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A B S T R A C T

The dynamic theory of coherent X-ray radiation generated by a beam of relativistic electrons in the three-layer
structure consisting of an amorphous layer, a vacuum (air) layer and a single crystal has been developed. The
phenomenon description is based on two main radiation mechanisms, namely, parametric X-ray radiation (PXR)
and diffracted transition radiation (DTR). The possibility to increase the spectral-angular density of DTR under
the condition of constructive interference of the transition radiation waves from different boundaries of such a
structure has been demonstrated. It is shown that little changes in the layers thicknesses should not cause a
considerable change in the interference picture, for example, the transition of constructive interference into
destructive one. It means that in the considered process the conditions of constructive interference are enough
stable to use them for increasing the intensity of X-ray source that can be created based on the interaction of
relativistic electrons with such a structure.

1. Introduction

When an electron moving rectilinearly with a steady speed crosses a
boundary between two media the transition radiation (TR) arises along
the electron velocity [1]. A great interest in transition radiation of re-
lativistic electron is due to the possibility of its application as an al-
ternative source of X-ray radiation [2]. When a charged particle crosses
a single-crystal plate, TR photons emitted at the plate entrance surface
might diffract on a system of parallel atomic planes of the crystal. Such
radiation characterized by narrow spectral range propagating in the
direction of Bragg scattering is known as diffracted transition radiation
(DTR) [3,4]. TR from the entrance surface contributes to DTR, while TR
from the outlet surface of the plate does not take part in the DTR for-
mation. Hence, in the resulting DTR there is no interference of these
two types of TR.

In addition to TR, when relativistic electron crosses single crystal, its
interaction in a crystal bulk with parallel atomic planes results in
generating parametric X-ray radiation (PXR) [5–7]. PXR photons are
emitted in the direction of the Bragg scattering and propagate together
with DTR photons. The dynamic theory of coherent X-ray radiation by
relativistic electrons in a crystal is developed for general case of elec-
tron Coulomb field reflection asymmetric with respect to the target
surface [8–10]. In that case the system of parallel reflecting layers in the
target has an arbitrary non-zero angle with the target surface.

Traditionally, radiation of relativistic electrons is analyzed

separately for amorphous, crystalline or multilayer targets. Till now
coherent radiation of relativistic electrons in composite targets has not
been theoretically evaluated, while experimental studies on generation
of coherent X-ray radiation [11–15] in composite structures have re-
vealed an essential growth of the intensity of DTR yield with the in-
crease of the number of boundaries (layers). The influence of the
electron beam divergence on the PXR and DTR spectral-angular density
has been examined in [16,17].

In the present work, we present our analysis on the process of co-
herent radiation by a beam of relativistic electrons in a complex target
formed by the two amorphous and one single-crystal layers in two-wave
approximation for dynamic diffraction theory.

2. Geometry of radiation process

Let us consider a beam of relativistic electrons passing through a
three-layer structure consisted of two layers of amorphous media and
one single-crystal layer (Fig. 1a) with different thicknesses c, a and b
respectively. We will use the Planck’s system of units (h/2π=c=1,
where h is the Planck's constant, c is the light velocity).

Below we denote the dielectric susceptibility of amorphous media as
χc and χa, the average dielectric susceptibility of the crystal as χ0 and
the coefficient of Fourier expansion of the crystal dielectric suscept-
ibility over the reciprocal lattice vectors g as
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while the angular variables ψ, θ и θ0 as consistent with the definition for
the velocity vector V of relativistic electron and unit vectors n (in the
direction of the photon momentum emitted along the electron velocity)
and ng (in the Bragg scattering direction):
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Here θ is the radiation angle counted from the detector axis e2, ψ is
the angle of electron deviation from the original beam axis e1, θ0 is the
angle between the propagation direction of incident pseudo photon in
electron Coulomb field and the beam axis e1, = −γ V1/ 1 2 is the
Lorentz factor. The angular variables are considered as a sum of com-
ponents parallel and perpendicular to the plane of the figure:

= + = + ⊥ = +⊥ ⊥θ θ θ θ θ θ ψ ψ ψ, ,|| 0 0|| 0 ||

At first, we will consider the radiation by single electron in the beam
crossing three-layer structure at the angle ⊥ψ ψψ( , )// to electron beam
axis e1.

