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On homogenized equations of filtration
in two domains with common boundary

A. M. Meirmanov, O. V. Galtsev, and S. A. Gritsenko

Abstract. We consider an initial-boundary value problem describing the
process of filtration of a weakly viscous fluid in two distinct porous media
with common boundary. We prove, at the microscopic level, the existence
and uniqueness of a generalized solution of the problem on the joint motion
of two incompressible elastic porous (poroelastic) bodies with distinct Lamé
constants and different microstructures, and of a viscous incompressible
porous fluid. Under various assumptions on the data of the problem, we
derive homogenized models of filtration of an incompressible weakly viscous
fluid in two distinct elastic or absolutely rigid porous media with common
boundary.

Keywords: heterogeneous media, periodic structure, Lamé equations,
Stokes equations, homogenization, two-scale convergence.

8§ 1. Introduction

This paper is devoted to the homogenization of systems of differential equations
describing the process of filtration in heterogeneous media, that is, in media con-
sisting of two or more distinct components that occur in every sufficiently small
volume of the medium. Our approach to the description of heterogeneous media
is based on constructing a maximally precise mathematical model, which is then
simplified using the methods of calculus. As a rule, the differential equations of
precise mathematical models contain a small parameter. Hence, to simplify these
models, we mainly use the methods of linearization and homogenization as the
small parameter tends to zero.

Homogenization theory began with the papers by Burridge and Keller [1] and
Sanchez—Palencia [2] and then developed extensively in [3]-[9]. The authors sug-
gested different methods of solution, and each problem required a separate approach
and many efforts.

The publication of Nguetseng’s paper [8] in 1989 basically defined the theory of
homogenization as a separate branch of calculus. Therefore mainstream research
in homogenization theory moved from theoretical investigations to applications in
mechanics, physics, biology and so on (see [10]-[16]).

In particular, Jager and Mikeli¢ [16] studied the problem of planar filtration
(that is, on domains in R?) for a fluid in two distinct porous media filling domains
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Q2 and Q° with common boundary S° provided that the porous space in each domain
has a special geometry. At the microscopic level, the rigid skeleton in each medium
was assumed to be disconnected (isolated inclusions) and absolutely rigid (the veloc-
ity of the medium in an absolutely rigid body is identically equal to zero).

It is known [2], [1] that Darcy’s system of filtration equations is a homogenization
in dimensionless variables (a limit as ¢ — 0) of the Stokes system of equations
for a weakly viscous incompressible fluid with dimensionless viscosity p = %1 in
a perforated domain (filled by the liquid) with e-periodic structure.

Distinct domains € and Q° obviously have distinct permeability matrices in
Darcy’s law. The resulting differential equations are equivalent to distinct Poisson
equations in each domain, and each equation requires a single boundary condition
on the common boundary S°. The first condition, continuity of the normal com-
ponents of the velocity vector, holds for any geometry of the porous spaces in €2
and °. This condition follows from the continuity equation.

The second boundary condition on S° depends on the geometry of the porous
spaces in Q and Q°. We shall prove that there are not many options to choose
from. Either the normal component of the velocity vector vanishes (impenetrable
boundary), or the pressure is continuous (penetrable boundary).

Jager and Mikeli¢ studied the case of a disconnected rigid skeleton in the domains

Q={x:0<2 <L,0<z3<o00} and Q' ={x:0<z; <L, —00 <3 <0}

The rigid skeleton in 2 is the periodic replication of a domain €Y completely
contained in €Y, Y, C Y = (0,1)2 C R?. The rigid skeleton in 0° is the periodic
replication of a domain €Y completely contained in €Y, Y? C Y = (0,1)? C R

For this geometry of porous spaces, we always have S0 = o005 N OQS (penetrable
boundary) and the only possible version of the second boundary condition on S is
continuity of the pressure.

We study the filtration of a weakly viscous fluid in two poroelastic domains (2
and Q° in R? with common boundary S° and with different properties of the rigid
skeleton. For simplicity we assume that

Q={x: 0 < z1,22,25 < 1}, QA ={x:0<z,29 <1, =1 <23 <0}

The pores of each domain are assumed to be filled with the same viscous liquid
of dimensionless viscosity «,, and the rigid skeleton in each domain is regarded
as an incompressible elastic body described by the Lamé equations with Lamé
constants A and A" in  and QU respectively. The conditions of continuity for the
displacements and for the normal stress hold on the common boundary S°. The
problem is closed by boundary conditions on the exterior boundaries of € and Q°
and by initial conditions.

For every € > 0 we prove the existence and uniqueness of a generalized solution
and study its limit (homogenization) as ¢ — 0. For fixed constants A and \°, the
limiting problem (the homogenized system) depends on the function «, = a,(¢)
or, more precisely, on the following limits pg and py as € — O:

ule)

po = lim a, (¢), 1 = lim
e—0 €
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We restrict ourselves to the case when po = 0 and the common rigid skeleton is
connected (see §2). When 0 < y; < oo and 0 < A\, A\? < oo, the displacements of
the elastic skeleton in 2 and Q0 satisfy the homogenized Lamé equations and the
continuity conditions for the limiting displacements and for the normal stress on
the common boundary S°, while the motions of the liquid in € and Q° are described
by separate Darcy’s laws. Moreover, the conditions of continuity for the normal
components of the velocity of the liquid hold on the common boundary. As already
mentioned, another scalar boundary condition is lacking and this condition will
depend on the structure of the common porous space. Namely, the pressure is con-
tinuous for a connected common porous space (see §2) and the normal component
of the wvelocity vector will vanish for a disconnected common porous space (there is
no flux of the liquid from Q to Q° and back).

If we put A = A% = k in the homogenized equations, then the limit of the
corresponding displacements of the rigid skeletons as kK — oo will be equal to zero
(absolutely rigid body) and the limit *of the velocities and pressures of the liquid
as k — oo is a solution of the system of filtration equations in  and Q° along
with the condition of continuity of the normal component of the velocity on S°.
Moreover, the pressure will be continuous for a connected common porous space, and
the normal component of the velocity vector will vanish for a disconnected common
porous space.

8§ 2. Notation

The dimensionless parameter @,, characterizes the viscosity of the liquid:

_ 2p

oy = —r, 0=—=-, K1,
o rLgp° 0T L 0

where L is the characteristic size of the physical domain under consideration, 7 is
the time of the physical process, p" is the density of water, g is the acceleration
due to gravity, and p is the dynamical coefficient of viscosity of the fluid.
Consider a function ay,(e) such that a, (o) = @, and there are finite or infinite
limits
au(e)

lim o, (e) = lim ——= =
50 I—L( ) N’O? e0 €2 lul

Let 2 and ©° be bounded domains with Lipschitz boundaries Q2 and 92° such
that

QN =2, QOnQ#e, S§°=00°N00, Q=t(QOUQ), S=09Q.

