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1. 1nlro™mclon

EarHer !be auPbor ba8 81uJfleit Toiiel ellipic p8ewniio-N1'erenal e~ma™on8 T camnon-
kal non-8woolb MoTat8 T EwucHitean 8pace MT, anii Tore coTpleleii re8ull8 were
oblaTteii T I!be plane T = 2. Tbl8 approacb 18 ba8ein on a 8peaal lNacPonralon ol an
elllpVic 8yTbol anii leall8 lo Bl iie8cnpWon ol 8olyabllly pkPure lor a Toiliel elllp-
Mc p8ewniio-M1M'erenmal e~mna™on [1]. To lrawler Mbe8e re8nll8 !lo Tullklten8ional ca8e
one neel8 lo know a general ForT ol a WMi8inbulion 8upporleii T a 8T§ular 8urlace,
Mbl8 18 Mbe Ta T Wlicuky. There are a 1o! ol exatple8 lor Mi8Inbulion8 8upporleii on
Nineren! lype8 ol 8urlface8 T T-J1Ten8inal 8pace [2], bu! !'bere 18 no !beoret on a
pgeneral ForT ol 8ucb a Misinbulion. The anlbors laEesl 8Muiik8 relaleii lo !'be TU KK Ten -
8ional 8Mmnalon8 T > 3 are yery lepeniien! on 8ucb a re8ull. 8oTte preHTTary re8ull8
T IbI8 /irecNon were oblaten T paper8 [3-5], bu! bere we wll §1¥e Tore concrele
calcnlalion8.

One can linii olber 8Mniik8 olp8eniio-N1M'erenlMal e~nal”~on8 anii relaleii bouniiary yalue
problet8, lor exaTtple, T [6,7] anii 8ub8e”nenl” pubHcaltons.
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2. PreMTtwanes

LWe con3Wer 1be p8en/lo-J1lit'erenial operalor A:

nx) = [ [ A%)n(y) el(y=x)%JPoJly, x € MT
KT KT

in 1be 8oboley-8loboJ/1el8kii 8pace8 H5(MT) wHb norT

N12 = ™ \N 21+ %DB51%, wn%) = (Pn)(%) = "IM ex Ym(x) JIx,
T

J‘J‘IT
an/1 TAo/luce 1lbe 3llowT§ cla88 04 8yTbol8 nol Jlepen/iTg on 1lbe 8paMal yanable Xx:
3cx, 2 > 0 8ucb 1bal

C <|A%)(1L + [%]-“|<C2, %€ MT. (1)

LWe calllbe nuTtber a € M orJler 04 1be p8eun/lo-/1lit'erenal operalor A.

M 18 well known 1bal8ucb an operaiiar 18 a Hnear bounJ/le/1 operaar acing & o1 1be 8pace
H5(MT) Tlo 1be 8pace H5-a(MT) an/l1 TyerMble [8]. Tbe probleT 18 1be MallowT§: whal
can one 8ay on lbe TyerUbWHYy oii be operaiior:

nx) > [ AM)u(y) elyx)%/®ly, x € B,

whbere B ¢ MT 18 a 8o-calle/l ‘canowcal JloTaT. Por iibe I8/ canowcal JloTtaTt B =
MT = {x € MT :x = (x\xT),xT > 0} Mwa8 8iin/lle/iby M.1. Y18blk-C.1. E8KT [8]. Here
we con8l/ler anoiiber canowcal SlotaT, nately B = C+,

Ca ={x €M1 :xT>4a|x]) x = (x1,...,x7-1), a > 0}.
Tbwn8 we 8lin/ly be 8olyablllily oii ibe To/1el p8ewn/lo-J/1lit'ereniilal e~na~~on [1,3,4]
(An+)(x) =/ (x), x € C+, ()

T ibe 8pace H5(C*“ ),wubere A 18 a p8en/lo-J1litereniilal operaiior wiilib ilbe 8yTbol A(%) 8aiils-
MyTp iibe con/1lon (1). The 81§n ‘+ ' Mor iibe nnknown Munciliton n+ 8bow8iibaiiiibl8 Munciiton
18 Nevine/1 T Ca only. WWe wll recall 8oTe 8ian/lar/1 Jleliwiton8.

