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Abstract. We study certain discrete boundary value problems for discrete analogue of model elliptic pseudo-differential operator
in discrete Sobolev–Slobodetskii spaces. Existence and uniqueness theorems are proved and a comparison between discrete and
continuous solutions are given.

Introduction

As a rule the classical pseudo-differential operator in Euclidean space Rm is defined by the formula

(Au)(x) =

∫

Rm

Ã(x, ξ)e−ix·ξũ(ξ)dξ,

where the sign ∼ over a function denotes its Fourier transform

ũ(ξ) =

∫

Rm

u(x)eix·ξdx,

and the function Ã(x, ξ) is called a symbol of a pseudo-differential operator A.
Our main goal here is describing a periodic variant of this definition and studying its certain properties related

to solvability of corresponding equations in canonical domains of an Euclidean space. Some important results are
related to a comparison of discrete and continuous solutions. We try to preserve maximal correspondence for discrete
and continuous cases under digitization, it permits to find more appropriate constructions.

This problem is very large and in our opinion it should include the following aspects according to a lot of physi-
cal and technical applications of such operators and related equations, for example, finite and infinite discrete Fourier
transform as a natural technique for such equations; choice of appropriate discrete functional spaces; studying solv-
ability for infinite discrete equations; studying solvability of approximating finite discrete equations; a comparison
between continuous and infinite discrete equations; a comparison between infinite discrete and finite discrete equa-
tions.

This is not completed list of questions for studying which we intend to consider. some results in this direction
were obtained for simplest pseudo-differential operators (Calderon–Zygmund operators) and corresponding equations.
Also certain results are related to approximate solutions.

There are few variants of the theory of discrete boundary value problems, but these theories are related espe-
cially to partial differential operators and do not use the harmonic analysis technique. Since the classical theory of
pseudo-differential operators is based on the Fourier transform we will use the discrete Fourier transform and dis-
crete analogue of pseudo-differential operators which will include discrete analogues of partial differential and some
integral convolution operators.
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Constructions

Let Zm be the integer lattice in Rm, Tm = [−π, π]m be m-dimensional cube, h > 0, � = h−1. For functions ud of a
discrete variable defined on hZm, we introduce the discrete Fourier transform

ũd(ξ) ≡ (Fdud)(ξ) =
∑

x∈hZm

ud(x)eix·ξhm, , ξ ∈ �Tm.

Let Ad(ξ) be a the periodic function in Rm with the main cube of periods �Tm. The operator of the type

(Adud)(x) =
1

(2π)m

∑
y∈hZm

∫

�Tm

Ad(ξ)ei(y−x)·ξud(y)hmdξ, x ∈ Dd,

Dd = D ∩ hZm, D ⊂ Rm, we call a discrete pseudo-differential operator in a discrete domain Dd.
This operator is associated with the equation

(Adud)(x̃) = vd(x̃), x̃ ∈ Dd, (1)

where vd is given function in Dd.
One of the main goals is describing the conditions for unique solvability of the equation in appropriate functional

spaces in the discrete domain Dd and application of the obtained results to the construction of suitable approximations
of classical pseudo-differential equations. The main difficulty is that when a domain D is a part of Rm (for example, a
half-space or a cone), the standard ellipticity condition of the symbols A(ξ) is no longer sufficient.

Discrete Boundary Value Problems

We will study the equation (1) in the discrete domain Dd ≡ D ∩ hZm and will seek a solution ud ∈ Hs(Dd), vd ∈
Hs−α

0
(Dd). Everywhere here D = Rm

+ . Solvability of the equation depends on special number κ which is called an

index of periodic factorization Ãd(ξ) [1, 2].
We have non-uniqueness of a solution for the equation (4) for the case κ − s = n + δ, n ∈ N, |δ| < 1/2. We

consider here the case n = 1. To obtain the unique solution one needs some additional conditions. Discrete analogues
of Dirichlet or Neumann conditions give a very simple case. We will consider here the discrete Dirichlet condition.

ud |x̃m=0 = gd(x̃′), (2)

where gd is a given function of a discrete variable in the discrete hyper-plane Zm−1.
To obtain some comparison between discrete and continuous solutions we will remind how the continuous solu-

tion looks. The continuous analogue of the discrete boundary value problem is the following

(Au)(x) = 0, x ∈ Rm
+ , (3)

u(x′, 0) = g(x′), x′ ∈ Rm−1, (4)

where A is elliptic pseudo-differential operator with symbol A(ξ) satisfying the condition

c1(1 + |ξ|)α ≤ |A(ξ)| ≤ c2(1 + |ξ|)α, α ∈ R,
with a positive constant c1, c2.