We now define domains Q; and Q¢ to be the common liquid and rigid components
of the medium for Q° and Q. Namely, we put

Q=0 ust U, 5% =000 N,

where % is the common rigid skeleton, which we assume to be a connected set,
Q0¢ is the rigid skeleton of 20, and ©Qf is the rigid skeleton of Q.
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Figure 1. A connected common porous space

By ch we mean the common porous space:
QF =03 USP U, SpT =000 No0; $=0\Q;
0 f ) o= f ’ = s

where Q(;’E is the porous space in Q° and (25 is the porous space in (2. The common
porous space may be connected or disconnected.
We also introduce the following restrictions:

I°=0QN0Q5,  S:=0Q:nS,  S5=0Q5n5,
Yok = {x:x=ck +ey,y €Y, k= (ki kg, ks), ki, ko, k3 € N},
Vit ={z:x=ck+ey yecVy, k= (ki kaks), k1, ko, ks € N},
Yk ={x:x=ck +ey, y €Yy, k= (k1,ka, ks), k1, ko, k3 € N},
Qk=Qnyek, Q?k —0n st,k’ Qk=Qnysk, rek _1eqyek.

Moreover, let A\Y and X be the dimensionless Lamé constants of the rigid components
in Q0 and € respectively, and let ¢! and g, be the dimensionless densities of the
rigid components in Q° and Q.

We write Y = (0,1)? for the periodicity cell, and (- ),  for the integral over Y.

Let x(y) be a 1-periodic function of y € R? (that is, x(y + k) = x(y) for all
k= (ki, ko, k3), ki,ka, ks € N) such that x(y)=1 when y € Y; C Y and x(y)=0
when y € Y, CY, where Yy UyUY, =Y, YyNY, =0, 0Y;NOY, =v, 7€ C®.

We call x(y) the characteristic function of the domain Y.

We similarly define the characteristic function x°(y) of the domain Y]? cY,
that is, X°(y + k) =x"(y) for all k= (k1, ko, k3), ki,k2, ks € N, x°(y) =1 when
y € Y]? C Y and x°(y) = 0 when y € Y? C Y, where YJQUVOUYSO =Y,
YPNY) =2, VP noYL =40, % e C>.

We now define the characteristic function ¢(z) of the domain QY in Q: {(z) =1
when z € QY and ((x) = 0 when x € Q. Then

@) =x(2) (- @)
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is the characteristic function of the porous space Qjc and

is the characteristic function of the common porous space Q5.

| |

Figure 2. A disconnected common porous space

Figure 3. A disconnected common porous space

For a connected common porous space, the elementary domains YJ9 and Yy
have non-empty intersection in Y: Y}) NY; # @. For a disconnected common
porous space, they are disjoint in Y: YJQ NYy =@.

Finally, we define the common elementary porous space IA/f(x) as the set

}A’f(a:):{yGY:yGYfiwaQ;er]?ifmGQO}.
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~

The function X(x,y) is the characteristic function of the set ?f(:v) in V() =
{lyeY:yeYifxeQ; yeVifxzec Q.

We put Y, = }Af\?f, v =09Y, 70 =09Y} and § = 8}?f,

o (x) = (1= ¢(®)) (opx"(x) + 05 (1 — x° (),

0" () = C(x) (X" () + 0 (1 — X*=(x))),

0°(z) = o° () + o"°(x),
m= [ x(y)dy={x)y, m’ =/ X’() dy = (X")v,
Y Y
(z) = ((x)m® + (1 = ((z))m,

Az) = A’ ¢(@) + A(1 = ().

We shall generally write A er a quantity which is different in Q and in Q°: A=A
in Qand A= A%in Q° or A =A(1 - ((z)) + A%(z).
Here is some more notation:

=)

I is the identity matrix;

the operator V without subscripts stands for differentiation with respect to x,
and V,, is differentiation with respect to y;

D(w,w) = (1/2)(Vu + VaT);

B: C = tr(B - CT), where B, C are tensors of rank two;

a®bis a dyad: we have (a®b)-c=a(b-c) for all vectors a, b, c:

JU =(1/2)(e'®@e’ + el @e'), where {e!, €%, €3} is the standard Cartesian basis
of R3;

A ® B is a tensor of rank four;

(A®B):C=A(B:C) for all tensors A, B, C of rank two.

§ 3. Statement of the problem

Consider the joint motion in ) of two distinct poroelastic media filling the
domains 20 and 2 and having common boundary S°.
The motion of the medium in Q° for ¢ > 0 is described by the equations

V- -w® =0,
VP’ 4 " F° =0,

where

ow*® ,
PY = Xo’aaM]D) <x7 W ) +(1- XO’E))\OD(Qs7wE) — p°I = P%F 4 PO,

ot

Oow
PO = € (a#]]])(:r, v ) — pE]I), P05 = (1- XO’E)(/\O]D)(JZ,’U)S) — pE]I).

The motion of the medium in 2 for ¢ > 0 is described by a system consisting of the
continuity equation (3.1) and the momentum balance equation

V-P+ o°F° =0, (3.3)
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where

€

P=xa,D (x, %u;

) T (1= x*)AD(, wh) — pT = BF + P,
f e ow® e s e € €
P/ =x(a,D v —p°l, P :(1fx)(/\D(x,w)fp]I).

Continuity conditions hold for the displacements and for the normal stress on the
common boundary S for ¢ > 0:

lim_ w(x,t) = lim w(x,t), (3.4)
= %
lim PO(z,t) - n(z’) = lim P(z,t) n(z). (3.5)
a!—>il30 T—X
xecQ’ xe)

Here n(z") is the exterior unit normal vector (with respect to ) to the boundary
S0 at a point 2° € S9.

We put

P=CP'+(1-COP, P =cP"/+1-0OP, P =(P" +(1- ()P

Then the continuity conditions for the normal stress follow from (3.1)—(3.3):

lim P(a,t) - n(z) = lim P(=,t)-n(2"), (3.6)
Be0: Teo"

where n(x") is the exterior (to (%) unit normal vector to the boundary I'* at
a point x° € I'®.
The problem is closed by the Dirichlet boundary condition

w®(x,t) =0, rzeS=0Q, t>0, (3.7
on the exterior boundary S for ¢t > 0, by the initial condition
X (x)w* (x,0) =0, T € Q, (3.8)

and by the normalization condition

/OT/QpE(a:,t) dzx dt = 0. (3.9)

The function F© in (3.2) and (3.3) is a given density of distribution of the massive
forces.

Assumption 3.1. The following assertions hold.

1) The boundaries v = 9Y; N Y, and 7¥ = 8Y19 N JY? are connected infinitely
differentiable surfaces.

2) Yy, Yy, Y and Y} are connected sets.
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Assumption 3.2. ¢ =1/n, n € N is a positive integer.
Assumption 3.3. The sets 5, Q%< Q3, Q?{E and Q% are connected.
Assumption 3.4. We have F°(x,0) = 0.

By Assumption 3.1, the boundary I'®* = 0Q5 N 89; which separates the domains
Q% and Qf is an infinitely differentiable surface, and so is the boundary ros =

90%e N 89?{6 which separates the domains Q% and Q9.
For function spaces and their norms, we use the notation adopted in [17].

