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The evolution of the free boundary
separating two immiscible viscous fluids
in an elastic porous medium
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Abstract. We consider the evolution of the free boundary separating
two immiscible viscous fluids with different constant densities in an elastic
porous skeleton. The motion of the liquids is described by the Stokes equa-
tions driven by the input pressure and the force of gravity. For flows in a
bounded domain, we emphasize the study of the properties of the moving
boundary separating the two fluids.
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1 Introduction

As a pore space let us consider isolated parallel capillaries IT = {—1 < 1:/1 <
l,-L < x; < L} (Fig. 1)which are periodically repeated in the rectangle
target domain § with sufficiently small [ (ideal soil). Let €2y and €, respec-
tively, be the domains occupied by the pore space and the solid skeleton
and Q;{ (t), and QJT () be the subdomains €2, occupied, respectively, by the
fluid 1 and the fluid 2.

If put, p}f and p—, py are the densities and viscosities of fluids, the

displacement of fluids in the domains Qf(t) are described by the system of
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Figure 1: Parallel capillaries

Stokes equations
V- (Oéui D(z, Vi) —pjjf JI) + p}%g =0,

V.vi=0,

for the velocity v* and pressure p.
On the free boundary v(t) fluid velocities and the normal stresses are
continuous

V+:V_7

(o D(z,v7") — p;{ I)-n=(a,-Dx,v")- N I) - n, (1)

where n is the normal vector to the free surface.

The condition of the material interface «(t) allows us to consider a joint
motion of two fluids as the displacement of a non-homogeneous fluid with
variable density and viscosity, that do not change along the particles’ paths.
Differential equations of the motion have the form

V- (ayD(z,v) —psI) + prg =0, (2)
V.v=0, (3)
Ipy _ 9ps _
E—FV-(pfv)—ﬁ—i-v-fo—O,

where v = v*, pr = pf, Py = pjf in Q?
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Displacement of the medium in the solid skeleton €, are described by
the Lamé equations

V- (aaD(z, ws) — psI) + psg =0, (4)
V-w,=0. (5)

We have the usual conditions of continuity for the velocity vector in
the continuous medium and normal stresses on the boundary I (“solid
skeleton-pore space”)

Oowg
ot (6)
(aaD(z, ws) = ps 1) - n = (o, D(x,v) — psI) - m. (7)

This statement is generalized, because it allows us to write the equations of
motion in the form of integral identities which do not include the concept
of a free boundary between two fluids.
In fact, it is sufficient to determine w; and wy as
ow
—f:v, w=w; € Qp, w=w, € (.
ot
Let us multiply equation (2) and (4) by an arbitrary smooth function
¢ and integrate the results by parts respectively in €1; and €2,. Then sum
results

/Q ((Xaﬂ D(.%', aa‘;v) + (1 - X)Ct)\ ]D)(m,w) _p]I) .
D(z, ) — pg - 90) dz =0. (8)

Here p = prx + ps(1 — x), p = prx + ps(1 — x). The integrals over the
boundary I" are lost due to boundary conditions (6) and (7).
The differential form of equation (8) has the form

ow
V- (XauD(x,§)+(l—X)a,\D(a:,w)—p]I)—i—pg:O. 9)
The equation of motion (9) is supplemented by the continuity equation
V.-w=0,

which obviously follows from (3) and (5).
The basic equation for an elastic body is written in the Lagrangian
formulation:

pg‘tf—V'(QAD(W)—pH)erg:O,XGQs, (10)
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where v is the velocity field and D(w) is the symmetric second order tensor

[17]
D(w) = % <V,w + (V,W)T> .

To close the system of equations we require speed and displacement
conditions for the second term:
ow

E—VZO, XEQS, (11)

Inserting (11) into (10), we obtain the equation for w

O?*w

P — V- (2AD(w) — pl) + pg = 0, x € 9. (12)

In 2, the displacement of elastic skeleton w, and the pressure p; satisfy
the Lamé equations (1) and (2) on the boundary I" with conditions (6) and
(7).

A two-phase flow can be realized in various ways, for example by estab-
lishing a liquid level (level-set method). The transport equation is solved
as

0¢

— . = Q 1
8t+v Vo =0, x ey, (13)

where ¢ is the transport function. The method for establishing the level
of the interface between two fluids is determined as a specified isosurface.
Therefore at each time a step phase in each computational cell is determined
by comparing a simple scalar.