3. Radiation amplitude

The X-ray wave propagation in the single-crystal medium will be
considered within the scope of two-wave approximation of dynamical
diffraction theory by analogy with the work [9].

As the electromagnetic field excited by relativistic electron is
practically transverse in X-ray frequency band the incident E k( ,ω) and
diffracted +E k g( ,ω) in the crystal electromagnetic waves are char-
acterized by two amplitudes with different values of polarization
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where the vectors e0
(1) and e0

(2) are perpendicular to the vector = kk n
and vectors e1

(1) and e1
(2) are perpendicular to the vector

= + = kk k g ng g g. The vectors e0
(2) and e1

(2) lie in the plane of k and kg

vectors ( π( -polarization), but e0
(1) and e1

(1) vectors are perpendicular to
that plane (σ -polarization).

Within the scope of two-wave approximation of diffraction dynamic
theory the system of equations for the amplitude of the wave field
strength can be expressed in the following form
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where = ′ + ″χ χ iχ0 0 0 is average dielectric susceptibility, F(g) is form-
factor of an atom contained Z electrons, S g( ) is structural factor of unit
cell in single-crystal layer contained N0 atoms, uτ is the mean-square
amplitude of thermal atomic oscillations in the crystal. In the present
work, the X-radiation frequency region is considered: ′ <χ( 0)g , ′ <χ( 0)0 .
The system of Eq. (3) under =s 1 describes the fields of σ- polarization,
and under s= 2 the fields of π-polarization.

It should be noted, that the system (3) describes the fields of X-ray
waves and Coulomb fields of relativistic electrons both in vacuum
(under =χ 0g , =χ 00 ) and in amorphous media (under =χ 0g and

=χ χa0 or =χ χc0 ).
In Fig. 1b a scheme of the wave diffraction in single crystal is shown,

where = − Vμ k Vω / 2 is the component of virtual photon momentum
perpendicular to particle velocity V ( = Vμ ωθ / ,0 where ≪θ 10 is the
angle between vectors k and V), θB is Bragg angle the modulus of vector
g can be expressed by the Bragg angle θB and Bragg frequency ωB:

=g V2ω sinθ /B B . The angle between the vector VVω / 2 and the wave
vector k of incident wave is denoted as θ0 and the angle between the
vector +VV gω / 2 and wave vector kg of diffracted wave as θ.

The magnitude of the wave vector of free photons in amorphous
media = +k ω χ1a a and = +k ω χ1c c can be presented in following
form:
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Fig. 1. Radiation process geometry (a). Geometry of the wave diffraction process in single-crystal layer (b).
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incident wave and the normal N to crystal layer, Φg is the angle be-
tween wave vector kg and vector N (see in Fig. 1b), γ is of the electron
Lorentz factor. The magnitude of the wave vector of free photon ra-
diated in the direction of Bragg scattering will be expressed as

= + + ″( )k ω 1 λχ
g0 2

0 , where ″ = −λ ωg
χ
2
0 .

The expression for the Coulomb field of a relativistic electron in
front of the target in vacuum can be obtained from (1):
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In the amorphous media the field consists of the electron Coulomb
field and of the free photons field Ea

s( ) or Ec
s( ) of transition radiation:
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The expressions for the modulus of the wave vector of the incident
and diffracted photons in the crystal we can present as

= + +k ω 1 χ λ0 0, = + +k ω 1 χ λg g0 , respectively, where λ0 and λg
are the dynamic addition agents. The dynamic addition agents can be
found by solving the dispersion equation, which follows from system
(3) taking into account the relation between λ0 and