8§ 4. Main results
Definition 4.1. A pair of functions {w®,p¢} with

w® e Wy (Q % (0,7)), % e Wy°(Q5 x (0,7)),  p°€La(Qx(0,7)),

is called a generalized solution of the problem (3.1)—(3.8) if they satisfy the condi-
tion (3.8) and the following integral identities hold:

/Oto/Qw@Vl/)dxdt:O (4.1)

and
[ ] (ors2 () o) + 0= 8@ ) <Dl ) ) o

to
:/ / (p°V - @+ 0°F° - @) dxdt (4.2)
0 JQ
for all ¢y, 0 < ty < T, all functions ¥ vanishing on the boundary of @, and all
functions ¢ € Wé’o (Q x (0,T)).

Lemma 4.1. Suppose that w® € \/QV%’O (Q X (O,T)) and Assumptions 3.1-3.3 hold.
Then there is an extension operator

Eg: : WY°(Q x (0,T)) — Wy (Q x (0,T)),  ws= Eq:(w),

such that
(1 — 525(:1:)) ('wi(cc,t) — we(m,t)) =0
and
/ e |2 d < 00/ wf |2 da, / Dz, we)|? dz < 00/ ID(z, wF)[? dx,
Q Qs Q Q5

(4.3)
where C' is independent of € and t € (0,T).

Proof. See [18], [19]. O
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Lemma 4.2. Under the hypotheses of Lemma 4.1, put w; = Eq:(w®). Then

/ \wi\degC/ |D(z,wS)|? do (4.4)
Q Q

with a constant C independent of €.

The proof of this lemma follows directly from the Friedrichs—Poincaré inequality
/ lu?dr < C/ ID(z, w)|* d (4.5)
Q Q

for functions u € W(Q).

Theorem 4.1. Suppose that Assumptions 3.1-3.4 hold, 11o=0, 0 < u1, A\, X% < o0,
max / |Fe(x,t)|* do <

o<t<T

dzdt\F3<oo, F°—F in Ly(Qx(0,7)),

 f e
uf(x,t) = /Ot w®(x, T) dr, m°(x,t) = /otpa(a:,T) dr.

Then for every € > 0 and an arbitrary time interval [0, T] there is a unique gener-
alized solution of the problem (3.1)-(3.8) and

[ L (%)
du®
2 €

ocrer® (/QX ]D)(:v, ot (az,t))
/ / ) (Jw]? + [D(z, w?)|?) da dt < CF?,
12

[ e

o Jo ot

t
/)/1M5Fdxﬁs§CF% (4.6)
0 JQ

where wi = Eq:(w®), and C is independent of €.

and

2
dxdt < C. F2,

dx—i—/ Q“E’D(:E,wa(a:,t))fdx) < CF?,
Q

> dedt < CF?,

Theorem 4.2. Under the hypotheses of Theorem 4.1, let {w®,p®} be the gener-
alized solution of the problem (3.1)-(3.8), and let w; = Eqg:(w®) be the extension
of w® from QS to Q. Define functions ¢ and u® as in Theorem 4.1.

Then, up to choosing a subsequence, the sequences {Xn¢}, {X°u®} and {x°w*}
converge weakly in Lo(Q x (0,T)) as € — 0 to certain functions 7y, uy and wy
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respectively, and the sequence {wS} converges weakly in Wé’O(Q x(0,T)) as e — 0
to a function ws.

These limiting functions are a solution of the compound system consisting of the
integral identities

T
/ /(wf+r?zws)-v¢da:dt:0,
0 JQ

/OT/Q(X(SE)(‘JATS :D(z,ws)) : D(z, ) dodt = /OT/Q(p(V - )+ OF - ) da dt,

whz’chﬂ hold for all functions v vanishing on the boundary of Q and all functions
© € W2>Q x (0,T)), and of the Darcy law

¢

1 ~

uy = ﬁl/ ws(x, 7) dT + H—B(m) (=Vrp+ 0 ®) (4.7
0 1

in the domain Q x (0,T).

In terms of differential equations in the corresponding domains and boundary
conditions on the common boundary S° for t > 0, the limiting functions wy, ws
and my in the domain Q for t > 0, where Vmy, 0np/0t € La(Q x (0,T)), are
a generalized solution (in the sense of distributions) of the homogenized system of
differential equations which consists of the continuity equation

V- (wy+ (1 —m)w,) =0, (4.8)
the momentum balance equation
V-PP+oF =0, P =X0:D(z,w,)—p;I (4.9)

for the rigid component, and the Darcy law (4.7) for the liquid component.

The problem is closed by the normalization condition (3.9), the boundary condi-
tion (3.7) for the displacements of the rigid skeleton ws on the exterior boundary S
for t > 0, the boundary condition

wy(z,t) -n(x) =0 (4.10)

for the displacements of the liquid on the exterior boundary S for t > 0, and the
continuity conditions

lim_ ws(x,t) = lim_ ws(x,t), x' € 8°, (4.11)
= e
lim P*(x,t) - n(z’) = lim P*O(x,t) n(z?), x0 € SO, (4.12)
% e

a;linml n(z’) - (wy + (1 —m)w,)(z,1t)

xze)
= lim n(z’) - (ws+ (1 - m®) w,)(x,1), x’ € S°, (4.13)

Tr—axT

zcQl

on the common boundary S° for t > 0.
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Finally, the last missing continuity condition on S° depends on the structure of
the common porous space. If it is connected, then

lim 7(x,t) = lim w(x,t), x0 € 5O (4.14)
wﬂmo mﬂﬁo
e xecQ’
But if not, then
lim n(z’) - (w; — mw,)(z,t) =0, ¥ e S (4.15)
et

In (4.7)-(4.15) we have put ® = fg F(x,7)dr, the symmetric strictly positive
definite matriz @(m) is given by (7.18), and the symmetric strictly positive tensor
N (x) of rank four is given by (7.28).

Theorem 4.3. Under the hypotheses of Theorem 4.1, let {w’;,w’},u’}',ﬂljﬁ} be the
generalized solution of the problem (4.7)—(4.15) with \° = \ = k.

Then, up to choosing a subsequence, the sequences {w?}, {u’}}, {w’fc} converge
weakly in Lo(Q x (0,T)) as k — oo to certain functions m¢, us, wy respectively,
and the sequence {w*} converges to zero strongly in La(Q x (0,T)).

The limiting functions in the domain Q for t > 0 are a solution of the homoge-
nized system consisting of the continuity equation

V-our=0 (4.16)
and the Darcy law
1
H1
The problem is closed by the boundary condition (4.10) for the displacements of the

liquid on the exterior boundary S for t > 0, the normalization condition (3.9) for
the pressure, and the continuity condition

u; = —B- (=Vr; + 0s®). (4.17)

lim n(z°) - wy(z,t) = lim_ n(z?) - wy(x,t), x0 e SO, (4.18)

on the common boundary S° for t > 0.

