—xy=1 pip2—xy=1
p1<P, pa<y/n P<p1<y/n, pa<y/n
z</nP~10 z</nP~10

The second sum in the right-hand side of the inequality obtained can be estimated exactly as for R3(n);
we have

" < nlnlnlnn.

Applying Lemma 2, we obtain

r < Z 7(m) < Py/nln Py/n <
m<P\/n

nlnn
, K ninlnlnn.
n

(Inlnn)
Therefore, R4(n) < nlnlnlnn. Substituting the estimates for R3(n) and R4(n) into (9), we obtain
from (8)

Ti(n) = 4Ty (n) + O(nlnlnlnn), (10)

Tufn) = 5 oy,

pip2<n, pipz—ay=1, a<\/nP~10
exp(VInn)<pi <P, pa>exp(vInn)

where
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Arguing similarly, we arrive at the formula
T(n) = 4T(n) + O(nlnlnlnn), (11)

where

T(n) = > 1

pip2—ay=1, 2<\/nP~1% pipa<n
exp(VInn)<p1 <P, pa>exp(VInn)

3. Now we obtain an asymptotic formula for the sum T (n). Verify that the leading term of this
formula has order nlnlnn. Note that if the numbers p; and z are not coprime (ged(py,x) # 1), then
the congruence p1ps =1 (mod x) has no solutions and terms of the sum T(n) corresponding to such
p1 are equal to zero. Therefore, in the sequel we assume that summation is performed only over p;
that are coprime with z. Therefore,

Tm)= > 2 2. L

z<y/nP~10 exp(v/Inn)<pi <P P2Sp"1

T(n) p2=pj( mod x)

where p7 is a solution of the congruence p1jy =1 (mod z).
Changing the order of summation and using the notation from Lemma 1 in the interior sum, we

obtain
~ no,
Tm= Y > w(late).
exp(vVInn)<pi<P x<y/npP~10 !
ged(p1,z)=1

We represent T'(n) in the form

T(n) = > . (p)) +r(n), (12)

exp(VInn)<pi<P x<y/nP~10
ged(w,p1)=1

where
1 (s)
T(n)g Z 7T<n7p*7$> _ (Pl
exp(VInn)<p1 <P z<y/nP=10 p1 12
Applying the Bombieri-Vinogradov theorem (Lemma 4), we have

A
Z Q P T | — <
P1

< /P10 p(@) | " pilntn’

where A > 0. Therefore,

1 Inl
rn)< 3 <" (13)
P1 In“n

exp(vInn)<pi <P

After a simple transformation of the first term in the right-hand side of (12) we obtain

Li(;l):
2 >y =)+ Olsam), (14)

exp(vVInn)<pi<P z<y/npP~10
ged(z,p1)=1
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where
1
Sl(n) =n 1 In ™ Z S0(:1:)7

exp(\/lnn)<p1<P Pl z<\/npP~10

1

s2(n) = ann Z Z ()

exp(vInn)<pi <P ! z<\/npP—10
Now we obtain an asymptotic formula for s;(n). First, we calculate the interior sum; for this, we
represent it in the difference form:

1 1
2 (z) 2 plx) 2 o(x)

z</nP~10 v
(xvpl):l

Lemma 2 implies that

1 c Inn
= coln/nP10 ="
Z 2) colny/n +O(1) 5 nn+0<(lnlnn)2>’

z<y/nP—10

where
o0

o HA(r)
“- 2 ro(r)’