= +λ ωβ/2 λ (γ /γ )g g0 0 [18]:
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As the dynamic addition agents are small ≪λ ωg
(1,2) we will use the

approximate equality ≈θ θ0 (see in Fig. 1b). The electromagnetic field
in the single-crystal layer consist of Coulomb field of the relativistic
electron and the fields of two free propagating waves (incident and
diffracted):
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Incident and diffracted fields in the crystal are coupled by the re-
lation = −E C E2ωλ (ω χ )s cr

g
s s cr

g g0
( ) 2 ( ) 1 ( ) . The radiated field in vacuum be-

hind the target can be presented as = − ″E E δ(λ λ )s vacII s Rad
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To definite the field of the radiation E s Rad
g
( ) in direction of Bragg

scattering = kk ng g g (see in Fig. 1) we will use the boundary condition
for the fields on four boundaries of the considered three-layer target:
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Let us represent the obtained expressions describing the amplitude
E s Rad

g
( ) of the radiation in the direction of the Bragg scattering as sum of

the amplitudes of the electric field of DTR and PXR:
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The explicit separation of expressions for PXR and DTR amplitudes
allowed us to consider the interference of these mechanisms of radia-
tion.

Let us consider the DTR amplitude for the case when the second
layer of the target is vacuum ( =χ 0) (see in Fig. 1). To reveal and to
study the effects in radiation which are not connected with the
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absorption let us consider a simple case of the thin non-absorptive
target ″ = ″ =χ χ 0c0 . In this case the expression (9b) has the following
form:
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In the expression (11) describing the field strength amplitude of
DTR waves in the direction of the Bragg scattering, the first term in the
last factor is according to TR generated in the amorphous layer, and the
second term is according to TR generated on the entrance surface of
single-crystal layer.

The explicit separation of these terms gives us the possibility for
studying of the interference of these waves of transition radiations.

4. Spectral-angular radiation density

Using (9a), (9c), (11) and known expression for X-ray spectral-an-
gular density [19]
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we will obtain the expressions describing the spectral-angular densities
of PXR, DTR in considered three-layer target and their interference:
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s
PXR

s
DTR

s s
2 ( )

( ) ( ) ( )
int(PXR,DTR)
( )

≡ = ⎛

⎝
⎜ −

+
⎞

⎠
⎟

( )
ω

d N
dωd

T e
π

ξ
ξ εΩ

Ω
Λ

1
sin Σ

Σ
,

s

PXR
s

s
b s

s

2
PXR
( )

( )
2

2

( )2

0
2 2

2 2
2 1

( )

1
( )2

s( )

(13)

≡ = + +ω
d N
dωd

T T T T
Ω

,
s

DTR
s s s s

2
DTR
( )

( )
1
( )

2
( )

int
( )

(14a)

⎜ ⎟⎜ ⎟= ⎛
⎝

− ⎞
⎠

⎛
⎝ −

⎞
⎠

T e
π

cω RΩ 1
Λ

1
Λ

sin
4sin(δ θ )

·Λ ,s s

c

B

B
c DTR

s
1
( )

2

2
( )2

2
2 ( )

(14b)

⎜ ⎟= ⎛
⎝

− ⎞
⎠

T e
π

R
4

Ω 1
Λ

1
Λ

,s s
DTR

s
2
( )

2

2
( )2

0

2
( )

(14c)

⎜ ⎟ ⎜

⎟

⎜ ⎟⎜ ⎟= ⎛
⎝

− ⎞
⎠

⎛
⎝

− ⎞
⎠

× ⎡
⎣⎢

⎛
⎝ −

⎞
⎠

− ⎛
⎝ −

+
−

⎞
⎠

⎤
⎦⎥

T e
π

aω
δ θ

a

c R

2
Ω 1

Λ
1
Λ

1
Λ

1
Λ

cos
2sin( )

·Λ cos ω
2sin(δ θ )

·Λ

ω
2sin(δ θ )

Λ ,

s s

c

B

B

B

B

B

B
c DTR

s

int
( )

2

2
( )2

0

( )

(14d)

=
+

⎛

⎝
⎜

+ ⎞

⎠
⎟R ε

ξ ε
b

ξ ε
ε

4 sin ,DTR
s

s
s

s
( )

2

( )2
2 ( )

( )2

(14e)

In the expression for DTR spectral-angular density the term T s
1
( )

corresponds to the waves of TR from the amorphous layer and T s
2
( )

correspond to TR from the entrance boundary of a single-crystal layer,
while the term T s

int
( ) represents the result of their interference.