If the common porous space is connected, then the boundary condition (4.14)
holds on the common boundary S° for t > 0. But if not, then the boundary condi-
tion (4.15) holds on S° for t > 0.

The symmetric strictly positive definite matriz @(az) is defined in Theorem 4.2.

8 5. Auxiliary assertions
5.1. Two-scale convergence.

Definition 5.1. A sequence {w®} C Lo(Qr), Qr = Q x (0,7), is said to be
two-scale convergent to a l-periodic function W(x,t,y) € La(Qr xY) of y € Y

(w® LN W(x,t,y)) if for every 1-periodic function o = o(x,t,y) of y we have

lim w%a:,t)a(w,t, az) dz dt = / (/ W(x,t,y)o(x,t,y) dy) dz dt,
=0 /o, € Qr \Jy

where Y = (0,1)3 is the periodicity cell.
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The following theorem establishes the existence and basic properties of two-scale
convergent sequences.

Theorem 5.1 (Nguetseng’s theorem). 1) Every bounded sequence {w*} in Lo (Qr)
contains a subsequence two-scale convergent to a function W (x,t,y), where W €
Lo(Qr x Y) is 1-periodic with respect to y.

2) Let {w*} and {eD(z,w*)} be uniformly bounded sequences in La(Qr).

Then there are a 1-periodic function W = W (x,t,y) of y and a subsequence
of {w®} such that W,V,W € Lo(Qp xY), and the subsequences of {w°} and
{eD(z, w*)} are two-scale convergent in La(Qr) to W and D(y, W) respectively.

3) Let {w®} and {D(x,w*)} be bounded sequences in Lo(dr). Then there are
functions w(z,t), weWy'(Qr), Wz, t,y), Wely(QrxY) N WyY) and
a subsequence of {D(x,w*)} such that W is 1-periodic with respect to y, D(z,w) €
L2(Q7), D(y, W) € Lo(Qr x Y), and the subsequence of {D(x,w*)} is two-scale
convergent to D(z, w) + D(y, W).

Note that weak convergence and two-scale convergence are related as follows:

if we 2 Wi(x,y) (two-scale),
then w*(x) — / W(x,y)dy (weakly).
Y

Lemma 5.1. Suppose that the geometry of periodic structures satisfies Assump-
tions 3.1-3.3 and the sequence {w:} converges weakly in Wy°(Q x (0,T)) to
wy(x,t). Then w, € Wy°(Q x (0,T)).

Proof. The proof is obvious. By construction, the solenoidal function w$ vanishes

on S. Therefore, T
/ /w§~V<pdxdt:0
0 JQ

for an arbitrary function ¢ € Wé’o (Q x (0, T)) Letting € — 0 in this identity, we

obtain that "
/ /wS~V<pdxdt:O.
0 JQ

Since ¢ € Wé’o (Q x (0,T )) is arbitrary, this is equivalent to the conclusion of the
lemma. O

Lemma 5.2. For every unit vector e there is a solenoidal vector-valued function
u(y) with suppu C Yy such that

wy = [ uw)dy=e (5.1)
Proof. Take a ball B C Yy and let v(y) be a solution of the problem

Av—Vp=Af, y € B,
V-v=0, y € B,

/ pdy=0, v(y)=0, yedB, (5.4)
B

with a fixed function f(y) and an arbitrary constant A.
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We choose the constant A in such a way that
leo| =1, where eg = / vdy.
B

In what follows, let T be an orthogonal matrix such that T - ey = e.
In the new variables z = T - y, the function u(z) = T - v(y) is a solution of the
problem

ANu—V,q=F(z), V, -u=0, z € B,

/qdy:O, u(z) =0, =ze€dB,
B

where F =T - f and ¢(z) = p(y). By construction,

e:T-eg:/']I‘-vdy:/udz. O
B B

8§ 6. Proof of Theorem 4.1
For convenience, we split the proof of the theorem into several lemmas.

Lemma 6.1. For every € > 0 the problem (3.1)—(3.8) has a unique generalized
solution such that

ow®
ot
and the first bound in (4.6) holds.

w® € Wy (Q x (0,T)), e W,°(Q5 = (0,T)), p° € Ly(Q % (0,7))

Proof. The proof is standard. It uses a derivation of the a priori bounds (4.6) and
Galerkin’s method. Putting to = T and ¢(x,7) = ((7 ) (m 7) in (4.2), where
CG(r)=1for 0 <7 <tand ((r) =0 for 7 > ¢, weobtamthat

K e owe\ |
/o/aux ]D)(x,aT>

This yields the desired bound

dodr + % /Q(1 — )N @) [D(z, w®) [* (x, t) da

(z,7) wdrdr < CF2/ /|]D):cw)\2dxdt

T e ows\ |?
/0 /Qaﬂx D<x78t) dx dt
e\ 2
+0@tixTé(1 XON@)|D(x, w®)|*(x,t) de < OFZ. (6.1)

The main integral identity in the construction of approximate solutions is obtained
from (4.2) with ¢, = t by integrating the resulting expression with respect to
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time and choosing test functions in the special class S% (@) of solenoidal functions

in Wi(Q): ¢ € S5(Q) C W3(Q):
e ow* )
/Qaux ]D)(a:7 W(w)) : D(z, p(x, 1)) do
+ / (1 - XA @)D (z, w*(z,1)) : D(z, p(, 1)) dz
Q

:/Qﬁst(a:,t)-go(a:,t) dx. (6.2)

Here we have used Assumption 3.4.
Let {¢,}, k=1,2,..., be an orthonormal basis in S3(Q). We put

N ok
dcy

dt
k=1

wi(x,t) =

O)x(T), (6.3)

where the functions ck; are determined using the following system of linear differ-

ential equations with constant coefficients:

Za“ +Zb’”’“— 1=1,2,...,N;

aht = / a, X D(z, ;) : D(x, ;) dz,
Q (6.4)

bk’l = /Q(l - X\E)X(w)D(LU,LPk) ZD(.’I},QOZ)diL‘, kvl = 1727~ . 7N;

Fl:/§EF5~<pldx, 1=1,2,...,N.
Q

Since
N

> aktehe = [ oDl o> 0
Q

k=1

for all e = Zgﬂ &F e, with Zgzl |€¥|2 = 1, the system (6.4) has a unique solution.
Thus we have constructed approximate solutions for all N =1,2,... .
Consider also the function

ous
t)=> kt)ey(x), 1=12,...,N, wy= atN' (6.5)