Since the Euler function ¢ satisfies the inequality ¢(a - b) > ¢(a) - ¢(b), we have
1 1 1
> = > < 2 -
vegmp0 PO g, PEIPD T sy, PEDR(PL)
pilz
Taking into account the condition p; > exp(v/Inn), the formula ¢(p;) = p; — 1, and Lemma 2, we get
1 1 1
> oLty oo
e #@) T =1 S ()
pilx
Therefore,
1 1
D
w0 o(x ninn
ng(wJ)l):l
Now we calculate the sum
1

exp(vVInn)<p1 <P

Applying the Abel transform and the formula

21:C+lnlnn+0< L >,
Inn

p<n

which is valid for n > 2, we have
1 Inl 1
Z In" ;lnn:+0<(lnn)3/2>. (15)

exp(vVInn)<p1<P p1 n
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Therefore, taking into account the estimate for the interior sum we have

si(n) = D nlnn + 0O <

4 \/lTllan>

For estimating ss(n), we apply Lemma 2 and the formula for the sum 3 !. We obtain
p<n
(n) < n Il | nlnlnn
s9(n ‘Inlnn-lnn =
? In%n Inn

Substituting the asymptotic formula for s1(n) into (14) and taking into account the estimate for sa(n),
we get

5 5 L¢E@) = mimnso( ).

exp(vVInn)<pi<P x<y/nP~10

ged(z,p1)=1
Using this formula and the estimates for r(n) from (12), we arrive at the following asymptotic formula:
~ o n w(
T(n) = nlnlnn—|—0< >, 16
) 4 Vinn ; ro(r (16)

4. We obtain an asymptotic formula for

Ti(n) = Z 0 (;(p1p2)1/c> -
pip2<n, pip2—ay=1, z<y/npP~1°
exp(VInn)<p1 <P, pa>exp(VInn)

4.1. We use Lemma 5 and take the parameters r, A, o, and 5 in two ways. First, we define these
parameters as follows: r = [Inn], A = 1/In*(n), where n > [¢?], n € N, a = A/2, and 3 = (1 — A)/2.
It is easy to verify that these numbers satisfy the conditions of Lemma 5. We denote by o;1(x) the
function ¢ (x) whose existence follows from Lemma 5.

Next, for the same r and A, we set « = —A/2 and f = (1 + A)/2 and denote the corresponding
function by g9(z). Then Lemma 5 implies that g1 (z) < x(z) < 02(x) and

Ti1(n) < Ti(n) < Tha(n), (17)

Tii(n) = > 0i <;(p1p2)l/c> ;o1 =1,2.

pip2—zy=1, pip2<n, z</nP~10
exp(vInn)<p1 <P, p2>exp(v/Inn)

where

If we obtain asymptotic formulas for 71 (n) and Ti2(n) with the same leading terms, then the inequal-
ity (17) implies that a formula with the same leading terms ia also valid for 77 (n).
Expand the functions g;(x) and p2(x) into Fourier series:

1 1 ' .
01 <2(p1p2)1/c> =5 A+ Z gl(m)emm(mm)l/ ,

Lppp)/e) = 1 rim(p1pz)"/°
o (H o)) = 5+ 8k X e ,
where |g;(m)| < 1/m|m| for i = 1,2. This and (11) imply that

ATy;(n) = (; + O(A)> T(n)+O(nlnlnn)+4 > gi(m)om(n), (18)

0<|m|<A~llnn

182



where
Um, (n) = Z eWim(P1P2)1/c‘

pipa—zy=1, pip2<n, z</nP~10
exp(VInn)<p1 <P, pa>exp(VInn)

Therefore, the same formula is also valid for 47 (n):

AT (n) = (; + O(A)) T(n)+O(nlnlnn)+4 > g(m)vm(n).

0<|m|<A~1llnn

Substituting the equality obtained into (10), we obtain

Ti(n) = <1 + O(A)> T(n)+O(nlnlnn)+4 > g(m)vm(n).

2
0<|m|<A~tInn

Therefore,

1
Ti(n) = o Com Inlnn+ O(Anlnlnn) + O(nlnlnlnn) + 4 Z g(m)v,(n). (19)
0<|m|<A~1lInn
Now we must estimate the last sum in (19) and obtain an asymptotic formula for 77 (n).