By Jleiinllon ibe 8pace H5(C”) con8i8l® oli Munciton8 MroT itbe 8pace H5(MT) wiiiib
8upporin8t Ca.TbenorT Tiibe8pace H5(C* ) 18T/luce/ibyiibe norToiiibe 8pace H 5(MT).

beii 8 Nenoiie by 5(M T ) iibe 8cbluariir cla88 oii Tiiwiiely Jliiliereniiiiable aiiTiiniiily rapii/ily
Necrea8Tt§ Muncitons, by 5/AMT) iibe 8pace oii/1i8iinbuiiton8 oyer 5(MT ), an/1 by §'(0".) Ne
8pace 04 1181rlbulon8 4roT 5/AMT) wWb 8upporl8in C* . Tbe rl8bl-ban/1 8/1 e/ 1n E~na™on
(2) 181aken 4roT 1be 8pace H0~a(Ca_) con8181T § 04/1181rlbuilon84roT 5'(Ca) wblcb aNlTi
aconnualon tnilo 1be wbole 8pace H5a (MT). A norT in 1lbe 8pace HO~a(Ca) 18 Jleiines
by 1be 4orTnla

u/y+-, = 1n4 W 16—a,

wbere TATwNT 181laken oyer all connnalow I/
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Purllertore, we T!roTuce 1be TM111T1lTen8onal 818mnlar t!e§ral operalor:

OTun)(x> = N, [ - n
T+ . /KT (IX, —yl2 —a2(xT —yT + 1r)2)

(we ot cer'aTt con8lani8, 8ee [1]). e recalllbal!lbl8T!e§rali8 atnllMlten8ional ana-
loave o! 1be Caucby lype Tle§ral; Tore exaclly M18 ayanan! o! Tulll Titen8onal HUber!
1ran8Marr.

To T!ioTI/ICE 1be nex! Tennllon we aTT a new nolllaon.

be! CO. be !be con)mn§ale cone !or !be cone Ca&:

*

C+= {x € MT :x = (x",xT), axT > [X]||,

= -C %, T(Ca) be!beraTlallube ToTtaT oyer !becone Ca,l.e.aToTtaTt o!lbe Tnll-
Tlten8ional cotplex 8pace CT o!!be lype MT + 1C”. Tbe 818n ~ 18 n8eT {or !be Pouner
Iran8MarT, 80 ii+ 18 Ibe Pouner !ran8Mart o! !be !unclion u+, anT H 18 'be Pouner 1Ta§e

o!!be 8pace H.

Oelinlon 2.1: Tbe waye ifaclonralion olan ellpWc 8yTbol A(%) 18 calleT 8 repre8en!a-

lton 1n !'be narT
A(%) = A=(%)A=(%),

wbere !'be laclor8A=(%),A=(%) Tn 8!8a!18ly !be conTiitow:

(1) A=(%), A= (%) are TennneT {or all% € MT Tay be excep! {% € MT : |%]2 = a2%T];
(2) A=(%),A=(%) aTTW8 an analy!k con!Tualion T!o !be raTlal ube ToTaT

T(C+), T(C—), re8pecyelywiib e8!1tale8

[At4% + n )] <C1(1 + |4 + [|x])t$,

Rty * —11)] < C2(1 + Ppo]+ [T Px(“-xk), Y¥Yx €C+ .
Tbe nutber $ € M 18 calleT 'be TTex o!!be waye {aclonralion.