The expression for the term, which is the result of interference be-
tween DTR and PXR, can be derived in the form

≡ω
d N
dωd

T
Ω

,INT
s

int PXR
s

2 ( )

( ,DTR)
( )

(15a)

⎜ ⎟ ⎜ ⎟= ⎡
⎣⎢

⎛
⎝

− ⎞
⎠

+ ⎛
⎝

− ⎞
⎠

⎤
⎦⎥

T e
π

R R
4

Ω
Λ

1
Λ

1
Λ

1
Λ

1
Λ

,int PXR
s

s

c
INT

s
INT

s
( ,DTR)

( )
2

2

( )2

0

( )(1)

0

( )(2)

(15b)

∑

⎜ ⎟

⎜ ⎟
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− +

+
⎛

⎝
⎜

+ ⎞

⎠
⎟

⎛
⎝

⎞
⎠

⎛
⎝ −

⎞
⎠

× ⎛

⎝
⎜ −

+
−

+ ⎞

⎠
⎟

R

ξ ξ
ξ

b b

c a c

b
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ε
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1
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ξ ε
ε
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2

Σ sin
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Λ ω
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Λ

2
,
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s

s s

s s

s s
s

B

B
c

B

B

B

B
c
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( )2
1
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( ) 2 ( )

1
( )

( )

2
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(15c)

∑
∑

∑

=
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⎛
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⎠
⎟

⎛

⎝
⎜

⎞

⎠
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⎝
⎜

⎞

⎠
⎟
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b
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2
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1
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( )
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1

( )
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2
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(15d)

where the following notations are introduced:

∑

∑

= − = + = =

= − + + + − ′ = − + +

+ − ′ = − + + +

=
−

= +
−

=

+ + + = + − +

=
′

⊥ ⊥

⊥ ⊥
−−

⊥ ⊥

−
⊥ ⊥

−

C C

θ ψ θ ψ

γ χ θ ψ θ ψ γ b

δ θ
b

L
ε δ θ

δ θ
σ

ξ ξ ε ε

C

Ω θ ψ , Ω θ ψ , 1, cos2θ , Λ

(θ ψ ) (θ ψ ) γ χ , Λ ( ) ( )

, Λ ( ) ( ) ,

1
2sin( )

, sin( )
sin( )

,

( )/ , σ (ξ ξ ε )/ε, σ

1
|χ |

Λ .

b

c

c
s

B ext
s

B

B

s
s

s s
s

s s s s

s
g

(1) (2)
// //

1 2
0

2
// //

2 2
0

2
// //

2

2 2
// //

2 2 ( )

( )
2

( )
( )

( ) ( )2

1

( )
( ) ( ) ( )2 ( )

( ) 0
(16)

Here under =s 1 the expressions Eqs. (13)–(15) describe the σ
-polarized waves, while at =s 2 the π - polarized ones.

The function RDTR
s( ) describes the DTR spectrum. The parameter ε in

Eqs. (13)–(15) describes the degree of asymmetry (relative to target
surface) in the electrical field reflection for a single-crystal layer. The
expression for ε parameter includes the variable δ – the angle between
the target surface and the diffracting atomic planes of a single-crystal
layer.