If the index of factorization equals κ and κ − s = 1 + δ, |δ| < 1/2 then the unique solution for the problem is
constructed by the similar formula

ũ(ξ) = b−1(ξ′)g̃(ξ′)A−1
+ (ξ′, ξm), b(ξ′) =

+∞∫

−∞
A−1
+ (ξ′, ξm)dξm,

assuming that b(ξ′) � 0,∀ξ′ ∈ Rm−1. Let us note that this is simplest variant of Shapiro–Lopatinskii condition.
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We have the following discrete solution

ũd(ξ) = b−1
d (ξ′)g̃d(ξ′)A−1

d,+(ξ′, ξm), bd(ξ′) =
+�π∫

−�π
A−1

d,+(ξ′, ξm)dξm,

if

inf
ξ′∈�Tm−1

|bd(ξ′)| > 0 (5)

We will assume the condition (5) is satisfied for the discrete symbol Ad(ξ)..
Further we choose special approximations. We take gd = Qhg, where Qh is special projector on discrete functional

space [3] and Ad,±(ξ′, ξm) we take as restrictions of A±(ξ′, ξm) on �Tm. Then the periodic symbol

Ad(ξ) = Ad,+(ξ′, ξm)Ad,−(ξ′, ξm)

satisfies all conditions of periodic factorization with the same index æ. Moreover, g̃d(ξ′) and Ad,+(ξ′, ξm) coincide with
g̃(ξ′) and A+(ξ′, ξm) respectively on �Tm.

Main Results
Theorem 1. Discrete boundary value problem (1),(2) is uniquely solvable in the space Hs(hZm

+ ) for arbitrary right-
hand side vd ∈ Hs−α

0
(hZm

+ ) and arbitrary boundary function gd ∈ Hs−1/2(hZm−1).
Theorem 2. Let κ > 1. If g̃(ξ) is a bounded function then a comparison between solutions of problems (1),(2)

and (3),(4) is given in the following way

|ũ(ξ) − ũd(ξ)| ≤ Chκ−1, ξ ∈ �Tm

Further we consider the following discrete boundary value problem for the equation (1) with the discrete bound-
ary condition

�π∫

−�π
�(e−ihξm − 1)ũd(ξ′, ξm)dξm = g̃d(ξ′), ξ′ ∈ �Tm−1, (6)

where g̃d(ξ′) is the given function, and its continuous analogue

(Au)(x) = 0, x ∈ Rm
+ , (7)

∂u
∂xm
|xm=0 = g(x′), x′ ∈ Rm−1. (8)

It is well known that the boundary value problem (7),(8) is uniquely solvable in Sobolev–Slobodetsky spaces

Hs(Rm
+ ) for arbitrary any right-hand side g ∈ Hs− 3

2 (Rm−1) under some restrictions on the factorization index κ of the
symbol A(ξ), namely κ − s = 1 + δ, |δ| < 1/2.

Theorem 3. The elliptic boundary value problem (1),(6) under vd ≡ 0 is uniquely solvable in the space Hs(Dd)
for arbitrary right-hand side gd ∈ Hs−3/2(hZm−1).

If s ≥ 1 then the a priori estimate
||ud ||s ≤ C||gd ||s−3/2

holds with constant C non-depending on h.
Theorem 4. If g ∈ Hs−3/2(hZm−1), æ > 2, β ≤ 5/2 + δ, then a comparison between solutions of problems (1),(6)

and (7),(8) is given by the estimate
||Qhu − ud ||β ≤ Chæ−2||gd ||s

with constant C non-depending on h.
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Conclusions

This paper is one of first steps for studying discrete boundary value problems and their connections with classical the-
ory of boundary value problems for elliptic pseudo-differential equations. We intend to study more general situations
in forthcoming papers and to obtain approximation estimates for comparison of discrete and continuous solutions
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