4.2. An estimate of the trigonometric sum v,,(n) was obtained in [17]. We present a sketch of
the proof. First, we partition the interval (exp(\/ Inn), P] of summation by p; into intervals p; €

(Py/2, P,], where P, < P, P/2 > eVinn 5 1, and consider the sums corresponding to these intervals:

smm= Y Y Y emom

pipe—ry=l P, —p pip2<n
z</mP~10 2 pr=i

where P, € (exp(\/ Inn), P]. Estimating this sum from above and applying the Cauchy inequality,
we obtain

n . 1/c ’ ey 1/c
S, PO < o > > e = )7 (s — Demm w0
P /)2<p1 <P . S
Popzn maesmin( )

where

Tky= > L

ry=Fk
z<\/nP~10

Extracting the diagonal terms (p; = p)), we have

SmP)P< o > Y P -1

L P ja<pi<Pi na<on/Py

" 1 1/C_ /\1/c 1/c
tp 2 > S pina — D) (g — emime =) /]
P <
e
1 1

Using Lemma 6 for estimating the first sum, we obtain the inequality

1 n
Som. PP < e (<pviun )+ b S S IStm P (20)
P1/2<p1<P1 P1/2<p|<Pi

P1#D]
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where

; e _(r\1/cy,1/c . n n
S(T)’L, Plvplvpll) = Z T/(p1n2 - 1)7_/(]7/1’02 - 1)e7rzm(p1 (pl) )n2 ; N3 = min <p17 p/ > .
1

na<ng
Obviously,
. 1/c ’ ey 1/c
S(m, Py,p1,p}) = Z Z Z emimpr =)y’

2</nP~10 2, <\ /npP—10 na<ns,
n2=pj ( mod x)

nngll*( mod x)

where p1pt = 1 (mod z) and pip;* = 1 (mod z). Also we see that if the interior sum in the last
equality is not empty, then ny belongs to one of residue classes modulo [z, x|. Therefore,

S(m, Pr,p1,py) = Y ) S Y e e im0

0<y/mP=10 <\ /mP~10 2, <\ /nP~10 ma2<mg3
(z,21)=06

n3—n
[‘Tlﬂ x]
For example, if § = 1, then ms3 > P,

Introduce the notation s = m(p}/c — (p})"/¢) and
S(mg,Pl,pl,p&,x,xlﬁ) _ Z eﬂin(n-i-:c:umz/&)l/c;

ma<ms3

where mg = and 0 < n < [z, z]. Note that the sum with respect to mq is “sufficiently long.”

then

S(mapl7p17p/1): Z Z Z S(m37P17pl7p/17m7m175)’
§<y/nP~10 < /nP~10 31 < /nP~10
(m7r1):6

We partition the range of mg into geometric progressions and consider the following two cases.
If my < mg/P, then, applying the trivial estimate, we obtain

m
S(m37P17p17p€[7$7$1,5) < P3 lnn,
which implies
nin*n
S P, ! .
(m7 17p17p1)<< PPl

Substituting this estimate into (20), we obtain
1
|S(m, P1)|? < n®exp <—2\/lnn> .

Introduce the notation
1 . 1/c
w0 = m(pl/c . (p/l)l/c), S(mg, Pl,php/b T, T, 5) — Z emn(n-l-:c:clmz/é) :
mo<mg
then

S(mapl7p17p/1): E E E S(m37P17p17p3_7m7m175)’
§<y/nP=10 <\ /nP~10 21 <\ /nP~10
(m7r1):6

In what follows, we assume that m4 > mg/P. Consider the sum

Smy= Y et

mga<ma<2my
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For the case where
|| (w1 /0) 1

0< )
mi—l/c 10
we have
1-1/c
zx1\ 1/ m
S(ma) < ( ) ) T%|

We consider the case where
5| (zzy /8¢ 1

Ve ~ 10

The sum S(m4) can be estimated by the Vinogradov method.
For the case where zx1/6 > n%%, we can use the Vinogradov scheme of estimating the zeta sum
(see, e.g., [9]) involving the “mean theorem.” We obtain the estimate

Inn
S(myg) < myexp (—'y (Inln n)6> .

