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ABSTRACT. We consider some discrete pseudo-differential equations in dis-
crete Sobolev—Slobodetskii spaces. For a discrete half-space and certain values
of an index of periodic factorization for an elliptic symbol we introduce additional
potential-like unknowns and prove existence and uniqueness theorem in appro-
priate discrete Sobolev—Slobodetskii spaces.

1. Introduction

We will consider model discrete elliptic pseudo-differential equations in special
discrete canonical domain Dy = D N hZ™, where D C R™ is a domain, now it
will be the discrete half-space

Dq=hZ} =hZ™ NRY, RY ={zeR™: z=(2"zn), zm >0}, h>0.

Our main goal is to describe invertibility conditions for an elliptic model pseudo-
differential operator in such a canonical discrete domain. It was shown earlier in
authors’ papers that these conditions depend on the index of periodic factoriza-
tion of an elliptic symbol. There arise different discrete boundary value problems
with (co)boundary conditions determined by the index of factorization and the
order of Sobolev—Slobodetskii space. This paper is devoted to the special case
when we need to enlarge the number of unknown functions and introduce under
consideration certain discrete potential like operators.
The basic object under consideration is the following operator equation

(Adud)(fc) = ’Ud(.i'), I e Dd, (1)

where Ay is a discrete (or digital) pseudo-differential operator, D, is a special
canonical discrete domain in m-dimensional space R™.
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The equation ([I) for continuous situation was studied earlier [5], but there
are a lot of problems related to discrete and computational aspects. To con-
struct good computational algorithms we need a good discrete solvability theory
for the equation (). For some simplest operators Ay generated for example by
Calderon-Zygmund operators it was done in authors’ papers [12], [13] using
the theory of periodic Riemann boundary value problem [14]. This statement of
the periodic Riemann boundary value problem was initiated by solving discrete
equations like () and it was based on classical results [I]—[4].

We widely use a factorization idea which was very useful for many cases and
similar discrete and continuous equations [9]—[11], [I5] and hope it will help us
one more time.

The main difference from other papers related to similar problems (see, for
example, [0], [7]) is the following. They consider the given boundary value prob-
lem, construct a discrete approximation (or first reduce the boundary value
problem to discrete variants of integral equations), prove a solvability for this
discrete problem and give error estimates. We try to construct a discrete theory
of pseudo-differential equations like [5] so that there is a certain correspondence
between a solvability of discrete and continuous equations (see, e.g., [13]) and
boundary value problems for them, and after it obtain error estimates for discrete
solutions.

Some preliminary results (certain ones for another canonical domain) are
given in [16]-[20].

2. Preliminaries

2.1. Notations and definitions

2.1.1. Discrete and periodic objects

We will use the following notations. Let T™ be the m-dimensional cube [—m, 7|,
h > 0, h = h~'. We will consider all functions defined on a cube as periodic
functions in R™ with the same cube of periods.

If ug(Z), & € hZ™, is a function of a discrete variable, then we call it “dis-
crete function”. For such discrete functions one can define the discrete Fourier
transform

(Faua)(§) = @a(§) = > e ™ lug(@)n™, &€ hT™,
Fehzm
if the last series converges, and the function 44(€) is a periodic function on
R™ with the basic cube of periods AT™. The discrete Fourier transform is
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a one-to-one correspondence between the spaces Lo(hZ"™) and Lo(RT™) with

norms 1/2
||ud||2=( Z|ud<sz=>|2hm>
TeEhZ™
and
1/2
gl = / i (€) P

¢ehTm

We will use the discrete Fourier transform to introduce special discrete Sobo-
lev—Slobodetskii spaces which are very convenient for studying discrete pseudo-
differential operators and related equations.

