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Using the previously proposed method of calculating diffracted photon yields in thin perfect crystals,
analyzed a relative contribution of parametric X-ray radiation and diffracted photons in thin crystals.
It is shown that for average energy of electrons and the center of the PXR spot diffracted real photon
contribution is comparable to the yield of parametric X-ray radiation and determines the shape of the
angular distribution of the total emission in this range of observation angles. The possibility of estimating
electron beams parameters based on the results of PXR angular distribution measurements is discussed.
It is shown that for energy of electrons by far larger than 1 GeV yield of diffracted transition radiation in
narrow angular cone becomes predominating and determines the shape of the angular distribution of
total emission in the center of radiation spot.

� 2015 Published by Elsevier B.V.
1. Introduction

Parametric X-ray radiation (PXR) generated by passing fast
charged particles through crystals had been actively studied till
the end of the last century (see, for example, [1,2] and references
therein). The interest to this type of radiation was mainly due to
search for tunable compact sources of intensive X-ray radiation
for practical, especially, medical applications as an alternative to
storage rings. Nowadays it is considered to be established (see,
for example, [3]), that radiation intensity, obtained through this
mechanism of generation and perfect crystals, is not sufficient for
actual medical applications.

In the first approximation PXR can be considered as coherent
scattering its own electromagnetic field of a particle on the elec-
tron shells of periodically arranged atoms of a target [4,5]. By anal-
ogy with X-ray diffraction in crystals, there are two approaches to a
description of PXR. The so-called kinematic approach suggests that
the multiple reflection of PXR photons at the crystal planes is
negligible. If the probability of the process is not small, the
dynamic theory must be used. As it was noted in [6] and confirmed
in a number of experimental works (see, for example, [7] and refer-
ences therein) kinematic theory of PXR describes the results of
emission yield measurements for the energies of electrons from a
few MeV to several GeV with an accuracy better than 10–15%.
In connection with the agreement between PXR measurements
and calculation results recently there were suggested to use PXR in
thin crystals for diagnostic of electron beams parameters, in par-
ticular, their transverse sizes [8,9]. The results of PXR measure-
ments for thin crystals [9,10] was not well described by the PXR
kinematic theory [1,2]. For fast electrons PXR is always accompa-
nied by radiation diffracted in the crystal which is born directly
inside the target or on its surface [11,12]. In the first case we can
talk about diffracted bremsstrahlung (DB) and in the second one
about diffracted transition radiation (DTR). The first is dominated
by under the condition x� cxp, where x is photon’s energy, c
– Lorentz factor, and xp – plasma frequency of the medium, and
the second under opposite condition. If condition x � cxp is true,
the contributions of both mechanisms of radiation are observed.

The last condition is satisfied in the above mentioned papers
devoted to analysis of possibility determination of electron beam
parameters on the measured PXR angular distributions [8,9].
Another feature of these works is the use of devices that measure
the total characteristics of radiation; for example, the ProxiVision
HR25 X-ray camera [13] in the experiment [9] and the position-
sensitive detector based on a so-called imaging plate (IP) [14] in
the experiment [10]. Therefore, as it was noted in [15] for analysis
of these studies results and comparison with results of calculations
it is necessary to summing over all orders reflection intensity tak-
ing into account characteristics of the used experimental equip-
ment. Availability of experimental data devoted to the electron
beam size measurements by means of PXR angular distribution
one which are not described theoretically excluding diffraction of
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real photons, provide an opportunity to consider the study of the
influence of real photons diffraction on the observable emission
characteristics in wide range of electron energy up-to-date and
of importance.

2. Theoretical considerations

In the experiment, all mechanisms generation of radiation at
the Bragg angles are implemented simultaneously, so here we
introduce the basic formulae and approaches for each of them that
we used for calculation, following mainly the works [12,15]. As it
was noted in the introduction, kinematic PXR theory describes
quite well results of measurements so to calculate the PXR yield
we used formula of PXR spectral-angular distribution obtained in
the kinematic approximation in the work [16]:
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The system of units used is �h ¼ me ¼ c ¼ 1. Here,

�0 ¼ 1�x2=x2
p , ~b ¼ b~n0 is the electron velocity vector, ~n0 and ~n
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the index denoting the vector projection on the plane normal to
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In the expression (2) j Sð~gÞj2 is the structure factor, exp(-2 W) is
the Debye–Waller factor, Fð~gÞ is the Fourier component of spatial
distribution of electrons in a crystal atom (Fð0Þ ¼ Z, where Z is
number of electrons in an atom).

