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ON TYPES OF SOLUTIONS OF THE LAGRANGE PROBLEM

L. N. Kurtova and N. N. Mot’kina UDC 511.51

Abstract. In this paper, we present an analysis of some cases where a positive integer cannot be
represented by a diagonal quadratic form with four integer variables.
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1. Introduction. In the literature on number theory, many problems are known about representing
a natural number in the form of sums of various kinds. One of them is the Lagrange problem (1770)
that any positive integer can be represented as the sum of no more than four squares of natural
numbers:
B+B+1E2+82=N

Before this problem, P. Fermat, L. Euler, and other mathematicians studied quadratic forms of a
particular form. J. Lagrange established an exact relationship between the problem of representing
numbers by quadratic forms and solvability of the corresponding quadratic congruence.

C. F. Gauss and then L. Dirichlet, continuing studies of Euler, created the theory of representation
of natural numbers by quadratic forms. Gauss introduced sums (called now Gauss sums)

2
q,a b § : eQm(al +bl)/
1<i<q

which were first examples of trigonometric sums, and showed their usefulness in many problems of
number theory.

In 1926, H. Kloosterman generalized the Lagrange problem (see [4]) and considered the problem on
representation of a positive natural number in the form of a diagonal quadratic form depending on
four integer variables (the Kloosterman problem):

n = ax?® + by? + c2* + dt*. (1)

For the number of solutions r(n) of Eq. (1), he obtained the asymptotic formula

2
- S(n) + O(nl7/18+¢)
r(n) \/abcdn (n) (n )
where .
=S LS el g(g,a1,0) S(q,b1,0) S(q,cl,0) S(q, dl,0). (2)

q
q=1 ( l—)1:1
Moreover, in [4] some examples were considered in which the number of representations is equal to
zero. Their proofs were based on the congruence theory and were absent in some cases. The question
of the representation of an even number was considered by Kloosterman in more detail than the cases
with an odd prime p involved in the decomposition of n.
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Application of exact formulas for Gauss and Ramanujan sums (see [1-3, 5]) allows one to consider
in more detail cases for odd prime p for which Eq. (1) has no solutions; here a, b, ¢, d, and n are
positive integers.

2. Main results. Let p be an odd prime number and a, b, ¢, d, and n be positive integers.

Theorem 1. The equation n = ax® + by? + cz® + dt? has no solutions in the following cases:

1.1. if n and p are coprime and the coefficients a, b, ¢, and d are divisible by p;
1.2. if n and p are coprime, three coefficients of the quadratic form ax? + by? + cz* + dt* are divisible
by p, and the product of the fourth coefficient by n is a quadratic nonresidue modulo p.

Theorem 2. Let

a:palala (alap)zla b:pﬁlbla (bl7p):17
(Cvp) = 17 (dvp) = 17 n = pnlnla (nbp) =1L
The equation n = ax? + by? + cz? + dt> has no solutions in the following cases:

2.1, if m < oy < B1, m is an odd number, and (—cd) is a quadratic nonresidue modulo p;

2.2, ifm = aq < B1, m is an odd number, and ayny and (—cd) are quadratic nonresidues modulo p;

23. if a1 <m < B1, a1 and ny are odd numbers, and ayny and (—cd) are quadratic nonresidues
modulo p.

Theorem 3. Let

a:palala (alap)zla b:pﬁlbla (bl7p):17
Cc= pﬂﬂclv (Cl7p) = 17 (d7p) = 17 n= pmnla (nbp) =L

The equation n = ax? + by? + cz? + dt? has no solutions in the following cases:

3.1 ifm < a1 < By <y and ny is an odd number;

3.2, ifm < a1 < B1 <y, mis an even number, and dny is a quadratic nonresidue modulo p;

3.3. ifm = a1 < By <1, m1 is an odd number, and ainy is a quadratic nonresidue modulo p;

34. if o <m < B1 <y, m is an odd number, oy is an even number, and (—aid) is a quadratic
nonresidue modulo p;