2.1.2. Discrete functions and functional spaces

Since the definition for Sobolev—Slobodetskii spaces includes partial derivatives,
we use their discrete analogue, i.e., divided difference of first order

(A( )ud)(x) (ud(xl, cey X Ry ) —ua(Tr, e Ty ,xm)),
for which its discrete Fourier transform looks as follows
(A1) (€) = b= (e™™ % — 1)iia(€).
Further, for the divided difference of second order we have

(A,(f)ud)(i') = h_2(ud(x1,...,xk +2h, ... )
—2ug(wy,. ..,k + hy oo ) Fua(Ty, xRy T))

and its discrete Fourier transform

(AP ug) (&) = B2 (e — 1) a5y (€).

Thus, for the discrete Laplacian we have

Adud) Z A(2 ud
k=1

so that

(Adud =h" 2 Z —ihel (f)

Let us denote (2 = h=2 3" | (e~ —1)? and introduce the following
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DEeFINITION 1. The space H®(hZ™) consists of discrete functions uq(Z) for

which the norm
1/2

gl = / (14 1%])"a(6)2de

. . RT™
is finite.

Let us note that such spaces were systematically studied in [§], and we will
use some their properties.

Further, let D C R™ be a domain, and Dy = D N hZ™ be a discrete domain.

DEFINITION 2. The space H*(Dg ) consists of discrete functions from H*(hZ™)
which supports belong to Dg. A norm in the space H $(Dg) is induced by a norm
of the space H*(hZ™). The space Hj§(Dg) consists of discrete functions ug with
a support in Dy, and these discrete functions should admit a continuation into
the whole H®(hZ™). A norm in the H§(Dq) is given by the formula

lluall§ = inf |[Cuqlls,

where infimum is taken over all continuations ¥.

The Fourier image of the space H*(Dg) will be denoted by H*(Dg), and
H#(hZ™) = H*(hT™). For the space H*(Dy) one has a description like the
Wiener—Paley theorem [5], it can be obtained by the same methods.

2.1.3. Digital pseudo-differential operators

Let ﬁd(f) be a periodic function in R™ with the basic cube of periods AT™.
Such functions are called symbols. As usual we will define a digital pseudo-
differential operator by its symbol.

DEFINITION 3. A digital pseudo-differential operator Ay in a discrete domain
Dy is called an operator of the following kind

(Aqua)(F) =) Ag(©e' TGy (€)de, @€ Da,
GERL™ i
An operator A, is called an elliptic operator if

inf |A .
6885611;;%\ a(§) >0

Remark 1. One can introduce the symbol /Td(i',f) depending on a spatial
variable Z and define a general pseudo-differential operator by the formula

(Aqua)(®) = > [ Ag(&,8)e' T D8ay(6)de, T e Dy.

GERL™ pm
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For studying such operators and related equations, one needs to use more fine
and complicated technique.

DEFINITION 4. By definition the class E, includes symbols satisfying the fol-
lowing condition

e (141N < JAa(©)] < ea(1+1¢%)

with positive constants c¢1, co non-depending on h.

The number o € R is called an order of a digital pseudo-differential opera-
tor A4. Roughly speaking the order of a digital pseudo-differential operator is
the power of h with the sign “minus”.

a/2

(2)

Using the last definition, one can easily get the following property.

LeEMMA 1. A digital pseudo-differential operator Aq € E, is a linear bounded
operator H*(hZ™) — H*~*(hZ™).

2.1.4. Discrete pseudo-differential equations

We study the equation () assuming that we are interested in a solution ug €
H?(Dg) taking into account vg € Hy™ *(Dg).

Main difficulty for this problem is related to a geometry of the domain D.
Indeed, if D = R™, then the condition (2]) guarantees the unique solvability for
the equation (). We will consider here only so-called canonical domains and
simplest digital pseudo-differential operators with symbols non-depending on
a spatial variable . This fact is dictated by using in future the local principle.
The last asserts that for a Fredholm solvability of the general equation () with
symbol A4(Z,€) in an arbitrary discrete domain Dy, one needs to obtain invert-
ibility conditions for so-called local representatives of the operator Ay, i.e., for
an operator with symbol A4(-,€) in a special canonical domain.