The account for dependence of the spectral-angular distribution
of PXR from angle between direction motion of electron and plane
of crystal is based on approach proposed in [17] which is introduced
to simplify calculation multiple coordinate systems connected with
direction of the primary electron beam (a laboratory system), direc-
tion of the crystal plane (a crystal system) and direction of motion
of the emitted photon (a coordinate system of the detector).

Transition from coordinates of crystal system and detector one
where the respective values are described in a most simply way
into the laboratory coordinate system, where they are used for
calculation, are performed by corresponding transformation
matrix. The divergence of the electron beam incident on the target,
multiple scattering of the electrons in the crystal, collimation of
radiation and other experimental factors were taken into account
according to the procedure described in [18].

For medium-energy electrons radiation in X-ray range of pho-
ton energy (x 6100 keV) except PXR, is generated through the
mechanisms of bremsstrahlung and transition radiation (TR).
Spectral angular distribution of the TR intensity on vacuum
environment without taking into account polarization of the radia-
tion can be represented as [19]:
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where h is a photon emission angle according to the direction of the
electron motion.

For simplicity it can be assumed that the TR is generated
directly at the inlet into crystal and then it is diffracted therein.

It is known (see, for instance [20,21]), that the bremsstrahlung in
a dense medium in frequency range x 6 cxp is suppressed due to
the effect of medium polarization, and degree of the suppression
depends on both energies of photon and electron, and angle of a pho-
ton emission. While calculating, we used expression for spectral-
angular distribution of soft component bremsstrahlung (x� Ee),
obtained in [22], which takes the suppression into account.
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where L – the radiation length.
Angle of a photon emission in expressions (3) and (4) is mea-

sured from the direction of motion of the emitting electron.
Whereas in the experiments it is generally measured dependence
of the resulting radiation yield Yðx; hÞ in the collimator aperture
#c on the observation angle h with respect to the center of the
reflex, located at an angle HD.

To obtain such information it is necessary to take into account
scattering of electrons inside the target. To calculate spectral-angu-
lar distribution of bremsstrahlung with account multiple scattering
in accordance with the methodology [18], the target is divided into
a large number of layers with thickness Dt.

The angular distribution of electrons Pðt; he;ueÞ after ith layer is
calculated by convolution of the multiple scattering angular dis-
tribution of particles in this layer with distribution of electrons
entering into it. It was assumed that the angular distribution of
electrons after passing substance layer of thickness Dt is described
by Moliere distribution [23].

In this case, the spectral-angular distribution of bremsstrahlung

born at a given depth t inside the crystal, d2 I�BSðx;h;u;tÞ
dxdX is defined by

convolution of the spectral-angular distribution of bremsstrahlung
with the angular distribution of electrons at this depth and may be
written as:
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Here ~neðhe;ueÞ and ~ncðhc;ucÞ are vectors describing the prop-
agation direction of the electron and photons in the laboratory
frame of reference and in the system connected with the direction
of electron motion, respectively. ~nðh;uÞ ¼ ~ne þ~nc is a vector
direction of the photon in the laboratory frame, and f ð~n;~ne;~ncÞ is
a function describing connection between these vectors, see [24]
for details.

With this in mind angular distribution of the diffracted radia-
tion relative to the center of reflex along axis x (see, for example,
[11]) can be represented as:
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Fig. 1. Vertical distribution of the X-ray yield for [10] condition and the first
reflection order. 	 – PXR; 1 – DTR; 2 – DB; 3 – PXR + DTR + DB; 4 – PXR without the
electrons multiple scattering and the electron beam divergence.
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where d2 I�TR
dxdX is the spectral-angular distribution of the transition

radiation, taking into account the divergence of primary electron
beam, calculated by analogy with the expression (5), Rðx;~n;~g;HDÞ
is the reflectivity for these directions of the vectors~n and~g, defined
crystal orientation angle H and location of the detector HD.
S�ðx;~n; TÞ and Sðx;~n; tÞ are functions taking into account photon
absorption in the crystal and geometry of the experiment, Tis the
crystal thickness. The integration into (6) and (7) is taking place
over all angles and photon energies with the hit of photons in the
collimator.

If necessary, for consideration of the spatial electron beam dis-
tribution on the crystal (see below) in the expression for the
observed angular distribution of radiation (6) and (7) may be
included additional integration over coordinates of radiation point
taking into account this spatial distribution.