The condition (7) with surface tension takes the form

71, xen), (14)

(D) —p™I) - n—(D(v")—pI) n)= z

where n is the unit normal to y(¢), R is the curvature radius, 1 is the unit
tangent vector to the interface, o is the surface tension and (14) coincides
with the boundary condition (1) in the absence of surface tension (o = 0).

The system of equations (2)—(7) and (13) is supplemented by boundary

conditions
(2uD(v) —pln = —p*n, x € S*,

(15)
(2uD(v) — pl)n = (AD(w) — pI)n, x € T, (16)
vion=0; n-2uD(v') —p/Iin=0, x e S°, (17)
W’t:O = 05 Xe Q’ V’t:O = Oa Xe€ Q’ 90|t=0 = 0) Xe Qf) ( )

where S is the boundary of symmetry.
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2 ALE-formulation

For the numerical solution of the problem of the joint motion of a fluid
and an elastic body we used both formulations: as two functions (w,v) —
equations (10), (11), and as a single function (w) — equation (12) (see [16],
12]).

Here are two formulations of the equations for the fluid component.
The first is the Eulerian (natural) fluid description, the second is a free
Lagrangian-Eulerian formulation (ALE-formulation). The ALE-description
is necessary to simulate fluid-structure interaction and allows us to link the
boundary conditions between the fluid and the elastic body.

For a viscous incompressible fluid the system of equations consists of
Stokes equations in the Euler formulation are:

ov
pa—v-(Q,u]D)(v)—p]I)—i—pg:O,erf(t), (19)
where Q¢(t) is the current fluid deformable area, v is the fluid velocity field,
p is the pressure, p is the viscosity, and D(v) is the symmetric second order
tensor

1
D(v) = 3 (Vv + (Vv)T)
and the condition of incompressibility is
V-v=0, xe Q). (20)

As previously mentioned, the arbitrary Lagrangian-Euler formulation
is needed to describe the fluid-structure interaction in a single system. For
this we rewrite the equations (19) and (20), using the following relations:

VV:V/VkF_l
and 9 9
W _ 0k
o = o v (VveET,

where k is the index denoting the variables in the ALE formulation, vy is
the fluid velocity field, which is defined as vy = dx/0t. The deformation
gradient is defined as

F=Vw-+I,

where I is the identity tensor, V' denote differential operators with respect
to the start position X of a material point. Motion defined as

X(X’t) =X +w,
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w=x(X,t) — X.
Thus equation (19) takes the form:

ov
P~V 2uD(vi) — pil) + pgi = 0.X € Q1 (0), (21)
and
(F~1.Vvl) =0, X €Q0), (22)

where 2¢(0) is the region being considered that is occupied by the fluid.
The stress tensor is:

1 ’ _ — !
D(vi) = 5 (v viF 1+ FT(V vk)T> .

Now when the system of Stokes equations is written in an arbitrary
Lagrangian-Euler formulation, it is possible to combine it with the equa-
tions for an elastic body and solve the problem of fluid-structure interaction.

For equation (13), as well as for equation (21) the required
ALE-formulation to find values in the calculated deformed area is:

%,

ot
where vy = (x(tn+1) —2(tn))/At is the velocity of computational mesh and
At is the time step.

It should be noted that the equations (21), (22) and (23) are a coupled
system where there is a mutual influence of the level-set function on the
liquid velocity. If there is an elastic body as a third phase, then the fluid
will affect the displacement of the elastic body, and the body in turn will
act on the fluid subdomain (Fig. 2).

(Vk—Vf)-V¢:0, XEQf, (23)

Fluid 1+2 (ALE)

N S

Interface Structure

\ Mesh /

Figure 2: Interaction of the two-phase liquid components and elastic body

The determinant of F is

J = det(F).



The evolution of the free boundary in an elastic porous medium 7

3 Finite element method

There are several methodologies for solving the partial differential equa-
tions (PDE) described above. Some of the more common methods are the
finite element method (FEM), the finite volume method (FVM), and the
discontinuous Galerkin method (DGM). Although all of these methods can
be used for any PDE, and therefore work for both solid and fluid analysis,
FEM is typically used to analyze solids, while FVM and DGM are more
commonly used for fluid analysis.