Earlier authors have extracted some canonical domains, namely D = R™,
R7,CY, where R? = {z € R™: 2 = (2, z1), 2 > 0},04 = {z € R™: z,, >
alz’|,a > 0}. Methods for studying two last cases are related to special boundary
value problems for holomorphic functions.

2.2. Technical tools and periodic Riemann boundary value problem

Let us denote Py, P_ projection operators on Dy, hZ™ \ Dy, respectively, i.e.,

~ ’I,Ld(i'), WS Dd7
Piug)(x) =
(Pyua)(@) {07 r Dy,
and analogously,
uq(Z), &€ hZ™\ Dq;
0, € Dy.

(P-uq)(Z) = {
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To apply the discrete Fourier transform F, to the equation () we need to know
what are the operators F'P,,F'P_. For the case D = R’ it was done in pa-
pers [12], [14] in the space La(hZ''), and here we will briefly describe these con-
structions. Let us introduce the following operators which are generated by pe-
riodic analogue of the Hilbert transform, £ = (¢, &),

hlw

. h h(Em — 1m) - -
HE"30)(€) = 2 v m ) G ) i, € € BT
(HE 3)(6) = 5 v [eot ™S (o) dn, ¢ € BT
—h=1l7
P = /201 + HET), QLT =1/2(1 — HI™).

We have the following relations

__ pper __ yper
FP =P, F, FP_=Q I

Thus the equation () in the space Lo(hZY') is equivalent to the following
equation _ ~ ~
(A& PE + Q) 0a = Vi,
in the space Lo(hZ™).
One can rewrite the last equation as a one-dimensional singular integral equa-
tion with a parameter & € RT™ !

~ ~ hlm

A C m 1 - A -1 h h m ™~ 'Im) 7 1 7

M Ud(f)+%'% v.p./cot % Ta(€, 1) A = Va(€) -
_h-1lg

3)

The equation (@) is closely related to the so-called periodic Riemann boundary

value problem [I4]. We will formulate it for our situation. Let us denote II1 the
upper and lower half-strips in a complex plane C,

Iy = {z €C:z=¢n+im,ém € [—h7 m, b n], 7> 0}.

We formulate the problem as follows. Finding two functions ®*(¢,&,,), &, €
[—h~1m, h~17], which admit an analytical continuation into II+ on the variable
& for almost all ¢ € AT™~! and satisfy the linear relation

q)+(£/a£m) = G(f)(I)_(fl’fm) + 9(5)7

where G(&),g(§) are given functions on AT™. For our case the corresponding
periodic Riemann problem with a parameter £ will be the following
PE Uy = — A7 (€)QE Ua+ A7'Va, (4)

because the operators ng/”, Qg,e " are projectors on subspaces of Ly (RT™) consist-

ing of functions admitting bounded analytical continuation on the last variable
& into ILy under almost all & € RT™ L,
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2.3. The periodic factorization and a general solution
of discrete equation

To study the general Riemann boundary value problem we will use the fol-
lowing concept.

DEFINITION 5. Periodic factorization of an elliptic symbol A4(€) € E, is called
its representation in the form

Aa(§) = Aa+(§Aa-(8),
where the factors A4 +(§) admit an analytical continuation into half-strips AIL
on the last variable &, for all fixed ¢ € hT™~! and satisfy the estimates
~ 4+ = A fJo—=
[ATLO[ <ea(+1C)72, JATLEO| S e(t+IC)T 7,

with constants ci, co non-depending on h,

m—1

&2 = 2 (Z (emihée — 1)2 + (emth(Em i) _ 1)2>7 € tire Bl.
k=1

The number & € R is called an index of periodic factorization.