We easily see that w%, and u; satisfy the integral identities

to ows .
[ [ (s 252 ) 0 - 29)3@nte wi)) Do) o
0
to
=/ /ﬁsFe-soN dz dt, (6.6)
0 Q
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/ /<%XED<’ ot ) ( _Qs)x(‘”)]@(%u?v)) : D(x, ™) da dt
:/0 /Qﬁe‘f’s-goNdxdt, (6.7)

t N
“(@,1) = / F(z,r)dn, o =3 &)
k=1

with arbitrary functions ¢¥(¢), and the following estimates hold:

where

N
/ /aux ( x, 8tN) dx dt
2 2
+0r<nta<xT/Q( A (@) |D (2, wi(, 1) )| dxr < C.FZ, (6.8)
/ / ozw?e‘]])(aj, agf) dx dt
0 JaQ
~e\ N 2 2
—|—0r<nta<xT/Q(1 = X)) | D(z, ufy (x, 1)) | do < CF?, (6.9)

where the constant C., generally speaking, depends on ¢.
Passing to the limit as N — oo, we obtain the desired generalized solution
of (3.1)—(3.8). It satisfies the integral identities

/ /(Q“XED( ’ &s) ( ‘Tﬁ(m)m(ast)) Dz, ) da dt
:/o /gst'SOd:vdt, (6.10)

/ /(auxsﬂ)( e ) +(1 _Qa)X(m)D(%us)) D(z, o) da dt
:/0 /QEE'I’s'Sdedt (6.11)

and the equality
ou’®
“(x,t) = — t). 6.12
(1) = 5L (1) (612)
Note that we passed to the limit in the integral identity (4.2) with test functions
of class S}(Q), where the pressure is absent because the functions of this class
are orthogonal in Lo (Q x (0, T)) to the gradients of scalar-valued functions.
Therefore the pressure p® does not occur in the integral identity (6.10). This
identity will take the form (4.2) with pressure p¢ € Lo (Q X (O,T)) if we are con-
sidering non-solenoidal test functions.
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In a similar way, the identity (6.11) in the case of non-solenoidal test functions
1 € Wi(Q) will take the form

/oto /Q (““’? v ("”” a(;;) =N @D(, ua)) D, ) do dt

to
:/ /(WEV'¢+§E<I>E~1/J)dmdt, (6.13)
o JQ

where

7w (x,t) = / p(x,7)dr € Ly(Q x (0,T)). (6.14)

0
The proof of (6.14) is standard (see [17]): choose ¥ = J¢ /0t in (6.13), integrate
by parts and compare with (4.2).

Finally, the function 7€ belongs to Lo (Q x (0,T )) because this space is the direct
sum of the closure of the space of solenoidal functions and the closure of the space
of gradients of scalar functions [20]. O

Lemma 6.2. The bounds (4.6) hold under the hypotheses of Theorem 4.1.
Proof. Put

e ow®
B (t) =/ <04;LX D<$’6t> 1 D(z, )
Q
T (1- )M @)D(e, w") : Dl ) — 0°F* 90> dr.
Then (6.5) takes the form

to
/ BE(t)ydt =0 forall tg <T,
0

or
B°(to) =0 for almost all to < T

e ow* _
/Q<aﬂx ID)(a:,at(a;,to)> .]D)(:ZZ,(p(.’I},tQ))
+(1- QE)X(m)D(x,wE(m,to)) : ]D)(x, go(:c,to)) —0°F* . cp(w,to)> dr =0

for almost all ¢y < T. The last identity also holds for all functions ¢(x,¢) that are
solenoidal with respect to the spatial variable and vanish for € S.
Putting ¢ = w® in this identity, we obtain that

1 X 13 2 to SE N 13 2
Q/Q%LX |]D>(a:,w (z,t0))] dx+/0 /Q(l—x A (@) |D(z, we (2, t))|” da dt

to
:/ / 0°F° - w(x,t) dx dt,
0 JQ
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or

to ~
/aﬂx |D(z, w*(z, 1)) dm+/ / )\(m)‘]D)(x,wE(a;,t)”?dxdt

T+6/ /|w (x,t)|* dz dt.

Put w§ = Eg:(w®). Then

/a#x ‘ID)(xw :cto dx—i—/ / |ID)xw wt)| dx dt

F2 to
7+5/ / |we (x,t)|? d dt. (6.15)
Q

Consider the function u®* = w®—w¢ on Qj{k, where w§ = Eg: (w®) (see Lemma4.1).

By construction, u®*(z,t) = 0 for € Q5*. Therefore,
/ w2 dy < Ce? / D(z, w2 da, (6.16)
e,k k
Qy Q¥

where C' is independent of €.
Indeed, put @°*(y,t) = us*(ck+cy,t). Then D(y,a ") = eD(z, us*). Using
the Poincaré—Friedrichs inequality (4.5), we see that

/ (@, 1) dz = / @ (y, 1) dy
Q?k’ e,k

<o pa o) d=cs / (@0 dr,
QY

Yek

Q
_Z/ @ (y,t |2dy CZ/ v, @y, )| dy
20522/ D (2, u*(, 1)) | da::C’€2/ D(, (w* = w?)(x,1)|” da
PR @
2
gCgQ/|D(x,w§(w,t))‘2dm+0i/ )A(Eau’D(x7w8(wvt))|2dx’
0 A JQ
Thus,

to
/ / |w (x,t) — w(x,t)|]* da dt
0

< Ce? /’wa (,1)) ‘ dat—&—C / aummw(azt)‘ dx, (6.17)
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/ \wa(w,t)|2dx</ \w‘;(w,t)|2dx+/ |(w® — we)(x,t)|* dx
Q Q Q
2
<C/ |D(x,w§(m,t))‘2dx+ci/ )A(Eau{D(x,we(a:,t)ﬂzdx, (6.18)
Q Qu JQ

where the constant C' is independent of ¢.
Again taking (6.15) and choosing a sufficiently small §, we obtain that

/Czauy€|m(x,w€(m,to)){2dx+/O0/QX(a:)|D(x,wg(:c,t))|2dxdt

2 t
<CF2+ci/O/ @, X5 D (2, we (2, 1)) | da dt,
A Jo  JQ

or
/aMQE‘D(x,wE(wJO))‘Qdm
Q
to
CF2+C’ /aux ’D(mw :ct)‘ dz dt,
to (6.19)
// |]D)ac'w cct)|dxdt
to 9
< OF2+C’/ /52>z€|n)(x,wf(m,t))| dz dt.
0 JQ
Putting
y(t) :/ oz“)?5|]D)(gc,we(:c,t))’2d:137
Q
the first relation in (6.19) takes the form
Wiy <or? v 0y, y(0)=0
dt 7’ = auy ’ g ==
We can now use Gronwall’s inequality [17]
ay
y( ) X -+ CF2
or
2 [ < 2 2
Jax & /QX5|]D)(x,w8(w,t))‘ dx < CF~. (6.20)

Along with the representation du® /9t = w*®, this proves the second bound in (4.6).
The third bound follows from (6.19), the second bound and the Friedrichs—
Poincaré inequality (4.5). The fourth bound follows from (6.18) and the first three.
We again stress that the constants C' in our calculations are distinct (generally
speaking) but independent of the small parameter €. Since there are finitely many

bounds in our paper, we do not distinguish these constants and denote them all
by C.
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To prove the bound (4.6) for 7€, we write the identity (6.13) in the form

T T
Hw)z/ /WEV~1,Zdedt:/ /(A:D(x,¢)+a~¢)dxdt, (6.21)
0o JQ 0 JQ
where

b= 8D (0 50 ) + (1 TR@DE ), a= 19,
T 62
/ /(A :A+al?)drdt < —CF? < 1y CF?
0 JQ QX

by the bounds (4.6) and the hypotheses.