If z21/6 < n%%, then for estimating S(m4) we apply van der Corput’s method; in this case, we
obtain the estimate S(m4) < \/my4. Finally we have

Um(n) < ne” iVion,

Taking into account this estimate, we obtain from (18)

1
Ti(n) = 2T(n) + O(nlnlnlnn).
Since T'(n) ~ conlnlnn, the formula obtained is an asymptotic formula. Theorem 1 is proved. O

4. Analog of the Titchmarsh divisor problem for semiprime numbers of the form p;p§
from short intervals. We deduce an asymptotic formula for the number of solutions of the equation
p1p§ — xy = 1, where a € N, a > 2, the numbers p1p§ belong to intervals of the form (1), pi1p§ < n,
and primes p; and py satisfy additional conditions.

Theorem 2. Let n > ng > 0 and a > 2 be natural numbers, QQ = exp(\/lnn), A = [1,nQ7Y,
Ay = [1,QY%], and

Gn)=>_ > D1, Gm=> > D1

P1EAL  p2E€A> ,y p1EAL p2EA> ,y
pipg—zy=1 pipg—zy=1
{3 (mpd)t/er<)

Then the following equality holds:

Gi(n) = ,Gn)(1 +0(@))

G(n) = o Li (g) 7(QY*)Inn <1 +0 <\/lin>> ’

n > 0 1s an absolute constant, and

where

e HA(d)
“- ; p(d)d’
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Proof. We split the proof of Theorem 2 into several steps.
1. We obtain an asymptotic formula for G(n). First, we restrict the range of the variable z. We

obtain
(21)

G(n) = 2G'(n) — G"(n),

where
=Y Y Y ew-Y ¥ Y

p1€A1  p2€As z<\/n p1EAL szAz x<y/n
p1pg—ay=1 pips—zy=1y< /n
We estimate the sum G”(n) representing it as the sum of two terms G”(n) = G/ (n) + G4(n), where

=2 2 2 L Gm=3, ) > b
p1€EA1L  p2€Ar < /nQ! p1€EAL  p2€A2  /nQ '<x</n
pips—ay=1 < /p p1ps—xy=1 y</n

G//

Note that
Gl (n) < Z T(m — 1)t1(m), where t1(m Z 1.
m<nQ 1 +1 p1p5=m
p1EAL
p2E€A2

Obviously, t1(m) = 1 if m = p™! or m = p1p% and t1(m) = 0 in all other cases. Taking this remark
into account, we obtain from Lemma 3 the estimate

nlnn
Glm)< > rm-1)< 0

m<n@Q1+1

Next. we estimate G%(n). Since in the case where ps | 2 the equation p1p$ — xy = 1 has no solutions

we cc;nclude that
> >, 1= Y S Q7 psa),

Gyn)=
VnPQ l<a<\/n p2€A2 .

p2EA2 p1EAL
ged(p2,z)=

VnQTl<z<yn
ged(p2,2)=1 p1=p5 (mod x)
where pj is a solution of the congruence p§t =1 (mod z). Applying Lemmas 1 and 2, we obtain
1 n In@
Gl 1/a .
() Z > o(x) < QW(Q )lnn
P2€A2 VnQ l<a</n
From the estimates for G (n) and G5(n) we get
1
ne (22)

&) < (@)

To estimate the sum G’(n), we represent it, similarly to G”(n), as the sum of two terms

G'n)=Gin)+Gmn)= > > > 1+> > oL
VnQ~l<z<yn

p1€AL  p2€As 2</nQ-! p1€A1  p2€Ar
p1pg—ry=1

pipy—zy=1

The sum G%(n) can be estimated exactly the same as G%(n); therefore

1
Gy(n) < e, m(@) .
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We obtain an asymptotic formula for the sum G’ (n):