For some simple cases one can use the topological formula

hm
1
=—|/d Aal- m)
ve d Frgase
—hm
where A,4(+, &) means that ¢ € AT™ ! is fixed, and the integral is the integral

in the Stieltjes sense. It means that we need to calculate divided by 27 variation
of the argument of the symbol A4(§) when &,, varies from —hxr to hr under

fixed £

EXAMPLE 1. Let Ag(€) = k2 + €2 k € R, such that the condition (B) is satis-
fied, in other words, A4 is the discrete Laplacian plus k2. The variation of an
argument mentioned above can be calculated immediately, and it equals to 1.

As we will see the index of factorization very influences on the solvability
picture of the equation ().

2.3.1. Existence and uniqueness theorem

For special case we have the following result.

THEOREM 1. If the elliptic symbol Ay(€) € Eo admits periodic factorization
with index & so that |& — s| < 1/2, then the equation [l) has unique solution
in the space H*(hDy) for an arbitrary right-hand side vg € H*~*(hDy),

ia(€) = Ayt (OPET (AL (€)la(€)) . (5)
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Remark 2. It is easy to see that the solution does not depend on choice of con-
tinuation fvg

2.3.2. A general solution of the discrete equation

Here we consider a more complicated case when the condition | —s| < 1/2 does
not hold. There are two possibilities in this situation, and we consider one case
which leads to typical boundary value problems.

THEOREM 2. Letxz—s =n+0,n €N, 0| < 1/2. Then a general solution of the
equation ([Il) in Fourier images has the following form

ia(€) = Az (O Xn ()P (X, (OAL (O)va(€)) + A7 () 2_) cr (&),
k=0

where X, (€) is an arbitrary polynomial of order n of variables Co= h(e~ther —1),
k=1,...,m, satisfying the condition @), cx(£'),j = 0,1,...,n—1, are arbitrary
functions from H,, (hT™ 1), s =5 —a +k—1/2.

The theorem 2 implies that if we want to have a unique solution in the case
e—s=n+0,n €N, [§| < 1/2, we need some additional conditions to determine
uniquely unknown functions ¢ (£’), k =0,1,...,n— 1. This case we will discuss
in the next section.

COROLLARY 1. Let e —s=n+0d, n € N,|0| < 1/2, vg =0. A general solution
of the equation () has the following form

n—1
a(F, im) = A7) en(€)C),
k=0

3. Over-determined case

Here we consider the left case e —s = —n+3J, neN, [§] < 1/2.

3.1. Special representation for a periodic kernel

Since the solving of the last problem is based on properties of the Cauchy type
integral, we need to use for negative n the following expansion for the kernel

1 TJ T
= — - eD 6
T—2 Z 2d +Z"(T*Z)7 & ’ (6)

where D is a bounded domain with a smooth closed boundary ~.
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Since solutions of continuous [5] and discrete problems are written by singular
integral with the Cauchy kernel and the kernel cot %, respectively, we take into
account the following correlation between these two integrals. Indeed, if

E+1=¢hn T4 1=¢M
then we have

. hm
p(r)dr _ ¢ Jettdt o ¢ )(et + eth) dt ipeitn [ () dt
T — é‘ etht _ 67,h77 ezht — ethn etht _ gihn”’
St —hm —hm —hm

where ¢(t) = ¢(—1 + "), and further taking into account

_etht 4 eihn h(t —n) 1 1 < 1 1 >

= cot , =

Vit — gihn 2 r+D)(r—¢& Et+1\r+1 7-¢
we have b
o(r)dr _h h(t —n) 1 [ o(r)dr
st —hm St

Thus each expansion (0] generates the corresponding expansion

[ [T S

ol Y

Let v be a circumference of the following type
7:{26([::2:1—1—6””}.