Here we wll con8iTer E”nal~on (2) 'or 'be ca8e $ —5= n+ 8,n € X, I8] < 1/2, only.
be!n8 nole !'bal lor 'be ca8e $ —5 = 8 !be 8olnlion o{E~nal~on (2) 18 un~*ne, anT M can be
recon8!rucleT by !be operalor CT [1]. Tbe general8olulon 'or our ca8e can be con8!rucleT
nsing !be MallowT§ 8cbete. e conMnue/ on !be enire MT anT Tenole !bl8 conVinnaHon

by I . We pu!
n—x) = I/(x) — (An+)(x),

anT rewrWe E~na”™™on (2) a8

(An+)(x) + u—x) = 1/(x).
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Neaw applyT8 !be Pouner Iran8lort anT !be waye !aclonral'ton we can wnle 'be TH1lal

e™nal”~on T !belorT

A=(%)ii+ (%) + A—\%)~1—(%) = A—1(%)/(%). (3)

be!n8 nole 'ba!lbe lmnclion A—1(%)1/(%) belon§8!o !be 8pace H5$(M T). 80, W e lake
an arbbrary polynortlal ~(%) 8a!i8ly 78§ !be conTLUon

1a(%)1~(1 + pen,
'ben !be 'unclion p —1(%)A=1(%)r /(%) wll belong o !be 8pace H —8(MT).
Purlbertore, accorTTtpg 'o !'be !beory o! !be Tnl!lTlTten8onal Wetannprobletr [1]

we can repre8en! !be lal!ler 'unclion a8 a 8uT o!lwo 8ntrtanT8, !bl8 18 aB8o-calleTinTp

probleT wblcb can be 8olyeT by !be operalor CT:
0—I1A=11/ = [+ + | —
wbere/+ € H-8(C+),/—€ H—-38(MT1T \ C+),
/+ = CT(A=1I/), /—= (I —CT)(A—Y~/).
MwnlllplyT§ !be e®naltly (3) by p —1(%) we rewn'e 1! 7 !be lorT
N A=+ + N IA=1h—=/+ + [ —
or
Pl~IA=u+ —/+ = [ —— "~ —IA=1—
Ino!ber worT8
A=u+ —~/+ = N/——A=1— (4)

Nesw we can n8e !be lollowT§ re8ul! 1,5].

betta2.2: I/U—€ IF5(MT1 \Ca),A—l15a/ac(or o/ 1be blaye/aclon>kllon 1ben A —1Im_ €
Frs—a+$(mrT\c+).

Tbe lell-banT 81Te o! !be e™nal”ly (4) belon§8 lo 'be 8pace H —1—8(C0_), bu! 'be n§b!-
banT 81Te belong8 !o !be 8pace H—1—8(MT \ Ca). Tberelore, we baye

P—1(A=u+ —/ ) = P—1(0/——A=1n),

whbere 'be le!!-banT 81Te belon8§8 !o !'be «pace H —1—8(CO_), bu! n§b!-banT 81Te belon§8 !o
Ibe8pace H ——8(KT \C\),!roT whlcb we concluTe 1TTeTlalely!ba! A/1818aTi8lnbu'lion
8uppor!eT on !be 8urlace gCa.

I''181elllo TelerTTe !belorTt lor 8ucb aTi8!nbulion.
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3. nl51nbullon5an4 cHange ol yanables
3.1. TeSNuncKon5

be! C be a conyex cone T !be 8pace MT, no! TclunT§ any enlre 8lral§b! Hne. TbI8 18
ITporlan! becan8e we mn8e !be Nbeory ol analy!k Nmnclion8 ol 8eyeral coTplex yanable8
[9- 11]. Moreoyer, we 8nppo8e !'bal! 'be 8urlace olN!'b18 cone 18 §1¥Yen by !be eMnal™on xT =
p(x'),X = (x1,...,XT-1), wberep : MT7-1 ~ M18a8too!b Nunclton T MT-1 \ {0}, anii
p(0) = 0.

be! n8 Tlronunce Nbe cbanpge ol yanable8:

1= Xl
2= X2

(-1 = X7-1
(Tr=xT p(x)

anv rienole 'bé8 operalfor by Tp : MT A~ MT.