The finite volume method divides the computational domain into a finite
number of locally-conservative control volumes centered about a node. All
of the quantities for a control volume are calculated at this node, so they
have to be interpolated to the volume’s surface. The finite volume method
is locally- and globally-conservative as long as consistent surface integrals,
which correspond with convective and diffusive fluxes, are used between
neighboring control volumes and the domain boundary [1], [18]. The fact
that mass and other properties are conserved through each volume makes
FVM ideal for CFD; unfortunately, as all calculations are for the volume
as a whole, FVM is inherently poor at structural analysis, where localized
stresses could occur at locations poorly represented by the control point.

Instead of breaking the domain up into node centered volumes, the
finite element method divides the domain into individual elements which
contain basis functions. Basis functions are members of a function space,
such as polynomials, which approximate the values a quantity has inside
the element [1]. Basis functions allow for interpolation of data at any
point inside the element, which makes FEM desirable for structural analysis
[9,10]. As the computational ability of computers has increased, FEM has
been growing in popularity for use in CFD as well.

The discontinuous Galerkin method is unique in that it has the benefits
of both FEM and FVM. DGM uses basis functions inside the element, like
FEM, but it couples neighboring elements through fluxes, like FVM. This
leads to it being locally conservative, stable, and high-order accurate while
also allowing for complex geometries, irregular meshes with hanging nodes,
and approximations that have polynomials of different degrees in different
elements [2]. However, due to its perceived computational cost, DGM is
less frequently used than FEM or FVM.

Due to the desire to provide both partitioned and monolithic fluid-
structure interaction coupling, a unified framework is required for the solid
and fluid formulations in this research. This not only entails the ALE
description discussed in the previous section, but also a unified solution
method. Based on the discussion above, along with more reasons men-
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tioned in the following section, the finite element method was chosen as
the solution technique (see [6,11,15,19]). The weighted residuals method is
used to convert differential equations in integral form (weak formulation).
The spatial discretization of a weak formulation allows one to obtain a sys-
tem of ordinary differential equations in time (semi-discrete form). Time
discretization of semi-discrete equations leads to a fully discrete system of
algebraic equations. If this is non-linear, it must be linearized.

All of the governing equations presented necessitate second derivatives
in their current form, which can be very difficult to solve. According to the
numerical method, it is necessary to rewrite the original system of equations
in a weak formulation. To do this, multiply our equations by an arbitrary
weight function such that @ € H: = {@1 € L?, @|r = 0} and integrate each
term (see [3]).

Thus, the weak form of the equations of elasticity will be as follows:

Pw . _ R X
/ p78t2 cW — / div (QIU,D(W) — p]I) W — / pg W = 0. (24)
Qs QS Qs

Using integration by parts, the stress tensor takes the form:

div (2uD(w) —pl) - W = / t-w— / (D(w) —pl) - Vw,  (25)

Qs 00 s

where t = (D(w) — pl) - n. Inserting (25) into (24) we obtain:

Pw . 5 X
/ paﬂ-w—i—/ (QMD(W)—])H):D(W)—/ pPg W — t-w=0,
Qs Qs Qs Qs

and perform the same procedure for (10) and (11), taking the weight func-
tions v of velocities and w of displacements respectively:

Qs 8t QS Qs BQS

ow -
Qsat-w—/sv-w—O, (27)

The weak formulation of the Stokes equations will have the form:

0
/ pv-\7~l—/ Z;LD(V):D(V)—/ pdivff:/ pg-\?—l—/ t-v,
o, Ot Qf o Qf 09

/ p divv =0,
i
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where p is the weight function of pressure.
The ALE-formulation will be the same, but it is necessary to consider
the transition from Euler form to ALE form

[ sede= [ pxax.
Qy (1) Q(0)

Further Qy = Q(0). Taking the same weight function, as well as for the
formulation of the Euler equations, we obtain the weak formulation of the
equation(21) and (22)