We put z = "¢ — 1 and write

[EDLE e -y

st 7=l
W h
, t— ,
+ (ezhC + 1)_n§/COt ( 5 C) ¢(t)(ezth7 1)n dt + 1/2Cn7
where —hm
hm
cj :/Tj_lcp(T) dr = ih/(eiht —1)77 (1) dt, ji=1,...,n.
S —hm

Analogously, according to the formula (7)),

hm
" d h h(t — 4 1 n
[T oM g} [

St —hm St
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Then
W hit—m) 1 [ o(r)d
h Mt —n) 1 felr)dr _
2/cot 5 ¢(t)dt+2/ i1
—hm n st hm
=3 e a7+ (@6 - )7 feo Mgy et 1 a
gy
2) 7+1 T

Hence we have st
BT ht-¢)

t —
— kT n hm

Sy =07+ - )7 oo Mgyt - a9

J=0 —hm
where

1/ (L—7)p(r)dr

bj:Cj, jzl,...,n, b0:2 7‘+1

Sl
Of course, all constants b; depend on the parameter h.
3.2. How a solution looks

Here we remind that the periodic Riemann problem really depends on a pa-
rameter & Thus all coefficients ¢; in the formula (8) will depend on ¢ We can
collect our considerations of this section in the following

LEMMA 2. There exists a unique collection of functions
cj(¢) e H% (ART™ ), sj=s—w=+j+1/2, j=0,1,...,n,

such that the following representation

hie n
_4 cot M=y ¢! ) =;Cj<£’><ei”5”1 -7
hm
(e = 1) faon M0 28 gy ) 1) i,
—hm
where I
(€)= ih [(€"n —17g(€ 6 A F=01,m,

—hr

holds, for all g(¢',&,,) € H™"79(RT™), n € N, |6] < 1/2.
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THEOREM 3. Let e—s = —n—+4, |§] < 1/2. Then the equation ([{l) has a solution
in the space H*(Dy) if and only if
cj(&) =0, for all a.a. & € KT™ 1, j=0,1,...,n. (9)

Proof. Let fvg be an arbitrary continuation of v on the whole H*~*(hZ™).
After periodic factorization of the symbol A4(§) we have

Adr (©)aa(€) + A7 (©)wa(€) = A7 (€) (va) (£). (10)

According to the properties of digital pseudo-differential operators (see Lem-
ma 1) both summands and the right-hand side belong to the space H*~=(hT™) =
H"=°(RT™). Since

H" 5 (RT™) C h"~° Ly(hZ™),
we will multiply the equality (IQ) by h™

B A1 (€)Ta(€) + KM AL (€)a(€) = K" AT (€)(Lva) (€)

and will represent the h"Agl_(f)(/El\J/d)(f ) as a direct sum

AT () (oa) (€) = f1(€) + - (©),

where

f(6) = PET (0 A7 (o) (€), f-(6) = QU ("0 A7 (fua)) (),

and
fr € HO(RT™).
Therefore,
h" Ag 4 (§)aa(€) + h" ALY (E)wa(€) = f+(8) + f-(8),
and then

h" Aa+ (€)Ua(€) — f+(§) = f-(€) — h"AZ L (€)Da(€) =0

according to above considerations and Theorem 1. So, we have the unique solu-
tion

@a(€) = K AZL(OPE (W A7 (£02)) (€).

Let us denote for brevity h" A} * (f)(évd)( ) = g(€) and apply the Lemma 2
to the (P p,erg) (€). According to the Lemma 2 we have

(PIg)(€) = 9(&,6m) +ch (eem — 1)~

i —-n h - h m fm i n
+ (6 Plm — 1) ﬁ v.p. /COt %g<§c Um)(e Ptm 1) dnm ;
—hr
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and thus

n

> (€ (eMer = 1)

j=0

aal€) = 3471 W)€ +h 41 (©)

+hTAZL () (e — 1)

h h(Nm — &m ‘
X = U.p./COt ug({’, Nm) (€77 — 1) dn,, . (11)
2mi 2
—hm

Since the first summand in the last formula belongs to H*(hT™), we consider
left summands and rewrite the above formula as follows