The constructive interference of TR waves emitted at different
boundaries of the amorphous layer in vicinity of Bragg frequency can
result in an essential increase of the DTR spectral-angular density. The
conditions of constructive interference following from Eq. (14b) can be
written in the following form

−
= + = …cω

δ θ
n π n

4sin( )
·Λ (2 1)

2
, ( 0,1,2 ).B

B
c (17a)

An additional increase in the DTR spectral-angular density can be
reached due to the constructive interference of TR waves from the
amorphous layer and the entrance surface of a crystalline layer that
might take place under the conditions

−
= + = …aω

δ θ
m π m

2sin( )
·Λ (2 1) , ( 0,1,2 ),B

B (17b)

reducing from Eq. (14d).
To describe the coherent radiation generated by a divergent beam of

relativistic electrons in the considered composite structure, the ex-
pressions (13)–(15) should be averaged over all possible directions of
electron motion in the beam, which might be approximated, for ex-
ample, by the 2D Gaussian distribution
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=
−

+ ⊥

f
πψ

eψ( ) 1 ,
ψ ψ

ψ

0
2

//
2 2

0
2

(18)

where ψ0 is the “divergence” parameter of the electron beam (see
Fig. 1). The angle ψ0 defines a cone limiting the part of the beam where
the beam density decreases less than 1/e times in comparison with the
density on the axis of the beam. Hence, we have

= 〈 〉 + 〈 〉 + 〈 〉d N
d d

T T Tω
ω Ω

,
s

PXR
s

DTR
s s

2 ( )
( ) ( )

int(PXR,DTR)
( )

(19a)

〈 〉 = 〈 〉 + 〈 〉 + 〈 〉T T T T ,DTR
s s s s( )

1
( )

2
( )

int
( ) (19b)

where

∫ ∫〈 〉 =

=

⊥

−
+ ⊥

T
πψ

dψ dψ e T j

DTR PXR PXR DTR

1 ,

,1,2,int, , int( , )

j
s

ψ ψ

ψ
j
s( )

0
2 //

( )
//
2 2

0
2

(19c)

5. Estimations of the beam divergence influence on the
interference effect in DTR

The expressions (17) allow us to estimate the influence of the beam
divergence on the interference effect in the DTR generated by the re-
lativistic electron beam in the composite target using the parameters Λc
and Λ as the functions: =⊥ ⊥θ ψ θ ψΛ ( , , , )c // // − + + + − ′⊥ ⊥

−θ ψ θ ψ γ χ( ) ( ) c
2

// //
2 2

and Λ = − + + +⊥ ⊥ ⊥ ⊥
−θ ψ θ ψ θ ψ θ ψ γ( , , , ) ( ) ( )// //

2
// //

2 2.
The width of the amorphous layer will be considered “optimal” if

the waves of transition radiation generated on the enter and the output
surfaces of the layer by the electrons moving along the beam axis
( = =⊥ ∥ψ ψ0, 0) are in strong constructive interference in the direction

of the maximal angular density ≡ + ≈⊥ ∥
−θ θ θ γ2 2 1:

=
+ −

− ′−c n
n sin δ θ

ω γ χ
( )

(2· 1)· ·(4· ( ))

·(2· )
.opt

π
B

B c

2
2

By substituting this expression to (17a) we obtain the deviation of
the constructive interference condition as a function of the variables
ψ( ⊥ ∥ψ ψ, ) and θ ⊥ ∥θ θ( , ):

⎜ ⎟= + ⎛

⎝

− + + + − ′

− ′
− ⎞

⎠
⊥ ∥ ⊥ ∥

⊥ ⊥ ∥ ∥
−

−α n θ θ ψ ψ n π θ ψ θ ψ γ χ
γ χ

( , , , , ) (2 1)·
2

·
( ) ( )

(2· )
1 ,c

c

c

2 2 2

2

where = …n( 0,1,2 ).

As the interference conditions at the considered geometry are the
same for all the directions of the radiation corresponding to the con-
dition of the maximal angular density of the transition radiation by the
electrons on the electron beam axis + =⊥ ∥

−θ θ γ2 2 1, then we can fix one
of them, for instance, the one corresponding to the case of the radiation
with σ-polarization: = =⊥

−
∥θ γ θ, 01 ). According to the determination of

optimal layer width the deviation =−α n γ( , ,0,0,0) 0c
1 .