3.5, if ag <m < B <M, a1 is an odd number, and

() () ()=

3.6. if a1 < m = B1 <1, m is an odd number, oy is an even number, and (—a1d) and biny are
quadratic nonresidues modulo p;

3.7 if ap < B1 < my < 1, m s an even number, ay is an odd number, B1 is an odd number, and
(—a1b1) and dny are quadratic nonresidues modulo p;

3.8. if ay < B1 <M < 1, m s an odd number, oy is an odd number, B1 is an even number, and
(=b1d) and ainy are quadratic nonresidues modulo p;

3.9. if ay < B1 < m1 < 1, m s an odd number, a1 is an even number, B1 is an odd number, and
(—aid) and biny are quadratic nonresidues modulo p.

Note that Kloosterman proved Theorem 1 in [4] by using the congruence theory. The cases 2.1
and 2.2 were not proved in [4]. The assertion 2.3 and Theorem 3 are new (they were not considered
by Kloosterman).

We present a detailed proof of Theorem 1; Theorems 2 and 3 can be proved similarly. We will need
the following assertions; their proofs can be found in [5].
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3. Auxiliary lemmas.

Lemma 1 (equalities for the Gauss sum).

1. If (ql,QQ) = 1, then
S(Q1Q2,U,0) = S(QlaUQ%O)S(Q%U(]l,O)-
2. If (q,2u) = 1, then

Sta.0) = (1) 8(4.1.0)
where (Z) 18 the Jacobi symbol,

Vaifg=1 (mod 4),

S(g,1,0) = {z'\/qifqz?) (mod 4)

} - i(q_1)2/4\/q.

3. If (q,u) = n, then
S((],’LL,O) :ns<q7u70) .

n n

Lemma 2 (equalities for the Ramanujan sum). Let

K(q,u): Z e27riul/q

1<i<q
(Lg)=1

is the Ramanujan sum. The following assertions hold.
2. For (q1,q2) = 1, the equality

K(qiq2,u) = K(q1,u1)K (g2, u2)
holds, where uy and uo are defined modulo q1 and qo, respectively, by the congruence
uige +u2qi =u  (mod q142).
3. Let (u,p) =1, and o > 1. Then
K(p,u)=-1, K(p“ u)=0.
4. Let u=p“uy, (u1,p) =1, a > 1, and s > 1. Then
K(p*u)=p*Hp—1), K@ u)=-p* K@+, u) =0

Lemma 3 (equalities for the generalized Ramanujan sum). Let p be an odd prime number and

is the generalized Ramanujan sum. The following assertions hold.
1. Let (u,p) =1, a > 1. Then

Ky(p,u) = S(p,u,0), Ky~ u)=0.
2. Let u = p%uq, (u1,p) =1, a > 1, and s > 1. Then
Kp(p®u) =0, Ky(p™u) = p*S(p,u1,0),  Kp(p®™*,u) =0,

196



4. Proof of Theorem 1. For the singular series S(n) of the asymptotic formula (2), we consider
the function

q
Z e=2mm/9 S (q. al, 0) S(gq,bl,0) S(q,cl,0) S(g,dL,0).

=1
(Lg)=1

4

We show that it is multiplicative. Let ¢ = q1q2, (¢1,92) = 1, and [ = [1g2 + l2q1; then the assertion 1.1
of Lemma 1 implies that
S(g.al,0) = S(qig2, alig2 + alaq1,0) = S(q1,al143,0) S(g2,alaqs,0).
We take into account the equality
S(ql,allqg,o) = Z e2mialia3s® /a1 — Z e2mialisi/a = S(q1,aly,0).
1<i<a1 2<j1<q1q2
Then
S(q,al,0) = S(q1,al1,0) S(ge,als,0).