G- ¥ X w(hase)

x<ynQ~1  p2€A
ged(p2, x)=1

Li( 7%
1
(o) T T 0| X X (g Ea?)) |
p2€As x<\/nQ 1! v p2€ds <\ /nQ 1! v
ged(p2, x)=1 ged(p2, x)=1

where p} is a solution of the congruence p§t =1 (mod z). Therefore, due to the Bombieri-Vinogradov
theorem (see Lemma 4),

o =u(o) co @),
pgze;xz IWZnQ . pl2) Qlun
ged(p2, z)=1

For estimating the interior sum in the first term of the right-hand side of the equality obtained, we
argue similarly to the step 3 of the proof of Theorem 1. We obtain

1 |
3 :coln<\/n>—|—0<nn>,
Sy p(z) Q P2
ged(pe,x)=1

where
9
1= (d)
C fry
’ ;wz)d

Summing both sides of the equality obtained by py € As, we obtain

! = ¢pln vn QY nnlinln
> — ot (') 7(@") + O ().

p2€A2 2<\/nQ 1! QO(ZL‘)
ng(Z’?vm):l

Therefore, we arrive at the asymptotic formula

a3 e () 037

Therefore, taking into account the estimate for G4 (n), we obtain

G'(n) = C2° Li (g) QY Inn (1 +0 G’ig)) . (23)

Finally, substituting (23) and (22) into (21), we get the asymptotic formula

G(n) = ¢y Li <g> QY% Inn (1 +0 <win>> (24)

-2 2 Xt

p1EAL szAz
pipy—zy=1

{3 (mp$)V/er<l

2. Consider the sum

187



Further, we assume that n > ng > 0, where ng is a sufficiently large number. Similarly to the proof of
Theorem 2, we use the auxiliary periodic function

x(z) =

1 if0<xz<1/2
0 if1/2<az<1.

Obviously,

G- Xy,

p1€AL  p2cEA:
p1ps—zy=1

As in the proof of Theorem 1, we apply Lemma 5 and choose the parameters r, A, o, and 8 in two
ways.
In the case considered, we first set

1 1

=1l A= =A = _—A.
r [nn], lngna «Q ) ﬁ 2

We denote by x1(z) the function whose existence follows from Lemma 5. Next, for the same r and A,
we set « = —A and f = 1/2 + A and denote by x2(x) the corresponding function. Then Lemma 5
implies that xi1(x) < x(x) < x2(z) and, therefore,

Gn(n) S Gl (’I’L) S Glg(n), (25)

where

Guim)= > > > (;(p1p§)1/0> ;=12

p1€ALP2€A2  2<\/n
p1ps—zy=1

If we obtain asymptotic formulas for G11(n) and Gi2(n) with the same leading terms and remainders,
then the inequality (25) means that the same formula is also valid for G1(n).

3. To deduce an asymptotic formula for Gy1(n), we expand the function y; (;(plpg)l/ C) into a
Fourier series:

Gll(n) = <; — 2A> G(n) + Rl(n) + RQ(TL), (26)
where

Rin)= Y lgnllVa®)l, Re(m)= Y lgmllVin(n)l,

0<|m|<A~llnn m|>A~11nn
V)= > 3 ta(iph — D)emm@m yy= 30,
p1€AL  p2€A> zy=Fk
p1p§—zy=1 r<y/nQ 1

and g, is the mth Fourier coefficient of the function y;.
Now we estimate Ra(n). Lemma 5 implies

T
|gm| < ! ' :
wlm| \ TA|m)|

Moreover, |V;,,(n)| < G1(n) < n; therefore,

Rom)=0[n 3 (L)rm—’”—l —0(1). (27)

|m|>A~1Inn
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Estimate R;(n):

1 a mim(nyp2)l/c
|R1(n)| < Z 7r|m||Vm(n)|, [Vin(n)] < Z Z to(nypl — 1)emimmps)'/el