If we fix the absolute value of the angle ψ( ⊥ ∥ψ ψ, ) namely =ψ const,

then = ± −∥ ⊥ψ ψ ψ2 2 and we can investigate the interference condition
deviation αc as the function of ⊥ψ for various values of the parameter ψ.
Let us remember that the constructed interference in our case is char-
acterized by the proximity of + ⊥ ∥ ⊥ ∥( )sin α n θ θ ψ ψ( , , , ,π

c
2

2 to one. For ex-

ample, if =α 0.5c then + = ≈( )sin 0.5 0.77 1π2
2 and the correspondent

interference will be of constructive character. In Fig. 2 the family of the
curves demonstrate the dependences of the interference deviation
parameter αc as a function of ⊥ψ for different values of the parameter ψ
under the condition = ± −∥ ⊥ψ ψ ψ .2 2 In Fig. 2 one can see that for

⩽ −ψ γ 1 the angle of deviation of the interference condition not exceeds
0.5 rad so the interference in these conditions will have the pronounced
constructive character.

Analogous, from condition (17b) we can express the optimal width
of the vacuum layer between amorphous monocrystalline ones as:

= + −
−a m m π sin δ θ

ω γ
( ) (2· 1)· ·(2· ( ))

·2·
,opt

B

B
2

where = …m( 0,1,2 ).
The detuning of interference condition (17b) from the optimal can

be expressed as the function of ψ( ⊥ ∥ψ ψ, and θ ⊥ ∥θ θ( , ):

⎜ ⎟= + ⎛

⎝

− + + +
− ⎞

⎠
⊥ ∥ ⊥ ∥

⊥ ⊥ ∥ ∥
−

−α n θ θ ψ ψ m π
θ ψ θ ψ γ

γ
( , , , , ) (2 1)· ·

( ) ( )
(2· )

1a

2 2 2

2

For estimation of divergency influence on the character of the in-
terference of transition radiation from the amorphous layer and the
entrance surface of the monocrystalline layer we have fixed the direc-
tion of the radiation = =⊥

−
∥θ γ θ( , 01 ). In Fig. 2b the results of calcula-

tions of the dependence of the deviation αa on the beam divergence for
the same conditions as in Fig. 2a are shown. One can see that the de-
viation αa of interference condition (17b) is more sensitive to diver-
gence then the deviation αc of the interference condition (17a. It is
connected with the difference in ′χc and ′χa values. Since there is a va-
cuum in the layer a, then ′ =χ 0a .

The influence of the divergence on the constructive interference of

)a( )b(
Fig. 2. The deviation of the condition of constructive interference in TR: (a) from the boundaries of the amorphous layer αc (condition (17a)); (b) from amorphous layer and the entrance
surface of the single-crystal layer αa (condition (17b)).
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transition radiation depends on the relation between the divergence
parameter ψ0 and the characteristic angle of the TR ≈ −θ γ 1.

We can consider three cases:

1) < < ≈ −ψ θ γ0
1, ≈ ≈⊥ ∥ ⊥ ∥ ⊥ ∥ ⊥ ∥α n θ θ ψ ψ α n θ θ ψ ψ( , , , , ) ( , , , , ) 0c a – it means

that for all electrons in the beam the interference will be maximally
constructive;

2) = ≈ −ψ θ γ0
1, <⊥ ∥ ⊥ ∥α n θ θ ψ ψ rad( , , , , ) 0.5c - the interference of TR from

the amorphous layer boundaries will have the constructive char-
acter, but for the same case < ≈⊥ ∥ ⊥ ∥α n θ θ ψ ψ π( , , , , ) 2.2 /1.42a and the
constructive character of the interference will be destroyed for a
significant part of the beam – the condition <⊥ ∥ ⊥ ∥α n θ θ ψ ψ( , , , , ) 0.5a

will be satisfied only for ⩽ −ψ γ0.250
1.

3) ≫ ≈ −ψ θ γ0
1, ≫⊥ ∥ ⊥ ∥α n θ θ ψ ψ π( , , , , )a – the interference pattern in TR

will be completely blurred.