Similar arguments are also valid for other sums S(q,bl,0), S(q,cl,0), and S(q,dl,0). Moreover, the
assertion 2.2 of Lemma 2 implies that

q142 q1 q2
Z 6—2m’nl/(q1q2) _ Z e—27rinll/q1 Z e—27rinlg/q2'
=1 li=1 lo=1
(l,q1q2)=1 (l1,q1)=1 (l2,g2)=1
Therefore,
1 q1 )
O(q192) = gt S e/ (g, aly,0) S(q1,bly,0)S(qu, cly, 0) S(gr,dly,0)
I =1
(ll,lql)=1
1 a2 4
X 4 Z e 2minl2/a2 G (g aly,0) S(ga,bla,0) S(ga,cl2,0) S(ga,dls,0).
2 =1
(12729‘!2):1

Thus, ®(q192) = ®(q1)P(g2), i.e., the multiplicativity is proved.
Due to the property of multiplicative functions, we obtain the representation of the singular series
in the product form:

Zcb =[[a+epm +e0®)+...).

plq
We obtain exact formulas for various products for odd prime p, (n,p) = 1.

4.1.  Case where a, b, ¢, d, and n are coprime with p. Let

(a,p) =1, (bp)=1, (c;p)=1, (d,p)=1, (n,p)=1

Then for the product of Gauss sums (Lemma 1, assertion 1.2) we obtain the formula

S(p®, al,0) S(p®,bl,0) S(p®, cl,0) S(p°,dl,0) = <a22d> p.

Therefore,
abed 1
O(p*) = < > K(p%, —n).
(%) v ) pra ( )
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Using Eq. 3 from Lemma 3.2, we obtain

abed\ 1
d(p) = — , D% =0, a>1.
(p) <p >p2 (r")

We obtain the first factor in the representation of the singular series in the product form:
H < ) (abcd > 1 >
o p ) )

Note that for (a,p) =1, (b,p) =1, (¢,p) =1, (d,p) =1, n = p*nq, (n1,p) = 1, and o > 1, formulas
for the product of Gauss sum are similar:

abed 1
P(p*) = < P > pzaK(pa’ —n).
The formulas for the Ramanujan sum are diverse. Using Eq. 4 from Lemma 2, we obtain

gy [abed\ p—1 B
<I>(p)—<pk> w1 k=12...0q,

abed 1
@(pa—i-l) = <pa+l> poz+2’ (I)(pa+8) =0, s>1L

We obtain the second factor in the representation of the singular series in the product form:

1 abed\ p—1 abed\ p—1 abed\ p—1 abed 1

H + » P2 + P2 P’ +o Tt pe ) potl - potl ) pat2 |
P

(a,p)=1, (b,p)=1,

(e:p)=1, (d,p)=1

n=p%ni, a>1,

(n1,p)=1

As a result, for (a;p) = (b;p) = (¢;p) = (d;p) = 1, n = p®*nq, (n1,p) =1, and o > 1 we have

abed\ 1 abed\ 1 abed\ 1 abed\ 1
H 1- 2 1+ + 2 o T « a |-
) p p p p p p p p
(a,p)=1, (b,p)=1,
(cvp):L (dvp)zly
n=p“ni, a>1,
(n1,p)=1
If abed is a quadratic residue modulo p, then

abed\ 1 1
1— =1— _ >3/4,
<p>p2 p? /

abed\ 1 abed\ 1 abed\ 1 ptl —1
L+ + 2 2 teee Tt (o} (o} = o > 1.
p )p »* ) p pe ) p p(p—1)

If abed is a quadratic nonresidue modulo p, then

1_<abcd> 12:1+ 12 o1,
p p

abed 1 abed\ 1 abed 1 potl — (=)ot 1
L+ + 2 2 +oo Tt (o} (e = (e > o
p)p »* ) p pe ) p p(p+1) 2
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4.2.  Case where one of the coefficients a, b, ¢, and d is divisible by p, (n,p) = 1. Let

a = palah (a17p) - 17 (bap) - 17 (Cap) - 17 (dap) - 17 (n7p) =1.

We find @(p):
p
o(p) = (de> 5%(p,1,0) <l> e Pmini/e,
p — \p

3
p 1
(l,p)=1

Using Lemma 3 (assertion 3.1), we obtain

o) — | <—b;dn> — :}1)<—b;dn>.