)
/ Jp% vt [ JuD~vE) —pDF T DE) — | Jpg-v— | Tty =0,
Qf Qf Qf an

/ (JE1:V'vE).p=o.
Qf

4 Finite element spatial discretization

The meaning of digitization is to divide the area into separate limited piece-
wise continuous subregions. The set of these elements is defined as a mesh,
which is a model of the original area. The basic variables are the approx-
imated nodal values multiplied by the basis vector, which is required for
interpolation within the cell. Our approximation will be as follows:

n n n
W RS E w;iW;, v= E vV, p= E p;iPj,
Jj=1 Jj=1 Jj=1

where w;, v; and p; are j-th basis vectors, n is the number of nodes, W;, V;
and P; are j-th values at the nodes associated with the primary variables.
The set of basis vectors is taken as a set of weighted vectors. Thus the
weighted function can be determined as follows:

n n n
W= § w; Wi, v = E viVi,p = E Di P
i1 i=1 i1

Nodal values associated with weighted functions are arbitrary, so they can
be ignored.

5 Finite element time discretization

Finite differences are used to approximate our equations. The general equa-
tion after the spatial discretization will be as follows:

d:lit) =g(t).
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Integrating both sides over time we get:

tn+1 dv(t) tn41
dt = t)dt.
Ay A

The first integral can be written as

/tn+1 W) gy — it _ g
' dt ’

n

the second integral can be approximated by using only the average value
for a certain time 7

tn+1
/ g(t)dt = g(r) A,
tn

where t, < 7 < tp41. Then the explicit left and right implicit Euler
approximation will have the form:

Vn+1 — VTL+1 —v
Y gt Y = gt

To combine the left and right sides in Euler’s method, we use the #-method:

VnJrl n

Tt_v = Qg(thrl) + (1 - 19)9(75”),

where # = 1 or 8 = 0. The special case, when # = 0.5, can be approximated
as:

a7 = 05(gtnr) +9(tn)),

to satisfy the second order condition of accuracy with respect to time.
Using the #-method, rewrite the equations (26) and (27) as follows:

n+1l _ n
[ me e (e o)
. o o9

+(1—9)<—/ 7}%-\7+/ t”-fr),
s 8Qs
Wn+1_wn

p——— W =10 v"+1-w+(1—9)/ VW,
Qs At Qs
where Tg = 2uD(v) — pl.
The time derivatives for other governing equations are handled with the
f-method. For brevity, we will not write it here.

S
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6 Fluid-structure interaction

The system of equations for a fluid-structure interaction arises by finding
the residuals of the discretized governing equations (the discretization error)
and taking a Taylor series expansion of these residuals (see [3], [11]).

In the appropriate Jacobians, residuals, and unknowns, the monolithic
system of equations can be written as

stws stvs stvf J'wspf stwm Ws ]:_{wS
JUS’U)S JUS'US JUSUf vapf vawm VS R'US
J'L;fws Jvas Jvaf J'Ufpf Jvfwm Vf = — va s
prws prvs prUf prpf prwm Pf Rpf
mews mevs Wmf WmDf mewm Wm me

where the variables of the elastic component are denoted by index s, the
fluid component by f, and the mesh variables are m. The nonlinear terms
are linearized using the Newton-Raphson method, based on the definition

of a Jacobian (see [5]):
ORy,

0K’

where Ry, is the A-th residual and K is some unknown.
This system is obtained by finding the residuals of the discretized equa-

tions (sampling error) and using a Taylor series expansion of these residuals.
A solid body is studied using two variables in the elasticity equations,

where the residuals are found as

Jhi = (28)

ow,

A1 ~ 7
0 Ot 'Ws_/g VarWs

. ovs .. ~d &t
R; — / Psl . V?s + / (2# ]D)(WS) — p]I) : D(Vé) — / ts - V;.
s Q. at Qs I

The position of the border “fluid-elastic body” is defined by the normal
stress

(J—
R, =

t, = (2M(V'ka‘1 FFIV V) - pkn) - (JFn).

The fluid is described by the Stokes equations in the ALE-formulation
of the following residuals

i ove ! -1 -T' T ~T\ v o
va—/Qf (prat vf>+/ﬂf (J(2,u(Vka +F "V vy)—p)F )va,

and
Ry, = [ GE VD),
Qf
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where index k indicates affiliation to the ALE field.
The residuals for the computational mesh are
Ry = [ 0l W+ TWEIT S [ AT w0 T
Qf Qf
All of the residuals from equation (6) are now defined. Using these
definitions and applying equation (28), we can determine the Jacobians. In
the monolithic formulation many Jacobians are equal to zero in the overall

system:
Jwows Jwavs 0 0 0 W, R,
vaws JUS’US J’UsUf J’Uspf vawm VS R’Us
0 0 J,,fvf Jvfpf Jvfwm Vil =— va ,
0 0 pryf 0 prwm Py Rpf
0 0 0 0 Jwpwnl |Wm Ry,