0<|m|<A~1lInn mgg p2EA2
where n; runs over the set of natural numbers. Applying the Cauchy inequality, we obtain
2

‘Vm(n)‘2 S n Z Z t2(n1p(2], o 1)67T7:m(n1p‘21)1/c

n1 <n/Q p2E€A2

Q Z Z Z t2 nlpg - 1 t2(nl(p2) _ 1) Wlm(pQ ( )a/c) i/c

p2€A2 pheAr n1<n/Q

- g(Vb(n) +Vi(n)), (28)

where the sum Vj(n) corresponds to term in which py = ph, whereas ps # pf in the sum Vi(n) .

Estimate Vj(n). Note that the multiplicativity of the function 7(n) and the formula for calculating
its values follows that 7(ab) < 7(a)7(b). This remark and Lemma 6 imply

Z Z (nipd —1) < (a+1)2QY Z 72(n1) < nQY* 1 nd n. (29)

p2EA2 nm< g n1<n@—1!

Estimate Vj(n). Note that

<> f), (30)

p2E€A2 pheAs

where
fmy= > > s(m) (31)
21</nQ = w2 <y/nQ 1
and
s(m) = > 2 (5 — ) my
n1<nQ!

n1pj=1 (mod w1)
n1(p5)*=1 (mod z2)

Without loss of generality, we assume that ged(pe,z1) = 1 and ged(ph, x2) = 1, sine in the opposite
case the sum is equal to zero.
Let poga =1 (mod z1) and phgh =1 (mod z3). We solve the system of congruences

T =qy (mod z1)
=(gz)"  (mod x2).

It is solvable if and only if ged(x1, 22)|(¢§ — (¢5)*) and the solution has the form x = 29 +mD, where

D = [z1, 23]. Thus,
s(m) = Z 62”’{(&“1/67

§+I<n/(DQ)

where
m ajc ajc
%:2<p2/ _(p,2)/>’ =

Obviously, 0 < £ < 1.
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4. To obtain an asymptotic formula for G11, we must estimate s(m). We represent this sum in the
form s(m) = s1(m) + s2(m), where

T L GO s
posr2 <€ pg EHS 5
Obviously,
n
|s9(m)| < }:n 1§1xpﬂ'
EHS
Therefore,

smo:ﬁmo+0<D§W>. (32)

We split the sum s1(m) into O(Inn) sums of the form

()= Y ST
M<EHI<M,
where
" <M<M <2M, M<
DQ3/?2 — b= ’ b= DQ
Since 21 < v/nQ ™! and 2o < \/nQ 7!, we have D = [z, 2] < z120 < nQ 2. Therefore,
n
M= DQ3/2 >Q
and hence the sum s7(M) contains “relatively many” terms.

n
We estimate 51 (M) under the condition <M< DO’ First, we consider the case where

n
DQ3/2

n0.0l

Q1.5 :

1<D<n" — M>

If
s MYe 1
< 9
M~ 10
then, approximating the sum by an integral, we obtain:
My
s1(M) = /62””(5”)1%1 =0(1) =0 (M'Ve).
M

In the sequel, we assume that |s|M'/¢/M > 1/10 and use van der Corput’s method for estimating

the sum $§7(M). We define a natural number & from the condition
1 |x|MYe _ 1
M2S Mk S
If k£ =2, then
|| M€ _ 1
M2 T M

Estimating s1(M) by the second derivative, we obtain that s1(M) = O(v/M) for k = 2.

Consider the case k > 3 and estimate $1(M) by a derivative of order k (see [9, p. 66-70]). We have
51 (M) < M7, where § = §(k) > 0. The case D < n%% is fully explored.