Obywwly, 'b1818a8Too0!b Iran8lortalion excluniit§ lbeonaT. We wonlii Hke lo tieline
a 8peclal cbanpge olyanable8 lor iil8!nbun!tong, anii we neeli a 8peaal cla88 ol e8! Mmnclion8.
A8 8ucb a 8pace we Make !be bl rorkT 8pace ® (M7 ) [12] wblcb 18 a 8nb8pace oM be 8cbwar!r
8pace 5(MT ). 8ucb Nmnclion8 yaw8b a! lbe on a1 wiib all!bek enyabye8.1MNwe lieno'e by
®'(MT),5'(MT) 'be corre8poniiT§ 8pace8 olrni8!nbu'ton8!ben ®'(M1) 3 5'(MT), ani all
operalton8 wiib ni8lnbulion8rror ®'(MT) wll be yaHn lor iil8!nbunlion8rrot 5'(MT ).

be!/ bealocalt!e§rable Nunclion wblcb general'e8 ani8!inbulion Meneii by Nbe FCortnla

(/, ) = 1 /(X)) (x) Wx.
KT

LWe iieline a fmnclional Tp/ by !be Nortnla

(T/,9) = (/,T-1d),

becan8e

(Tp/,d) = [ (Tp/)(x)p(x) ax = [/ (Tpx)d(x) Ax

[ /7(x)p(T-) x = (/, T -1d).

One can ea8yyenly !ba! Ibe |acoblan ol lbe lran8ForTtalion Tp e*1al8 !o 1eyeryuwbere
excep! 0. 8Tce we cboo8e 8ucb !'e8! Tmnclion8 !'be po 1! 0 8bonlii be 18noreii.

We wlll n8e a re8unl! wblcb lMNollow8 NroT 8cbuwar!r 'lbeoreT on one-rilten8tonal #18!n-
bu'ton8 F'rot 5'(M) 8uppor'eit al 'lbeonpgT 0 [2,10].
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betta 3.1: 1/ainl$lribullon/ € X(M T) 1$$upporleii T lke Kyper-plane x T = 0 1ken UV ka$

KKe/orm
n
/ (x) = N2 CKk(x') ® 8(K)(xT), X = (X, xT), (5)
K=0
wkere X € §'(MT1—), k= 0,1,..., n, are arbWUrary C1$MbuHon$.

3.2. CHangeoTyanable3

Here we Jleline a cbanpge onyanable8 vor J/In8inbuiitons.
Oennllon 3.2: Tbe operawor T(p18 Jleline/1 by ibe iiortula
(Ty/, X) = (/, T—1®), U € §(MT).
The nexii iio a88eriiton8 are yery 8MTple.
betta3.3: 1/ainl$lnbuMon/ € X(M T) 1$suppoHen on gClkenTy/ I$BuppoTkeCon MT —1.

Tbeoret 3.4: An arbUrary CreMbuHon/ € X(M T) BuppoHeC on kke cowca.lBur/ace 4C can
be wlllen 1n kke/orm

/(x) = T- \NTck(Y) ® 8(k)(yT)) , (6)
\k=0 /
WwKere K € 8'(M1—1), k= 0,1,..., n, are arbWrary i1$1ribullons$.

4. Tie Poumer lran5/orTt

14118 a nmaiivral way o a8k whbaii 18 iibe Ponner iran8orT oii a J/1i8iinbuitton 8upporiie/1 on acon-
Vical 8uriiace. 80, ior exaTple, iibe Pouner iiran8Mort oii iibe Nii8inbuiiton (6) 18 a polynoTital
olior/ler n wiiib re8pecii o be yanable % wiiib coelllciienii8 Ck(%'), k = 0,1,..., n.

Por nnnciiton8 u(x) virot §(MT1 ) tibe Ponner iran8iiort 18 JSleiine/l by iibe iortula

(Pn)(%) = n(%) = [ eb%u(x) Jx.

Tbe Pouner rawiiorT wor J1i8inbuniiton8 18 Jlelines1 a8

(P ) = (1, Pdh),
bereliore

(PTyl ,p) = (/, T—1P ).