The numerical calculations of the spectral-angular density of DTR
presented in the following section confirm our estimations of the in-
fluence of the beam divergence on the constructive interference effect

in transition radiation appearing on the boundaries of the amorphous
layer and entrance surface of the single-crystal layer.

6. Numerical calculation

Numerical calculations have been performed based on the expres-
sions (19) for the beam of relativistic electrons of the energy

=E 250MeV crossing the three-layer structure that consists of the
amorphous carbon layer C, the vacuum layer and the single-crystal Si
(111) layer. We assumed that the electron beam crosses the single-
crystal layer under the conditions of symmetric reflection, i.e. a set of
reflecting atomic planes in the crystal is perpendicular to the crystal
layer surface ( =δ π/2, =ε 1) and the Bragg frequency =ω keV8B cor-
responds to the angle ≈θ 14.5B

o. The σ -polarized waves ( =s 1, =θ 0// )
were considered. Dependence of the DTR spectral-angular density on
the electron beam divergence at aforementioned conditions were stu-
died. We have chosen the thickness of the layers to be equal to
c= 4.1 μm for the amorphous layer, a= 19 μm for the vacuum layer.
These requirements satisfy the condition (17a (under =n 0) and the

Fig. 4. The contributions of TR generated by relativistic electron beam on the amorphous layer 〈 〉T1
(1) and on the front boundary of the single-crystal layer 〈 〉T2

(1) and of their interference
term 〈 〉Tint

(1) into DTR spectral-angular density 〈 〉TDTR
(1) .

Fig. 3. DTR spectral-angular density under different values of the electron beam divergence ψ0.
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condition (17b) (under condition =m 0) for constructive interference
of TR waves at the maximum of DTR angular density
( = ≈−θ γ mrad21 ). The curves in Fig. 3 obtained by Eq. (19b) taking
into account Eq. (14) demonstrate dependence of the spectral-angular
density of DTR in three-layer structure on the value of the divergence
angle ψ0 .

In Fig. 4 the curves, Eq. (19b), demonstrate the contribution of TR
by the amorphous layer 〈 〉T1

(1) and the front surface of the single-crystal
layer 〈 〉T2

(1) while the contribution by the term describing their inter-
ference 〈 〉Tint

(1) to the DTR angular density 〈 〉TDTR
(1) under the beam di-

vergence parameter =ψ 0.10 mrad (see Fig. 3). Fig. 4 reveals an es-
sential contribution of TR by the amorphous layer 〈 〉T1

(1) to the spectral-
angular density of DTR. The solid curves are plotted at the conditions
(17a and (17b) corresponding to the case of constructive interference of
TR waves. The dashed curves in Fig. 4 correspond to the conditions
c=5 μm, a=17 μm. As illustrated in Fig. 4 these changes in the
thicknesses of layers don’t lead either to a dramatic change in the
character of interference or to the transition of the constructive inter-
ference into the destructive one.

This fact points to the stability of the considered interference con-
ditions and allows us to expect the realizability of experimental ob-
servation and investigation of interference effects in the coherent ra-
diation generated in the considered three-layer target by beams of
relativistic electrons.

In Fig. 5 the curves describing the terms 〈 〉T1
(1) , 〈 〉T2

(1) and 〈 〉Tint
(1)

plotted for two different values of angular divergence ψ0 of the electron
beam are presented. These curves demonstrate considerable influence
of the electron beam divergence on the contribution of the interference
term in the spectral-angular density of DTR generated in the considered
composite target.

In Fig. 6 the curves got by Eq. (12a) describe the contributions of
PXR, DTR and their interference term to the spectral-angular density of
coherent radiation under conditions of Fig. 3. The curves show that the
contribution of PXR to the spectral-angular density of radiation is
negligible in comparison with the contribution of DTR and their in-
terference term. Moreover, the spectral-angular densities of PXR
(〈 〉TPXR

(1) ), DTR (〈 〉TDTR
(1) ) and interference term (〈 〉T PXRint( ,DTR)

(1) ) as well as
the contributions of transition radiation from amorphous layer 〈 〉T1

(1) ,

Fig. 6. Spectral-angular densities of PXR (〈 〉TPXR
(1) ), DTR (〈 〉TDTR

(1) ), their interference term 〈 〉T s
int(PXR,DTR)
( ) and the total spectral-angular density of coherent radiation 〈 〉T (1) .