To determine the yield of the diffracted radiation it is necessary
to know reflectivity of the crystal Rðx;~n;~g;HDÞ. We used method
described in [15]. This method based on the approach proposed
in the article [12] and allows to take into account multiple Bragg
re-scattering, absorption and scattering photons due to processes
that are not associated with diffraction. The used technique [15]
is not limited concerning thickness and geometry of a using crystal.
Provided some modifications it can be used for more complex
functional dependence of reflection probability on the angle
between the direction of the photon movement and the plane of
the crystal than it was used in [12].
Fig. 2. Vertical distribution of the X-ray yield for [10] condition and three reflection
orders.
3. Relative contributions of PXR and real diffracted photons in
thin crystals

As is noted in the introduction, main purpose of this study is
explain the results of new experiments, where the PXR kinematic
theory does not describe the measurements results without con-
sidering the contribution of real photons diffraction and analysis
of possibility to use similar measurements for estimation of the
electron beam parameters. In order to analyze the influence of
the diffracted real photons contribution and experimental condi-
tions on the angular distribution of the resulting radiation a series
of radiation yield calculations for the experimental conditions [10]
were performed with procedure [15]. Electron beam energy of
255 MeV with divergence #e � 0.25 mrad hits on a silicon crystal
thickness of 20 lm. Reflection (220) is being investigated. The
system of detecting is located at a distance of 1 m from a crystal
at an angle HD ¼ 2HB ¼ 32:2�. The square detector the size of
which is 0:3� 0:3 mm2 is moving down through the center of
reflex with a step of 0.3 mm.

Fig. 1 shows vertical angular distribution of parametric X-ray
radiation – points. Distributions of the diffracted transition
radiation and the diffracted bremsstrahlung and total radiation
yield for experimental conditions [10] and the first reflections
order calculated by a technique [15], so these are the curves 1–3,
respectively. The results of PRX calculations excluding divergence
of electron beam and multiple scattering of electrons within the
crystal are shown also (curve 4).

As can be seen from the figure, PXR possesses bigger intensity
than the diffracted radiation, and its angular distribution is signifi-
cantly broader. In the center of the PXR angular distribution there
is a dip, whereas output of the diffracted radiation is concentrated
near Bragg’s direction. As a result, output of the diffracted photons
gives the main contribution into output of radiations in the center
of the reflex as it was observed in the experiments [11,12]. It
should be noted that multiple scattering of electrons in crystal
and electron beam divergence which are not taken into account
while comparing calculated and experimental results in the [10],
see the dependence of 4, also increase the radiation intensity in
the center of PXR reflex.

For the experimental conditions [10] and the first reflection
order the condition x � cxp is satisfied, so we can observe both
DB and DTR. Energy of photons of the first allowed reflection order
x ¼ 11:65 keV < cxp � 15:97 keV, that is why the yield of dif-
fracted bremsstrahlung is suppressed due to the Ter-Mikaelian
effect of density [20,21], and appears to be less than the DTR yield.

For using of PRX for diagnostic of electron beams parameters
authors of [8,9] assume to register radiation not for individual
reflection orders, but the angular distribution of the resulting
radiation, since this approach requires significantly less time for
information receiving. That is why let us analyze the differences
between the resulting angular distribution (	) and the distributions
for individual orders of reflection shown in Fig. 2 for experimental
conditions [10] and three orders of reflection, these are the curves
1–3, respectively.

The figure shows that the main contribution to the total
distribution gives the first order of reflection. Contribution of the
second and especially the third orders with higher energy of pho-
tons, and more narrow angular distribution is substantially less.
However, the second-order contribution is sufficient enough to
be noticed, and while using the absorber on the way of the photon
beam from the crystal to the detector, as, for example, in the
experiment [9] can be comparable with the contribution of the first
reflection order.

As is noted in the introduction, authors of the above cited works
[8,9] proposed to use measurements of the total radiation angular
distribution for determination of an electron beam size. To test the
hypothesis about influence of this factor on the total emission
angular distribution it was made calculation taking into account
spatial distribution of the electron beam on the crystal according
with information listed in [10].



Fig. 3. Vertical angular distribution of total radiation for the experiment [10]. 1 –
calculation for point like electron beam; 2 – calculation taking into account
transverse sizes of the beam.

Fig. 4. Vertical distribution of the X-ray yield for [10] condition and the first
reflection order. 1 – PXR for E0 = 1 GeV; 2 – DTR for E0 = 1 GeV; 3 – PXR for
E0 = 10 GeV; 4 – DTR for E0 = 10 GeV.
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Fig. 3 shows results of calculation of the vertical angular dis-
tribution of radiation from a silicon crystal obtained by means of
IP in the experiment [10]. The dependence 1 presents the calcu-
lated angular distribution of resulting radiation PXR + DTR + DB,
obtained taking into account dependence of the IP response from
photon energy and quanta absorption on the way from the crystal
to the IP, see [25] for details. Sizes of the electron beam on the
crystal are not taken into account. The curve 2 in the figure is sim-
ulation results taking into account the dimensions of the electron
beam on the crystal rx � 0:2 mm and ry � 0:7 mm (one standard
deviation). During the simulation it was assumed that the coordi-
nate of the emitting electron is distributed over two-dimensional
Gauss distribution with the experimentally measured rx and ry

[10]. All other calculations were conducted according to the proce-
dure described in [15].