For convenience, we denote () = 9()/0W,,. In assessing the Jacobian
the following identities are required [7]:

J = Jtr(FFY,

/ NT
®7) = (®))
F Y =-F'FF,
F =Vw,.
The approximate velocity of the mesh motion in the fluid components like
vim & (x — X")/At, are

R
V,, = .
At
Jacobians of the solid part will be
g — owy ey
WsWg QS 8t S
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where
T}, = V' wl [20D(w,) + pl] + ([+ V'wy) [2uD(W!) + p,I] .
The Jacobians of the fluid part will be as follows:

_ T A
Jf}gcpf __/Qf Jp?cF Vv,
J;Jf'vf:/Q (JE': V)P,
f
Ji :/ Jp ai?-w‘ +/ Jpros(V viF~1) %
VfUf a, f ot f o Vs f
+ / (J2uV W FIE TV + / (J2uF VTV
Qf Qf
The Jacobian of the computational mesh is

ngwm = /Q ,u(Vlwfn + Vlwgn
f

’

WWe + (MY W)V Wi ).

And the Jacobians of fluid interaction with the computational mesh will
look like:

.. ’ aVk: . / ! ;
Jo o = / Jpp—— -V —/ J pr(V viF Y (vp)] ¥
fWm Q, f ot f Qf[ f( )( )] f

- / (Y Vi E ) (v ¥ — / ps (Y ViE ) (V)]
Qy Qy

+ [ o (T E NI+ [ (V) vl
f f

- [ ET [ TV
Qp Qy

+ / [T uV' v F PV + / [T uV v (B FTV'v
QF QF

+ / (JuV v FHE )V + / [J BTV VIRV
QF QF‘

+ / [T E-TYVVIF TV,
Qp

+ / [T pE IV v ET) V',
QF

T s :/ (J’F—lzv’v{)-ﬁiJr/ (JEY V'),
Qp Qy
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Application of equation (28) implies that there should also be Jacobians
Jqﬁzv " Jﬁzp £ Jégwm. But these terms appear in the monolithic case, and only
as a result of the fluid traction acting on the solid. Velocity continuity
is strongly enforced across the interface. This means the velocities are
continuous on the interface.

The key point here is that the weight functions must also be continuous,
as they are defined using the same basis vectors as for the velocity and
displacement. This means that vy —v,|r = 0. The rigid body displacement
defines an offset mesh on the border of the “liquid-solid body”:

Wi — W |r =0,

and the velocity of the solid state defines the velocity of the fluid at the
same border:
V§— Vs ‘r = 0.

7 Error estimation

The method of manufactured solutions [13] is used to verify governing equa-
tions. After the exact solution is chosen, the verification is done by exam-
ining the error between the exact solution and the approximate solution.
Two error norms were considered: L? (Hilbert space) and H' (Lebesgue
space). The errors with respect to these norms are defined over a mesh cell
k as

lw = wall L2 = \//]c w(z) — wp(z)Pdz, (29)

= wllar oy = \/ 0= wnlBsgy + [ V(o) = Vana) 2z, (30)

where, for this case, w(z) is the exact solution, wy(z) is the approximate
solution.
Thus

lw — whll = cho+?, (31)

where « is a parameter based on the space of the norm, 3 is a polynomial
order, h is a cell width, cis a constant. Note that error norms in the Hilbert
space are optimal when o = 0, but in the Lebesgue space when a = 1.

