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Abstract—We consider a certain class of discrete pseudo-differential operators and related equa-
tions in a sharp convex cone and describe their invertibility conditions in Lq spaces. For this purpose
we introduce a concept of periodic wave factorization for elliptic symbol and show its applicability for
the studying. For a half-space case we consider the Laplace equation and describe a solution of the
discrete Dirichlet problem.
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1. INTRODUCTION
A classical pseudo-differential operator in Euclidean space R™ is defined by the formula [1—4]

= [ [ Awoecragca
R™ R
where the sign ~ over a function denotes its discrete Fourier transform
u(§) = / u(x)e™ da.
Rm
Given function ug of a discrete variable £ € Z™ we define its discrete Fourier transform by the series

(Fauq) (&) = uq(€ Z etu(x), £€Tm=[—m, 7™
TEL™
where partial sums are taken over cubes Qn ={Z € Z™ : & = (Z1, -+ , Tm), 1213}( |Z,| < N}

Let D C R™ be a sharp convex cone, Dg = D NZ™, and La(Dy) be a space of functions of discrete
variable defined on Dy, and A(Z) be a given function of a discrete variable £ € Z™. We introduce the

function Ag(€) = Y scpm €TEA(F), € € T™, and consider the following types of operators
(Aqua)(@ / 3 G DA©ne)ds, 7 e Da (1)

according to a standard definition.

Definition 1. The function Ed(g) is called a symbol of the operator Ay, and this symbol is
called an elliptic symbol if Ay(§) # 0,VE € T™.
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290 VASILYEV

Our main goal is describing a periodic variant of wave factorization for an elliptic symbol [10] and
showing its usability for studying invertibility for the operator Ay.

Let us denote Pp, projection operator on Dy, Pp, : Lo(Z™) — La(Dg) so that for arbitrary function
Uqg € Lg(Zm)

(Pp,uq)(Z) = {ud(i)’ i &€ Dy

0, otherwise.
If we consider a half-space case then the Fourier image of the operator Pp, is evaluated [12, 13] and

we’ll demonstrate it in the following
Example 1. /[ D = R then

Em — Nm +1iT
(FaPp,ua)(€,ém) = 4m lim, / (&', nm) cot T .
If D is a sharp convex cone C¢ = {2 € Z™ : & = (T4 yEm), Tm > al@], T = (21,0, Tme1),
a > 0} then we introduce the function By(z) = Z e“” Frz=¢E4ir,eT™ 1€ C’i, and define the
€Dg
operator
(Bqu)(€) = lim / (2 = n)ua(n)dn.

Lemma 1. For arbitrary uqg € Ly(Z™) the property FyPp, us = BaFjug holds.

Proof. Let x4(z) be an indicator of the set Dy. Thus (Pp,uq)(Z) = x+(&) - uq(Z). Further
since the function x4 (Z) is not summarizable we can’t apply directly a convolution property of the
Fourier transform. We choose the function €7 so the product x (Z)e’®™ will be summarizable for
some admissible 7. Taking into account a forthcoming passing to a limit under 7 — 04+ we have

Fy(x4(%)e™7) = By(z). Thus we can use the Fourier transform obtaining convolution of functions
By(z) and ug(§). It is left passing to a limit. O

2. MULTIDIMENSIONAL PERIODIC RIEMANN BOUNDARY VALUE PROBLEM

For D = R’ we’ll remind some author’s constructions [12, 13] for discrete equations in a hali-space.
We have By(z) = cot 5, 2 = (§/,§m +i7), § = (§1,- -+ ,&m—1), 7 > 0. Thus (see Example 1) we use a
periodic one-dimensional Riemann problem with a parameter ¢’ € T™~! which is the following. Finding
a pair of functions ®*(¢', &,,,) which are boundary values of holomorphic in half-strips I = {z € C :
z =&y £ i1, 7 > 0} such that these are satisfied a linear relation

T(E)(E em) = G(E,6m)P (E)(E,€m) +9(8), £€T™,
for almost all ¢ € T™~1, where G(£), g(€&) are given periodic functions.
Now we will consider an essential multidimensional case. Let E) be a conjugate cone for D i.e.
D= {z eR": z-y>0, ye D}, andT(B) C C™ be a set of the type T™ + 4 D. For T™ = R™ such

a domain of multidimensional complex space is called a radial tube domain over the cone 1*) [7, 8, 10].
Let us define the subspace A(T™) C Lo(T™) consisting of functions which admit a holomorphic

continuation into T(E)) and satisfy the following condition

sup / (€ + i7)Pdé < +oo. (2)
TEﬁTm

In other words the space A(T™) C Lo(T™) consists of boundary values of holomorphic in T(l*))
functions.
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Let us denote B(T™) = Lo(T™) & A(T™), so that B(T™) is a direct complement of A(T™) in
Lo(T™). A simplest variant of this problem is so called a jump problem. We formulate the problem
by the following way: finding a pair of functions ®*, &+ € A(T™), ®~ € B(T™), such that

() — 2 (&) =g(§), £eT™, (3)
where g(§) € La(T™) is given.
Lemma 2. The operator B : Lo(T™) — A(T™) is a bounded projector. A function ug € La(Dg)
iff its Fourier transform ug € A(T™).
Proof. According to standard properties of the discrete Fourier transform F; we have

Fuloes @ual@)) =ty [ Bate = n)iatn)dn,
Tm
where x4 (Z) is an indicator of the set Dy. It implies a boundedness of the operator By. The second

assertion follows from holomorphic properties of the kernel B;4(z). In other words for arbitrary function
v € A(T™) we have

o) = [ Batz—wulmin. 2 e T(D)
Tm
[t is an analogue of the Cauchy integral formula. O
Theorem 1. The jump problem has unique solution for arbitrary right-hand side from Lo(T™).