Fig. 5. The influence of the electron beam divergence on the diffracted transition radiation 〈 〉 = 〈 〉 + 〈 〉 + 〈 〉T T T TDTR
(1)

1
(1)

2
(1)

int
(1) .
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the entrance surface of the single-crystal layer 〈 〉T2
(1) and the inter-

ference term 〈 〉Tint
(1) to the spectral-angular density of DTR (〈 〉TDTR

(1) ) have
been studied for other fixed observation angle =⊥θ mrad4 .

For this case, in Fig. 7 the curves plotted at the conditions of Fig. 3
and constructive interference (Eq. (17)) are presented. One can see that
under such conditions the term of PXR and DTR interference
(〈 〉F s

int(PXR,DTR)
( ) ) exceeds the term of PXR (〈 〉TPXR

(1) ), while the interference
term 〈 〉Tint

(1) exceeds 〈 〉T2
(1) .

The curves in Fig. 8 demonstrate the PXR, DTR and the contribu-
tions of the interference terms to the total spectral-angular density of
the coherent radiation for the same conditions as in Fig. 7 except the
other thicknesses of the layers in the composite target c and a. One can
see that these deviations in layer thicknesses do not result in significant
changes in the character of the interference process or, for example, the
transition from constructive interference into destructive one.

As it is seen from (17a and (17b) the conditions of the constructive
interference in DTR from the composite target also depend on the re-
lativistic electron energy (∼γ) and its dispersion (∼Δγ). To estimate
the influence of the electron energy dispersion on the interference effect

we have made the calculation of spectral-angular density of DTR for
two different values of γ. The results are presented in Fig. 9.

We can see that the change in the electron energy of 10 percent
leads to the change in DTR spectral-angular density about of the same
order but does not considerably influence the interference effect.

7. Conclusion

The dynamic theory of coherent X-ray radiation generated by a
beam of relativistic electrons in the three-layer structure consisted of an
amorphous layer, a vacuum (air) layer and a single crystal has been
developed. The expressions for spectral-angular density of diffracted
transition radiation (DTR), parametric X-ray radiation (PXR) and their
interference term have been derived within the framework of two-wave
approximation of the dynamic theory of X-ray diffraction in a single-
crystal. The derived expressions consist of the contributions of transi-
tion radiation (TR) from the amorphous layer, TR from the front
boundary of the single-crystal layer and their interference term to the
spectral-angular density of DTR. The dependence of DTR characteristics

Fig. 8. The same as in Fig. 7, but for other thicknesses of the target layers (a and c).

Fig. 7. Spectral-angular density of DTR 〈 〉TDTR
(1) , PXR 〈 〉TPXR

(1) and their interference term 〈 〉Tint(PXR,DTR)
(1) . The other curves describe the terms forming the above-pointed term:

= + +T T T TDTR
s s s s( )

1
( )

2
( )

int
( ).
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in such a structure on the beam divergence has been studied. The
considerable influence of the beam divergence on the interference of TR
from the amorphous layer and the front boundary of the single-crystal
layer has been shown. It has also been demonstrated that small but
perceptible changes in the thickness of the layers do not lead to the
change of the character of interference in the vicinity of Bragg fre-
quency (to the transition from constructive to destructive interference)
i.e. these conditions are enough stable to use them for increasing the
intensity of X-ray source. The considered composite target allows to
increase the intensity of DTR up to 9 time in comparison with a single
crystal target.
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Fig. 9. DTR spectral-angular density for two different values of the relativistic electron energy. Solid lines correspond to optimal width of the target layers for γ=500.
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