Since
eV - @bdxdt‘ / /A A+lal?)

the linear functional TI(ep), IT: W3° (@%(0,T))) — R is bounded. By the theorem
on the representation of continuous linear functionals on a Hilbert space [21], we
conclude that

MlCsz

T T
/ / |7 (2, 1) |* dov dt < / / (A: A+ |al]?)drdt < pCF?. (6.22)
) JQ 0 JQ

(

This completes the proof of Theorem 4.1. O

§ 7. Proof of Theorem 4.2
Suppose that {w*®, ¢} is a solution of the problem (3.1)—(3.8),

ou ouf
¢ = 5 and w® =

STt ot

wi =Eq: (w°), w

The bounds (4.6) enable us to choose subsequences (we preserve the same subscripts
here and in what follows)

{w}, {X*w}, {u}, X7}, 7 {XTrh {(-X0)7")
{ush, {ws), {D(z,ug)} and {D(z,w()},

converging weakly in Lo (Q x (0,T )) to functions
w, wyf, w, Uy, "™, Tf, Ts Us, Wsg, D(xaus) and ]D)(CU,’IUS)

respectively.
By Theorem 5.1, there are functions 1-periodic (with respect to y)

W=([1-OW+W°  W;=Wg, U=(01-QU+U°,
U;=Ux, T=0-OU+¢°  I;=1% and I, =Ti(1-7)
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such that the subsequences chosen are two-scale convergent in Lo (Q X (O,T)) to
the functions (respectively)

ﬁ\/v ﬁ\/f7 ﬁa ﬁfa ﬁa ﬁfa ﬁsa

us, ws, D(z,us)+D(y,Us) and D(z,ws)+ D(y, W).

Moreover, W= f)[\/'f + ‘//l\/s, U= ﬁf + ﬁs, = ﬁf + ﬁs, and the sequences
{ex°D(z,u®)} and {ex°D(z, w")} are two-scale convergent in Lo (Q x (0,7)) to
the functions D(y, ﬁf) and D(y, ﬁ\/f), where

— oU :
Wi=" e=lme=mo+1-mpy
o =lim o™ =m0p + (1 -m)es,  2=(1-Qe+e"
Finally, the sequences {D(z,uS)} and {D(z,w:)} are two-scale convergent in
L2(Q x (0,7)) to D(z,us) + D(y,Us) and D(z, ws) + D(y, W) respectively.
Lemma 7.1. Under the hypotheses of Theorem 4.2 we have
vV, W=0 yeV. (7.1)

Proof. Letting ¢ — 0 in the identity (4.1) with to = T and with test functions
P = eo(x, t)p(x/c), we obtain

T T
0:/ /w€~dexdt:/ /w5~(svwocp+1/)ovy<p) dx dt
0o J@ 0o Ja@

_>/OT/Qq/;O(:c7t)(/?W-Vyg0(y)dy) dx dt = 0.

This is equivalent to (7.1). O
Lemma 7.2. Under the hypotheses of Theorem 4.2 we have
Uy, t,y) = mp(z,t)X(x,y), yev (7.2)

Proof. Letting e — 0 in the identity (6.13) with ¢ = T and with test functions
¥ = eyo(x, 1), (z/e), where the functions ¢o(z,t) and 1, (y) are smooth and
compactly supported in @) and Yy respectively, we arrive at the identity

/OT/Qwo(fB,t) (/?f IV, ¥, (y) dy) drdt =0,

whence (7.2) follows. O
Lemma 7.3. Under the hypotheses of Theorem 4.2,

Vs € L2(Q x (0,7)). (7.3)



350 A. M. Meirmanov, O. V. Galtsev, and S. A. Gritsenko
Proof. To prove (7.3), we consider the identity (6.13) and put
T 5 o~
b= te(2).  wet=(@x0D). el
Vy-e(y) =0, yeYy.
Letting € — 0, we obtain that
T ~ o~
/ / (Ao + BV) dedt = 0 (7.4)
0 JQ
for arbitrary functions ¢y € C® (Q x (0,T)). In (7.4) we use the notation

E=/A mD(y,V/Vf):D(y,w)dy—@@-/ pdy, ﬁz—wf/ @ dy.

Yy Yy Yy

We now use Lemma 5.2 to find, for every unit vector of the basis e;, i = 1,2, 3,
a solenoidal function 1), such that

Yi(y)dy=e;, 1=123. (7.5)
Yy

Substituting these functions for the test function ¢ in (7.4), we obtain

T
/ /(Ai%—wf Z%)da:dtzo, i=1,2,3, (7.6)
0 Q L

A = 1D W) : Dl ) dy = 0%+ [ abidy €La(@ x (0.7).
f

where

The identity (7.6) means that

_87Tf
3xi

= A, €Ly(Q % (0,T)) or Vrely(Qx(0,7). O

Lemma 7.4. Under the hypotheses of Theorem 4.2, the limiting functions ﬁ\/f,
¢, ws satisfy the following boundary-value problem in the domain Yy:

mVy - (D(y, Wy) = V,Il; —Vr; = o®, V,-W;=0, yeV,

lim_ Wiz, t,y) = lim Wi(x,t,y),

r—x r—x

2eQ0 zeQ (7.7)
limO]D)(x, Wi (x,t, y)) = lim0 Wiz, t,y),
Tr—ax r—x
zeQ’ xEQ

Wiz, t,y) = w(x,t), yey

(understood in the generalized sense as a solution of the appropriate integral iden-
tities).
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Proof. The first (dynamical) equation in (7.7) follows from the analogue of (7.4)
with arbitrary (non-solenoidal) test functions, and from (7.3). The term V,II;
arises because the test functions are not solenoidal.