Thbe8e properiilie8 liTply libaii T or/ler iio Jleline correlanon8 beliween Ty an/1 P one can

operaiie Wiilib 14e8ii inncitton8 only.
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be!/ € 5'(MT) be ani8lnbulion 8upporlein on gC. Accorivitg !o TbeoreT 3.4 1! ba8 N'be
8peaa! orT (6). We baye !be relalon8

rz, ¢) (pT-1 172 X(Y) ® 8(K(YT™ , b

FrT-1r-1r ~cohy') ® 8KyT) , ®
\k=0

Yp E CKMH)HK ), ,
K 0

wbere we n8e Nbe new no'alton NT- 1 1= Yp;!bl8 operalor ¥Yp 18 ennevi on 5(MT); le!
n8 nole 'ba! 'bl8 operalor 18 Tyer!lble ani ¥- 1= F'ﬁBF'll, ?g)l = T-p.Accoriitg 'o Ibe
laller ob8eryal'ton8 we can concluiie !ba!

(" )

T,CK(H")HT

K O

41. TbeoperaO

LWe 8lar! F'roT !be enaltly
rT-1 =y r

ann concluite 'ba! 'bl8 operalor ac!8 1 bouner ita§e8.1! 18 Tore conyewen!!o 8lar! 'rot

'be lel!-banii 8liie. LLle Nx n € 5(MT ) anii calcnlale:

(FT-1)(H) = ( elyH(T -1m)(y) iy = [ elyHu(Y.yT + p(Y)) iy
NT NT
= | elXHe-HTp(x,)n(x',xT) Nx' ixT = [ eIlXH' e-1HT p(x>)n(x;, HT) Wix",
KT KT-1

wbere n(x;, Hr) ieno'e8 !be bouner Iran8rort ollN'be Mvnclion n(x', xT) winb re8pec! lo 'be
yanable xT. TakT§ T!o accoun! proper!le8 ol !be bouner !ran8lfort one can take !be

NollowT§ concln8lon. be! n8 iienole

Fx~H'(e-1HTP(Xx)) = Kp (H', HT),

ani aller 'bl8 we ob!aT an Tle8ral repre8en'alton lNor !be operalor ¥Yp:

(rT-1m)(H) = A!nTKp(H' - Y HT)n(Y,HT) liy.
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4.2. AnrblexaTpleT =2

Tbe ca8e T = 2 18yery pooT, !'bere 18only one Ten'toneT cone. We wn'e 1! a8

Ca ={x € M2 :x = (x1,x2),x2 > a|x1l}) a > °|,

anT !ur!ber eyaluale:

+rc
/ elayloR e'Y1%n (yb %2) Tyb
-rc

+IC
/ X+(Y1) ewylRelyl% n(yb %) Ty
10

+IC
/ X—¥1) e—y' %R elyl% un(ys %®R) Tyl
-

+IC
/ X+(Y1) elyl(@2+%)n(y1,%2) Tyl
c

+IC
/ X—(Y1) e—lyl(a98—9%8) n(Y1, %2) Tyl,
rc

wbere n(yl, %) Teno!e8 !be one-T1lten8wnal Pouner !ran8lort wkb re8pec!!lo !be 8econT
yanable, x+ are TTkalor8 o! M+.

Tbe laller lwo 8|/|TTanTg(gr(X(BmX%r@ans?gﬁ(glar'!(l,){ﬁ’c%%)ns

wkb re8pec! lo !be yanable y1 8o !ba! we can n8e !be lollowT§ proper!k8 [8]; !'be8e
proper!k8 are calleT 8okbo!8kn lortnla8 [13,14]:

r+ X 1 1 Tr+ICu(n) Tn
X+(x) e %ux) Tx = -un (%) + n.p.— — - ,
n—c 2 2n™r—c % n
N
1F }, 1 F-Z*I*C n(n) Tn
X—(x) ed&%u(x) Tx = - n(%) —b.p.—
2 2n .J—c %—n
-rc 2 2N ~—c
TakTp 'be8e proper!k8 t!o accoun! we conclnTe
/™ -1 n(% + a%2 %2) + (% — a%2, %2)
(PT—1n) (%) = 2
1 [+IC wn(n,®)Tn n 1 [+C wn(n,%R) Tn (mr