Waf€) = 347 OW(E) +h AL D (€)™ — 1)

=0
AL (€) (e — 1)

h h(nm — &m )
X — U.p./COt 7(77 § )g(fl, N ) (€77 — 1) dny, .
21 2
—hm

Let us consider separately the summand

ih&m 1N
e (€6 — 1) = iy € (St

h
. hm .
_ [ehtm — 1\ eithém _ 1\’
= (T> in | <T> 9(€' &m) dE
—hm
eihem _ AN/ ihem 1\
= ifee o (T) / <T> 9(€"&m) dtn.
—hm
We remind h“A;l_(f)@/d)(f) = ¢g(¢) and then we denote
hm ;
o eihém _ 1\
bj(gl) =h* 6+1/(T> g(gl’ gm) dgm
—hm

ihé&m J o
/(%) A(;l_ (5/7 gm)(f’ud)(fl’ grn) dgm ,

—hm
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therefore, since

AL (L &) (L0a) (€ )
ih€m j

—1) AL (Ot (©)

€ H = (hT™) = < -

hm 1
4 ih&m _ 1\/ ——
€ H 7 (hT™) = /(%) AL (€ &m) (Eva) (€ 6m) dérm
—hw

th&m _

hm j
e i3ty — [ (ST AL 6 Bl )

—hr

€ o=t 2 (R ) = H% (RI™1),  because s—a—j+1/2=s;.

In other words,
10515, < cllvallJ—

For the last summand we obtain

hm
; -n h h m T Sm i n
R (e — 1) 7" x 5 U.p./COt %g(f’, M) (e — 1) dn,, =
—hm
S N T TS b !
_ 61 m o 1 nm —&m , 61 m __
() g 0m = &m) et V(T2 )
h ( Z ) ><2mvp/co 5 9(5#7)( - > "
—hm

Arguing as above we get

‘ B ihim _ 1 e
g € H ®=T(AT™) = h™"g(¢,nm) <T> €

H*~®="(hT™) = H™°(hT™),

after the periodic Hilbert transform we have

hm
h m m lhnm -1 \
ovp. oot U 42 (¢ ) ) € ) ( )d
- =5 (RT™),

and finally, multiplication by
eihgm -1 —n
(=)

H" 70 (RT™) = H*~=(hT™).

leads to the space

207



ALEXANDER V. VASILYEV — VLADIMIR B. VASILYEV

So we obtain the following representation rewriting (ITI)

n ethém _ 1\7 ~
a©) =3 1) () 47O + Tute) (12)
where J=0
_ ezhﬁm _ —n
a6 = (=) 42k

—— eihnm . n
’ (Pg i (A‘g’l‘“" ) ) () )) (€6n)

for which from above we have obtained the estimate

1Ualls < cllvall o .

Remark 3. Conditions (@) might be written in the initial space H®(hZ™).
We will use the operators Aél): H*(hZ™) — H*~Y(hZ™) introduced in the
Section 2 and their Fourier images

e—ihgj _ 1 B
(), fenT™

We will remind one property of the discrete Fourier transform related to re-
striction on a discrete hyper-plane. We consider a restriction of the function
u4(Z) on the discrete hyper-plane Z,, = 0, i.e., Z™~!. According to the inverse
Fourier transform we have

=1 1 13"-& % Em
(@, i) = / € i iy (¢ €0n) AE'dErm

AWM a4(6) —

(2m)™
’]I"rn
hence
~ 1 ii,' 7’ ~
ud<l‘/,0) = (27r)m /6 ¢ Ud(éla fm) déldfm
h']l‘m,
1 1 hm
= RIS I e /
(27'()771—1 /6 o /Ud(gvgm) dé,, | d€,
ATm—1 —hm

and we see that restriction on a hyper-plane corresponds to integration of the
Fourier image on the last variable. Taking into account this fact and recalling
that multiplication in Fourier images corresponds to a pseudo-differential oper-
ator in original discrete space H®(hZ™), we can write the following condition
instead of the (3

ADAG (o) (#,0) =0, forall & ehz™ ', j=0,1,...,n, (13)

where A;l_ is a digital pseudo-differential operator with the symbol A;l_(f).
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4. Discrete potentials

Starting from the representation (I2]) we can consider a more general equation
than () including additional unknown functions. More precisely we will consider
the following equation.