If « is even, then

by Lemma 3 on the generalized Ramanujan sum (assertion 3.1). Then ®(p®) = 0.
Let a > «p > 1. In this case,

(e a1 —4a bed a (e} a—q 4 ! —2minl /p™
o(p*) = p™ <pa> (pa_lm) S3(p™,1,0) SP**,1,0) Y <p2a_al>e 2minl/p®,
=1

- z ol

E : < ga_a1> e—27rznl/p -0
=1 p

(Lp™)=1

for even ay due to Lemma 2 (assertion 2.3) and for odd a; due to Lemma 3 (assertion 3.1). Then

o(p”) = 0.
o (+(5"),)

We obtain the following factor:
a=p“lay, (a1,p)=1,

(b,p):L (C,p): s
(d,p):L (n7p):1

The expression in the brackets is greater than 1 if (—bedn) is a quadratic residue modulo p and is
greater than 1/2 and tends to 1 as p increases if (—bedn/p) = —1.
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4.3.  Case where two coefficients are divisible by p, (n,p) = 1. Let
a = palala (alap) - 17 b= pﬁlbla (bl7p) - 17 (C7p) - 17 (d7p) - 17 (n7p) =1

We have )
cd - —cd\ 1
d(p) = < > S5%(p,1,0) e‘zmnl/p:—< > .
=02, ; p

p
(lp)=1
Let min(ay, 81) = ag.
4.3.1. For 1 < a < a1, taking into account the assertion 2.3 of Lemma 2, we have

(o1

1 [cd . ;
(%) = 2a (pa> p®,1,0) Z e 2t/ = .

(l7 a):l
4.3.2. For oy < ae < 3y,

@

_ Cd al 2 P —2minl/p%
(I)pa :pal 4a< >< >Sp 1OS aallo < > 7rm/p'
( ) pa pa—al ( ) ; a—Q]
(Lp™)=1

The Ramanujan sum

o I
Z < > e—27rinl/pa
pa—a1

=1
(Lp*)=1

is equal to zero. For even oo — crq this follows from the assertion 2.3 of Lemma 2, for odd—from
the assertion 3.1 of Lemma 3. Therefore, ®(p®) = 0.
4.3.3. For ay < 1 < a,

(e « —4o cd ay bl
D(p*) = prr HH 4 <pa> <pa_a1> <pa—51>
p

XS2(pa7170) S( e 1 O) S a=h 1 O Z < Y0y — 61>6_2ﬂinl/pa,

As in the case (2), we have ®(p®) = 0. We obtain the factor

—cd\ 1
(00
. p)p
a=p*lay, (a1,p)=1,
b=pP1b1, (b1,p)=1,
(e,;p)=1, (d,p)=1, (n,p)=1
The expression in the brackets is greater than 1/2 if (—ed) is a quadratic residue modulo p
and is greater than 1 and tends to 1 as p increases if (—cd/p) = —
4.4. Case where three coefficients are divisible by p, (n,p) = 1. Let
a=p*a, (a,p)=1, b=p"b, (b,p) =1,

c= p’chl’ (Cl7p) - 17 (d7p) - 17 (n7p) =1.

®(p) Z; <Z> (p,1,0) zp: ( >e—2m'nl/;n.

=1
(Lp)=

We find ®(p):

1
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Using the assertion 3.1 of Lemma 3, we obtain
1 [ —dn dn
®(p) = < > S%(p,1,0) = < > :
p p p

Let a1 < 81 < ;. From the assertion 2.3 of Lemma 2 and the assertion 3.1 of Lemma 3 we obtain
®(p®) = 0. We have the following factor:

()

a=p®lai, (a1,p)=1,
b:pﬁ1b17 (blvp):17
c:p’ylcl, (C’p):17

(d.p)=1, (n,p)=1

The expression in the brackets vanishes in the case where dn is a quadratic nonresidue modulo p and
it is equal to 2 if dn is a quadratic residue modulo p.

4.5.  Case where all coefficients are divisible by p, (n,p) = 1. Equation (1) has no solutions.

Thus, we have proved Theorem 1.

Theorems 2 and 3 are proved similarly. For calculating exact formulas for the function ®(p®), the
assertions 2.4 of Lemma 2 and 3.2 of Lemma 3 are used.
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