This method was applied to the discrete governing equations developed
above. For brevity, let us estimate the errors only for the Lame’s elastic-
ity equations (10)—(12). The manufactured solution for the displacement
w = (w1, ws) is chosen as: wy = 2sin(27z) sin(wy) sin(nt),
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Table 1: Error estimation for ()1 displacement and velocity elements of the

elasticity equations.

cells le —wthLz ||U)1 —w1h||H1
64 2.754E-06 0.621E-04
256 0.504E-06 2.843E-05
1024 1.154E-07 1.840E-05
4056 2.911E-08 0.732E-05
cells lwa — wapl 2 |wa — wan|| g
64 1.812E-06 3.221E-05
256 3.812E-07 1.583E-05
1024 0.753E-07 0.750E-05
4056 1.742E-08 3.720E-06
cells ||1)1 *UthL? ||7)1 *'UthHl
64 0.610E00 1.505E01
256 1.251E-01 0.741E01
1024 2.434E-02 3.612E00
4056 0.734E-02 1.825E00
cells llva — vop L2 |lve — van|| g1
64 4.753E-01 0.806E01
256 0.948E-03 3.821E00
1024 1.923E-03 1.841E00
4056 4.353E-03 4.605E-01
wy = — cos(2mx) cos(my) sin(nt). The manufactured solution for the ve-
locity v = (v1,v2) is chosen as: v; = 2msin(27x) sin(wy) cos(nt), vo =

—m cos(2mx) cos(my) sin(7t).

Table 1 shows the error norms for Q1 elements. Using equation (31) we
can compare to the optimal rate, where the o+ 3 is the optimal rate. Here
8 = 1. As we can see, the model convergences are optimal. These errors
were calculated with a timestep size At = 0.0001.

Following the same procedure as before, we can get error norms for
Stokes equations (2) and (3). The manufactured solution for the velocity
v = (v1,v2) is

vy = sin(47x) sin(4ny) sin(4nt), wve = cos(4dnx) cos(4dmy) sin(4nt),

and the pressure p is p = 4wy cos(4nx) sin(4nt) sin(4ry). Q2 elements are
used for the velocity and QX1 elements are used for the pressure.
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8 Numerical experiments

Applying the above algorithms for numerical simulation of fluid-by-fluid
displacement in an elastic porous medium, we were able to obtain the de-
pendence of the interface velocity on the Lame’s coefficient of elasticity.
For all the cases considered below there is a distinctive feature of the free
surface behavior.

Numerical simulations indicated that there are differences using various
values of the coefficient of elasticity. It is noticeable that with an increased
coefficient of elasticity the fluid movement in the capillary is reduced (see
Fig. 3-5). The propagation velocity of the free boundary in an elastic
porous medium also depends on the surface tension coefficient (see Fig.
6-7).

x10°

- A=15

Surface position

0 5 10 15 20 25 30 35 40 45 50
Time

Figure 3: The plot of the free boundary position changes over time for
different values of A = [15;50;200]. Here density p™ = 1.1, p~ = 0.86,
viscosities u*t = 0.001, x~ = 0.01, inlet pressure p* = 10 and surface
tension o = 0.
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Surface position

0 5 10 15 20 25 30 35 40 45 50
Time

Figure 4: The plot of the free boundary position changes over time for
different values of A = [20;200;800]. Here density p™ = 1.1, p~ = 0.86,
viscosities uT = 0.001, = = 0.01, inlet pressure p™ = 10 and surface
tension o = 0.5.

=200 M=15

Height

t=0  t=10 t=30 t=40 t=50 t=60 t=0  t=10 t=30 t=40 t=50  t=60

Figure 5: Numerical simulation results for different A = [15;200] over time.
Here density p™ = 1.1, p~ = 0.86, viscosities u* = 0.001, = = 0.01, inlet
pressure pt = 10 and surface tension ¢ = 0.1.
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x10° A=50

Surface position

Figure 6: The plot of the free boundary position changes over time for
different values of ¢ = [0.1;0.3,1]. Here density p™ = 1.1, p— = 0.86,

viscosities T = 0.001, = = 0.01, inlet pressure p™ = 10 and Lame’s
coefficient A = 50.

0=0.1 0=0.9

Height

A=15 A=50 A=200 A=15 A=50 A=200

Figure 7: Numerical simulation results for different o = [0.1;0.9] and A =
[15;50;200] at time ¢ = 25. Here density p™ = 1.1, p~ = 0.86, viscosities
pt =0.001, = = 0.01, inlet pressure p™ = 10.
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9 Conclusion

In this paper, the finite element method (FEM) were used for the nu-
merical solution of two dimensional problem for a viscoelastic filtration
on the microscopic level. The results showed a direct dependence of the
free-boundary propagation velocity on the surface tension and the Lame’s
elastic coefficient. It is worth noting the occurrence of significant artifacts
with invalid values of A and o.
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