From the figure one can see that when the spatial dimensions of
the electron beam on the crystal is taken into account the ‘‘bottom’’
of the distribution hole is lifted and the distribution maxima
become slightly lower. For other parts of both distributions the
difference between the dependencies is almost negligible.
Therefore, under using of large distances between the crystal and
the coordinate-sensitive detector for measurement of the trans-
verse size of the electron beam as in the experiment [8] only the
central part of the reflex should be analyzed. Direct contribution
of the spatial dimensions of the electron beam on the crystal into
the PXR angular distribution measured may be observed for very
small distance between the crystal and the detector only and com-
paratively large the electron beam size as in the experiment [9].

The kinematic PXR theory was experimentally confirmed for
electrons energy about 1 GeV and less and crystal thickness about
some tens microns and larger. Contribution of the diffracted pho-
tons into the total radiation yield was observed for the same
energy range of electrons [11,12,25]. However we can calculate
contribution of diffracted real photons into total radiation yield
for larger energy of electrons also. It is very interesting because
the authors of [9] and other similar works propose to use the
PXR angular distribution measurements for estimation of electron
beam size of high energy electron accelerators.

Fig. 4 presents results of this calculation for [9] experimental
condition and the first reflection order. Electron beam hits on a
silicon crystal thickness of 50 lm. Reflection (220) is being inves-
tigated. The system of detecting is located at a distance of 1 m from
the crystal at an angle HD ¼ 2HB ¼ 22:5�. The square detector the
size of which is 0:05� 0:05 mm2 is moving down through the cen-
ter of reflex with a step of 0.05 mm. Curves 1 and 2 are calculation
results for PXR and DTR angular distributions for electron energy of
1 GeV. Curves 3 and 4 are the same dependencies for electron
energy of 10 GeV. The DB contribution is negligible and not
presented because the photon energy x ¼ 16:55 keV � cxp �
60 keV and 600 keV for electron energy of 1 GeV and 10 GeV,
respectively. Relatively large DTR contribution in comparison with
results for electron energy of 255 MeV (see Fig. 1) is connected
with the increasing of the particles energy (see below) and a smal-
ler size of the detector.

From the figure one can see that increasing of the electron
energy practically does not change the PXR angular distribution.
The small difference between these distributions is connected with
less electron multiple scattering in the crystal for larger energy of
electrons. For DTR angular distributions this difference is very large
because the transition radiation intensity is proportional to the
energy of electron and the TR angular cone characteristic size is
about c�2. Hence if the kinematic PXR theory and our approach
are valid for electron energy of 10–100 GeV the total emission
angular distribution will have another form: smooth pedestal
and a narrow bright peak with by far larger intensity than the ped-
estal one.

This result allows to propose another method of electron spatial
distribution measurement than in the above cited works. We can
measure the central part of the radiation distribution only and
used the detector placed at the distance about 1 m or larger. In this
case PXR contribution will be a rather small and may be taken into
account by means of calculation. Influence of transition radiation
angular distribution for electron energy of 10 GeV or larger will
be compared with the spatial electron beam size and may be taken
into account by means of calculation also.

4. Summary and conclusions

Results of the study may be briefly stated as follows:

(1) The contribution of diffraction of real photons is maximum
for thin crystals, where it is manifested in the ‘‘swelling’’ of
the minimum in the orientation dependence or angular dis-
tribution and may be compared with PXR yield in this point.

(2) The results of measurements of the angular distributions of
the total radiation of fast-moving electrons in thin crystals
may be used to determine transverse dimensions of electron
beams. For large distances between the crystal and the coor-
dinate sensitive detector this information may be obtained
from the analysis of the deep in the radiation angular
distribution.

(3) For electron energies larger than 10 GeV the results of mea-
surements of the angular distributions of the resulting
radiation of fast-moving electrons in thin crystals may be
used to determine transverse dimensions of electron beams
also. In this case we should analyze the maximum in center
of the total emission spot only. For using of this method the
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kinematic PXR theory and the method of DTR angular dis-
tribution calculation should be experimentally checked
and may be improved for these energies of electrons.
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