Now let » y
0,99 »| M€ 1
D > n>"7, v > 10°

190



We estimate $1 (M) using the scheme proposed by I. M. Vinogradov for the zeta sum (see [9, p. 66-70]).
Let a = [M5/11]; then

1
s, Y [W(m)| + 247,
M<m<M;

where
a a

W(m) — Z Z eQﬂ'Z’%(é‘—‘,—mJ’_uv)l/c'

u=1v=1

We apply the Taylor formula:

(€ + m + uv)/e = Z <1§c> (€ +m)V (wo) + 6y <T1_|/_Cl> (€ +m)/e=1g20+D g1 <1,
=0

Thus,
2mise(E+mAuv)/e 2mi F (uv) 1/c a? o
e =e + 2m03[3|(§ + m) ¢ tm ;105 <1,
where
F _ 1/c 1/c—j j
(wo) => (1) (€ +m)V (w),
— J
7=0
Introduce the following notation:
1/c 1 T sgn s
zi=("""), T=lxE+mY a;= .
= () b 0= T
Then

o\ T
W(m) =W + 2760,T <§LM> CL2M_111, |94‘ <1,

a a a a
- - 2024 ... ryr
Wi § E :e2wzF(uv) § : § :e2wz(a1uv+a2u vi+4tapu’u )

u=1v=1 u=1v=1
We choose a natural number r from the condition
11InT

1< <
" mM =

and note that || < n%9/¢ since D > 0.99. Therefore, from the inequality MD < n/Q we conclude
that M < n%%! and hence

T In Lp099/c

n - oM >99_1297’

In M In 001 c 2
so that the choice of r specified is possible. Following Vinogradov’s scheme, we obtain:

W] < CQaze_”“‘/ln”, >0, v >0.
Therefore,

n nlnn
s1i(M) < e~V si(m) < e~ 7Vinn,

QD QD
Using estimates obtained above, we find from (32)
s(m) < nQ_le_'y\/ln"D_1 Inn+nQ D!« nQ_le_'Y\/ln”/zD_l, (33)

where D = [z z2].
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5. We continue to deduce an asymptotic formula for G11(n). The formulas (26) and (27) imply

0<|m|<A~tInn
where A = 1/In?n. From (28) and (29) we obtain

Vi (n)|? < ng(n) +O(n2QYa 2 1n3 p).

Therefore, to obtain an asymptotic formula, we need an estimate for Vi(n). From (30) we have

Viln) < > Y fln),

p2€A2 pheAs

f)= Y Y. s(m).
r1<V/nQt z2<y/nQ !
Substituting the estimate (33) into this formula, we obtain

fln) < gexp <—’2Y\/lnn) Z Z DL

z1<y/nQ ™ za<y/nQ !

where

Estimate the sum in this inequality:

)DREED DEEEED SEND D

12
21<y/nQ ™1 za<y/nQ 1 21<y/nQ 71 za<y/nQ 1

1

B SRR SRR !

71<v/nQ -t za<y/nQ ! d|(z1,72) 2

¢(d) 1 3
< Z g Z . < In° n.
d<\/nP—1 z<y/nQ-1d-1

Therefore, f(n) < nln®n/Q?. This and (30) imply
Vi(n)| < n?QY* 3’ n. (34)
Using the estimates (29) and (34), we obtain from (28)

2
‘Vm(n)‘z < n?Q-?'f‘ie_Z\/lHn + n2Q-2+i 111371 < <g> Q—2+2/ae—'y\/lnn/4’

that is,
|Vm(’I’L)| < nQ—l—i—l/ae—'y\/lnn/S.
Therefore,
IRy (n)| < nQ~1+1/ag=Vinn/8 12, (35)

Substituting the estimates (27) and (35) into (26), we obtain the following asymptotic formula:

1 _
2G(n)(l +0(Q™™), n>0.
Similar arguments for Gi2(n) yield an asymptotic formula with the same leading term and remainder.
Therefore, it follows from (25) that the following asymptotic formula for G (n) holds:

1

Gi(n) = 2G(n)(1 +0(Q™"), n>0.

Theorem 2 is proved. U

Gii(n) =
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