In other words, numbers uq4(Z) are Fourier coefficients of the function @4(§).
Now we’ll define a discrete analogue of a one-dimensional discrete indicator
function in the following way. We put 6(Z,,) as

5(jm) = {1 lf &m =0,

0, in other cases.

So the one-dimensional discrete Fourier transform of such function is

(F6)(&m) = 1.

Thus for the case & — s = —n + 4§, n € N, |§] < 1/2, taking into account the
representation ([II]) we have additional functions defined by the right-hand side,
and one consider the equation

(Aqug)(E) +ZK ) ®08(im)) =va(Z), ¥ € Dy, (14)
7=0
where we have unknowns ug, Bj, Jj=0,1,...,n, and K; is a pseudo-differential

operator with the symbol K;(¢) € E;.

Remark 4. We use a term “potential like operator” following [5] because the
operator K; acts as follows. If we denote by K;(Z) “a kernel” of the pseudo-
-differential operator K, then we have

Kj(b; (&) @6(&m)) = Y K;j(# — ), &m)bi(§)h™
gehzm—1

It is really a discrete potential like operator.

Using the above scheme we introduce vy and put

wa(Z) = (va) (%) — (Aqua) (@) =Y K (b;(@) ® 6(Zm))

-

I
o

J

so that wy(%) = 0, for all £ € Dg; then

M:

wa(Z) + (Aqua)(T) = (fva)( K;(b; (") @ 6(&m)),

<.
I
(e}
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and after the Fourier transform
n

Aa€)Ta(€) + @a(€) = (Loa) (€) =Y K (€, €m)bi ().

Jj=0
Further, we use the periodic factorization, write

—

Aa+(©)1a(€) + Az L (O@a(©) = AL (O 0a)©)
— A7) D K (€ &m)bi (&),

j=0
Now, we use the conditions ([I3]) for the right-hand side

—

ATLOWa)(©) = A7L O DK (€ 6nb(€),  k=0,1,...,n.
j=0

Taking into account our above remarks we can write
1 eihém — 1\ ——
— M 1 d¢,,
5 [ () Aat @ a
n hm . k ~
_ 1 3 / eem — 1\ Kj(€,&m)b; (&) de
27 4 h A (€ &m)
‘]:O—FLTI' ’

—hm
In other words, we obtain a system of linear algebraic equations

St (€)= ful€),  k=0,1,....m,
§=0

hm
ihém  1\F (et
iy (€) = o /(e 1) K& 6m) g,

where

T ) U ) A (€6
1 e N —
wO =5 [ (S5 ) A€ e T € 6 dsn.
—hm

After some additional arguments like in [5], [9] we can obtain the following
assertion.

THEOREM 4. Let e —s = —n—+4d, n € N, |§] < 1/2. Then the equation ([I4) has
unique solution
uq € H¥(hZ™), c¢; € H(hZ™'), sj=s—a+a;+1/2, j=0,1,...,n,
if and only if

ess g/e}zl'gn—l |det(tkj<§/))z,j:o >0. (15)
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A priori estimates

||Ud||8 Sa||vd||:——a> ||bj||5j SaijdH:—aa ij,l,...,n,
hold with constants a,aq,...,a,, non-depending on h.

(1]
[2]
[3]

[4]

=S

=

(10]
(11]
(12]

(13]

(14]
(15]
(16]

(17]

(18]
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