The continuity equation for W on Y was deduced in Lemma 7.1. Also, the
equation (7.1) obviously holds for 114 ¢ on Yf

To prove the boundary condition on the boundary 7, consider the equality

€ €

w® = Vot + (1 - X°)wf

and perform two-scale convergence:

w® B W,
TEw® + (1 - X9)ws 2= ()W + (1 - X(z,y))ws, (7.8)
W =W;+(1-X(zy)w

Since
W Wf+(1— X(x, y))'w 6W2 ( (O,T)),

the equality in (7.8) yields the boundary condition on 7. O

Lemma 7.5. Under the hypotheses of Theorem 4.2, the limiting functions wy and
wy satisfy the following continuity equation in Q for t > 0:

wy~+ (1 -m)ws =0. (7.9)

Proof. To prove this continuity equation, we write the integral identity (4.1) in the

form
/ / Xew® + (1 —X%)ws) - Vpdzdt =0

with test functions ¢ = ¢)(x,t) and let € — 0:

T
//(wf+(1—m)ws)-V1/1dxdt:O.
0o JQ

Since 1 may be chosen arbitrarily, this identity is equivalent to (7.9). O
Lemma 7.6. Under the hypotheses of Theorem 4.2, the limiting functions ué(w t),

U, (z,t,y) and H(:L' t,y) satisfy the boundary-value problem in the domain Y for
the followmg system of microscopic equations:
oG-SOl 0000 T =0,
) (V- us +V, Uy) =
<ﬁs>?s =0, (Mg =0, (7.11)

where
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Proof. The equality (7.10) follows from (6.13) if we put

P = h(w7t)w0 (j)v S W%(Q),

and pass to a limit as ¢ — 0.
The equality (7.11) is obtained from the continuity equation (4.1) in the form

T
/0 /QV-uEwdxdtzo
¥ = h(x.1) (1 >2<w‘:>>

for the test functions and let ¢ — 0. O

if we choose

Lemma 7.7. Under the hypotheses of Theorem 4.2, the limiting functions us(x,t),
Ug(x,t,y) and 7 satisfy the following dynamical macroscopic equation in Y:

Vo (A(@)((1 - D, w) + Dy, O)y.) 7)) + 2@ =0.  (7.12)
Proof. The equality (7.12) follows from (6.13) if we let € — 0 with test functions
of the form v = (x,t). O
Lemma 7.8. Under the hypotheses of Theorem 4.2, the limiting functions w¢(x,t)
and my satisfy the Darcy law
t 1 ~
wy = r?L/ ws(x, 7)dr + ;B(—V?Tf + 0®P) (7.13)
0 1

in Q for t >0, where the symmetric matriz B is strictly positive definite.

Proof. To derive the Darcy law, we consider a boundary-value problem consisting
of the differential equation, the boundary condition in (7.7) and the continuity
equation (7.1):

,U1vy'(D(%Wf))—Vyﬁf—VFf-i-/Q\(I)f:Q yE?f,
V, W;=0, yeVy, (7.14)
Wiz, t,y) = wi(z,t), ye7.
Put

1 ~
f(*Vﬂ'f + Q@) =
H1

s.
i M "
I
N
Q
q]
.

3 .
ﬁ\/f(ac,t, y) = wy(x,t) + Zzi(a:,t)ﬁ\/lf(y),

=1

3
Zzlmtl—[Z

i=1

(7.15)
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Substituting the expression (7.15) into the system of equations (7.14), we obtain
Uy (D(y, W) = VIl + e =0,  yeTy,
v, W,=0, yev, (7.16)
ﬁ\/jc(:c,t,y) =0, Yy €7.

The proof of the existence and uniqueness of a generalized solution of (7.16) is
standard [20]. Moreover, since the boundary ¥ is infinitely smooth, this solution
will be infinitely differentiable.

Thus,
3 )
—~ R 1 i ; R
wy = (Wy)p = mw, + o <Z<Wf>?f @e )(—wf + 0®)
i=1
. 1 = .
= mw, + o B(—V7s + 0®), (7.17)
1
-~ 3 —1 .
B= Z<Wf>?f ®e'. (7.18)
=1

We claim that the matrix B = (E” ) is symmetric and strictly positive definite:
D BIEG 2 by €, (7.19)
i,j=1 i=1

where by = const > 0.

First, we multiply the first equation in (7.16) by ﬁ\/; and integrate the resulting
equality by parts over the domain Y7:

—i —j —
| D W) pw. Wdy= | Wi-eldy. (7.20)
Yy Yy
For arbitrary (C1, o, Cs) = ¢ and (71,72, 73) = 1 € R? we put
3 /\l‘ . 3 /\1, . -~ 3 . . ~ 3 . .
=D WGl EZ =) Wl Qo= ¢ Q=) I’
i=1 i=1 i=1 i=1
Then the following relations hold in accordance with (7.16):
Vi (D(3:20) = V,Qc +¢ =0, yeT),
Vy '/Z\C =0, Y < Yf, (721)

/Z\C(m7t7y):07 ye?, N @Cdy:o
Yy

Multiplying the first equation in (7.21) by Z,, and integrating by parts, we obtain
the identity

Dy, 20) : Dy, Z))g, = (- 2oy, (7.22)
for all ¢,n € R3.
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On the other hand, multiplying (7.20) by ¢*n’ and summing over i and j, we
obtain the identity R
n- (B(Q)) = (D(y,Z¢) : D(y, 2y))y,
for arbitrary ¢ and 1. In particular, it follows that the matrix B is symmetric.
Moreover,

- (B(C)) = (D(y, Z¢) : D(y, Zy))p, > a0 (7.23)
for arbitrary ¢ with |¢| = 1 and some constant ag > 0.

Indeed, assuming the opposite, we arrive at the equality D(y,Z¢) = 0, which is
possible only when Z. is a linear function of y. However, a linear function which
is infinitely differentiable and periodic with respect to y and satisfies the homoge-
neous boundary condition in (7.21), must necessarily be identically equal to zero.

Again considering (7.21), we see that Vyég =—(, or @4 = —( -y + const. This
is impossible because @C is a periodic function of y. (I

Lemma 7.9. Under the hypotheses of Theorem 4.2, the limiting functions ws(x,t),
wy(z,t) and 7y satisfy the Lamé system of equations

Vo - (M) (N : D(z, us) —771)) + 0@ =0 (7.24)
in the domain Q, where the tensor ‘ﬁ“’(m) of rank four is defined by (7.28).

Proof. The system of equations (7.24) can be deduced from the system of equa-
tions (7.12) once we have calculated the functions (D(y,Us))y, and .
To do this, we rewrite the system of equations (7.10) in the form

vy.(X( )(1 - (= y))(D(%usHD(yﬁs)‘;l(ﬁs_ﬂfﬂ)):O’ (7.25)

(2)
(1-%(z,9)(V-us+V,-Uy) =0
and put

DOz, t) = V - uy(z, t).

- J
we= b, D90 = 3 (G + G @)

We seek a solution of the system (7.10), (7.11) in the form

3

Ul(a.t,y)= . DY(@, )0 (2,y) + D*(@, 1)U, (z,y).
ij=1
[T A(w)( S D (@, 1)1 (2, ) +D°<x7t>n2<x,y>).
ij=1

We have
vy ((1-X(2,y)) (D(% Yy 4 I — 1)) =0,

]

(Us)y, =0, (MY)g =0,
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The proof of the existence and uniqueness of periodic generalized solutions of the
linear systems (7.26) and (7.27) of differential equations is standard (Galerkin’s
method and a priori bounds).