+ y.P~ g [ ey e = (Y %) .
y 2n ~N—c g/u].+ ba%’Z—n y 2n ~N—c A/ul —aw —n (Ven)(%)

4.3. AnexaTple:T >3

A8l a88bown !be kernel K(p 18 coTtpulable lor concrele 'nnclion d(x"). be! d(x") = alxX],

a> ° Ilwe wll look a! 'be lortula8 !rot [11] (8ee al8o [15] T wbkb a real analogue o!
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libe8e tiortTnla8 18 pityen a8 iibe Po188on kernel) we wll #n/l

a2T—In (T—2)/2r(r/2)

Thereliore vior 8ucb a Tull ivitTewtona! cone ibe operaior Yy 100k8 iike

)

lnour opTion we coml/l callliia cowca.lpolenllal.

KeTtark 4.1: Oiiconr8e ibe ihortnla (7) 8bonl/l be iireaiie/1 T iibe J/118linbuiitonal8en8e. Below

we anye 8ucb a Melnwinton Mor be operalior Yy T Iibe 8pace §'(M T ).
Oennllon 4.1: Por aJsinbuiiton/ € 5'(MT) libe liran8iiort Yy 18 aiiyen by iibe iortnla

Yyl, @) = (I, Y—yd), Yd € §MT).

5. Tbe operavior Yy an4 a genera! 50lulon

beii C be aconyex cone noii TclnJ1TA an eniiiire 8iraliabii ine. beii 8 Tiiro/luce iibe Bocbner
kernel [9- 11]

anJ/1 iibe relaiie/1 Tiiegral operaiior
BT(x —y + \T)u(y) Ny, X € MT .

Tbereallercanea8Mya/flapiiBeiiwiion2.1 iioranarbliirarycone C = {x € MT :xT > Y(x')}
an/1 be can obwarTt be noHow Th re8ulii or E~naii®on (2) T acone C.

TbeoreT 5.1: 1/(ke $yTbol A(%) aCTHB (Ke waye Zac(orlxa(lon whlk (ke 1niiex $, $ —$ =
n+ 8 n €M, 8] < 1/2, (ken (kegeneral soblHon o/EunaHon (2) InPouner 1Tages 1$glyen
by (ke/orTunla

ne(%) = AAA& BT O .~N& A X (%)1/(%)

wkere Ck(x") € H$K(MT x) are arbUrary/unc(lons, $k = 8 —$ + k —1/2, k= 1,2,...,n, I/
1Ban arbWrary connunaHon o//on(o H5-a(MT).

Tbe corre8pon/iT§ re8ulin on a 8eneral 8olwiiton o E~naii™on (2) T Iibe cone Ca& wa8

proye/1 T [5].
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KeTtark 5.1: I'18yery 81tple !o yenly !ba! !be re8ul! noe8 no! iiepenii on !be con!Tnalion
17 [1,8].

80Te 8peclal ca8e8 are yery Tlere8!71§, lor exatple ' C = Ca.

Corollary 5.2: I// = 0,n = 1, (ken we Kaye lke/olMowrng/orT™ Zor (ke general $olwniion 1n
(ke$pace H$(C+):

a2T In (T 2)/2r(r/2)C(n') iur
n+(H) = n=1(H) I

wkerec(x') € H$ x+1/2(MT 1) 1$an arbWrary/unchon.

Mnsaing !be8e re8nll8 one neei8 lo aiihi 8oTe aiiillional coniillon8 !o iielerTTe Mn™Muely

'be unknown Munclton8 Ck We wlll cowller !'bla probler T For!bcoTT§ paper8.

Acknouw'ed4aten(5

Tbe an'bor 18yery aralelnl 'o releree8 lor !belr ITely anit belpfunl cowwen!s.

015clo5ure 51aleten!

blo poleniial conllc! ol T!lere8! wa8 reporleii by !be aun!bor.
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