The equation (7.24) follows from (7.12) after calculating the expressions

~

P =\1—m)D(z,u,)+ S,  S=AD(y,U,))s —l,

3 .
= 3 .U DY + (D(y, T,))5. D°

3 -
= ( Z (D(y, Uy ® J9 —|—]D)(y,ﬁ§) ®H>ﬁ> : D(z, us),

7= (g = (Xrp + (1 - Vg = (mp + (1 = Q)AL — 77))5

3
=7y +}\\< Z ﬁ?>A DY + X<ﬁg>?SDO

i,j=1 Y

5 = X(a D@ )+ Y B0 @I + (0.0 o1
i,7=1
3 o~ o~
- :(H?)?S]IQQJ”—(HS);.S]IQ@I[). 0 (7.28)

i,j=1
Lemma 7.10. Under the hypotheses of Theorem 4.2, the tensor s of rank four
is symmetric and strictly positive definite.

Proof. All the properties of 9N follow from the equalities

(D(y, T7) : Dy, U5, + (37 : Dy, U, )5, =0, (7.20)
(D(. T.) : Dy, T))5, =0, (7.30)

()5 = 19 (D(y,U,)s.. (7.31)

()5 = —(D(y.TY) : D(y. U))s, (7.32)

for 4,,k,1 =1,2,3.
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These equalities can be obtalned frorn (7. 26) and (7.27) if we multiply (7.26)

(vesp. (7.27)) by U ! and U (resp. U and U ) and integrate by parts over the
domain Y. R
Indeed, multlplylng (7.26) by U and integrating by parts over Y;, we obtain

(7.29) since V - Us = 0. Multiplying (7.27) by U’

S

and integrating by parts

~ 0
over Yy, we obtain (7.30) by the previous argument. Multiplying (7.26) by U, and
integrating by parts over Yy , we obtain (7.31) in view of (7.30). Finally, multiplying

~0 ~
(7.27) by U, and integrating by parts over Y, we obtain (7.32).
Let ¢ = ({;;) and n = (n;;) be arbitrary symmetric matrices. We put

3 3
~ 17 ~ ~ 17 ~0 ~0 0
= Z Us CU’ ZTI: Z Us Nijs Z(:Ustr(C)a Zn:Ustr(n)a
ij=1 =1

where tr(¢) = Zle Cis-
Then the expressions (7.29)—(7.32) take the form

(D(y, Z¢) : Dy, Zy))y, +C : (D(y, Zy))g, =0, (7.33)
(D(y, Z,) : D(y, Z)))5, =0, (7.34)
(D(y, Z,))5, : ¢ = ()5, 1:39) : ) : m, (7.35)
Dy, Z¢) : Dy, Z,))5, =~ (I& 1) : ¢) 1 (7.36)
Thus,
(O :¢)in=(L—M)C:n+ Dy, Z))g, 0+ Dy Z))s. <1
+(D(y, Z,))g, : ¢+ Dy, Z)) : Dy, Z,)s..

Using (7.33) and (7.34), we finally obtain

(O : Q) = ((Dy. Zc + Z0) + ) : (D(y. 2+ Z,) +1))5.- (737)

This expression shows that the tensor 9Ns is symmetric. In particular,

—~ ~ ~0 = =0
M) :n=(D, Z,+Z,)+n): (D(y, Z,+ Z,) + n)>f,s > ag = const > 0

for all n with Z?,j:l Inij|? = 1.
Indeed, assume the opposite: there is a constant matrix 77 with Z?,j:l mii? =1
such that R R R o
D(y, Vﬁ) + ?7 =0, Vﬁ = Zﬁ + Zﬁ, (7.38)

that is, the function ‘75 is linear. By (7.26) and (7.27) we have

Vy ((1* z,y)) (D( ‘717)+77 Q) =0,
Y)(Vy - (Vi+1)) = ye?, (7.39)
<V o =0, (@)

~<>
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Since this system has a unique periodic solution ‘756 C"o(}/}) and every periodic
linear infinitely differentiable function is constant, we obtain that ‘777 € (COO(}A/) =0
and 17 = 0. Thus the symmetric tensor N is strictly positive definite. O

Lemma 7.11. Under the hypotheses of Theorem 4.2, if the common porous space
is connected, then the boundary condition (4.14) holds on the common boundary S°.
In the opposite case, the boundary condition (4.15) holds on the common bound-
ary S°.

Proof. When the common porous space is disconnected, we consider a ball By with
centre x € S° and radius 6 and put I'{ =9B; (" S° and By = {z € Bs(xo) : 23 >0}.
We define w® = w® — wS. Then w® = 0 in Q5. By assumption, S° C Q¢ (the
common porous space is disconnected). Hence, w" = 0 on S°.
We now use the continuity equation (3.1). For an arbitrary smooth compactly
supported function &(x,t) on Bs, we have

T
/ / EV - widedt = // EV-w dxdt
BY BY
=/ Vf w® dx dt = / / X°VE - w® da dt
B+
/ / X°VE - (wf —ws)dedt = / / VE-( — X ws)dxdt
Bf Bf

T T
/ §V~w§da:dt:/ / V¢ - (w§ — x"ws) dr dt.
0o JBf 0 JBf

Letting € — 0 in the last identity, we obtain that

r —~ T
/0 /B(;+ §(m V- wit (D(y, W)y, dudt = /0 /B(;* VE - (wy — mws) dx dt.

Integrating by parts once again, we arrive at the equality

or

T
| €+ 0 W)y, + V- () ) dode

T
= / &n - (wy — mw,) do dt. (7.40)
0 Jrg

For compactly supported functions £ on B;, (7.40) yields that
mV - w§ + (D(y, ﬁ\/s)>?f + V- (wy —mw;) = 0.

In view of this equality, the identity (7.40) takes the following form for arbitrary
functions &:

/ &n - (wy —mw,)dodt =0.
s

This identity is equivalent to the boundary condition (4.15).
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We now assume that the common porous space is connected. By definition of
a connected porous space, YJQ NY; # @. Consider the identity (6.13) with

xr

tO = Ta 17b = h(mat)wz <E>’
where

Supp(h) C B5a Supp(wz) - Yf(.) N Yf, <¢1>Y = €4, 1= 17 2,37

and {ejy, ez, es} is the Cartesian orthogonal basis, and pass to a limit as e — 0.
We have

0 :/O /Q((m 22Dz, we) + (1 — X5)A (@)D, uF)) : D(x, hib,)
_T‘-EV"lp_As@E"lﬂi)dxdt
T
= /0 /Q(h(w))/(\a(ul eD(z, w®) : D(z,v,) — 7n° Vh(x) - ¢Z)) dz dt + o(e)

T
H/ /(h(x)Ai—Wf (1)) dadt = .
o Ja
Here

A= /Y juD(y, W) : D(y,b) dy € Lo(Q x (0.7)), 7 € La(Q x (0,T)).

Therefore,

87Tf
&ri

= -4, €L2(Q % (0,7)) and 7 € Wy°(Q x (0,7)).

This guarantees the continuity (in the sense of Lo(Q x (0,T))) of the function
m¢(z,t) on Q and, in particular, on S°. O

§ 8. Proof of Theorem 4.3

The proof of this theorem follows from Theorem 4.2 as k¥ — oo and from the
bounds (4.6), which still hold for the solutions of the problem (4.7)—(4.15) after
passage to the limit as e — 0.
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