Proof. Indeed it is equivalent to one-to-one representation of the space Lo (Dy) as a direct sum of two
subspaces. If we'll denote x4 (x), x—(x) indicators of discrete sets Dy, Z™ \ Dy respectively then the
following representation uq(Z) = x+(Z)ua(Z) + x—(Z)uq(Z) is unique and holds for arbitrary function
uqg € Lo(Z™). After applying the discrete Fourier transform we have Fyug = Fy(x+uq) + Fa(x—uq),
where Fy(xtuq) € A(T™) according to Lemma 2, and thus Fy(x—uq) = Fauq — Fa(x+uq) € B(T™)
because Fyug € Lo(T™). a

Example 2. /fm = 2 and C’JQr is the first quadrant in a plane then a solution of a jump problem
is given by formulas

—1-27' -1 —1—27'
ot (¢) = 4m ;g%// 51 1 -t 52 272 Vit

(6 = 0T(E) —g(¢), T=(n,m)e .

Now we can formulate a general statement for the multidimensional periodic Riemann boundary
value problem. It looks as follows. Finding a pair of functions ®*, ®+ € A(T™), &~ € B(T™), such
that

() =G(E)P(§) +9(¢), £eT™, (4)

where G(£), g(&) are given periodic functions. If G(§) = 1 we have the jump problem (3).

Like classical studies [5, 6] we want to use a special representation for an elliptic symbol to solve the
problem (4). We can easily obtain so-called characteristic singular integral equation associated with
multidimensional periodic Riemann boundary value problem (4) like [5, 6] (see also [12, 13]).

Let us denote @p, = I — Pp, and consider so-called paired operator composed by two operators
AW AP of the following type

AV Py, + APQp, : Ly(Z™) = Ly(z™). (5)

One can easily obtain the following
Lemma 3. The invertibility of the operator (1) in the space Lo(Dy) is equivalent to invertibility
of the operator (5) in the space Lo(Z™) with Ag) = Ay, Agf) =1
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The Fourier image for the operator (5) is the following operator
() — (AL (€ Ba + AP () = Ba)iia)(©). (6)

If D = R’} then the operator (6) is a one-dimensional singular integral operator with periodic Cauchy
kernel and a parameter &' [12, 13]

3. PERIODIC WAVE FACTORIZATION

Definition 2. Periodic wave factorization for elliptic symbol A(€) is called its representation
in the form Ay(€) = 21#(5)/1:(5), where the factors Ail(g), ALL(€) admit bounded holomorphic

continuation into domains T(+ 1*))

3.1. Sufficient Conditions

We'll give here certain sufficient conditions for an existence of the periodic wave factorization for an
elliptic symbol.

Theorem 2. Let an elliptic symbol Ay(€) € C(T™) be a such that
supp F ' (ln Aq(€)) € Dy U (=Da), (7)

™

/dargjd("'7£k7"'):07 kzl)"'vm' (8)

Then the symbol A4(€) admits the wave Jactorization.

Proof. 1f we start from equality A4(¢) = A.(€)A_(£) then by logarithm we obtain In A4(¢) =
In A4(€) + In A_(€) and we have a special kind of a jump problem.

Namely if we’ll denote by A;(T"™) a subspace of the space Ly(T™) consisting of functions which ad-

mit a holomorphic continuation into T'(— l*)) and satisfy the condition (2) for 7 € — D. So evidently we
speak on a possibility of decomposition of the function In A4(¢) into two summands one of which belongs

to the space A(T™) and the second one belongs to the space A;(T™). Let us denote F~1(In A4(¢)) =
v(x). If suppv C Dy U (—Dy) then we have the unique representation v = y v + y_v, where x4 is an
indicator of the discrete set £D,. Further passing to the Fourier transform and potentiating we obtain
the required factorization. 0

Remark 1. The condition (7) is not necessary but we have no an algorithm for constructing a
periodic wave factorization. For D = R} a such algorithm exists always (see [13]).

3.2. Factorization and Index

There is one point in previous considerations from proof of the Theorem 2 for which one needs an

explanation. Indeed the function In A(€) is defined correctly because the condition (8) provides an
absence of bifurcation points. That’s why one can call this factorization with vanishing index.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.39 No.2 2018



DISCRETE PSEUDO-DIFFERENTIAL OPERATORS 293

4. INVERTIBILITY OF DISCRETE OPERATORS
Lemmad4. If f € B(T™),g € A1(T™) then f - g € B(T™).
Proof. According to properties of discrete Fourier transform F,; we have

(F7 (- 9)@) = (F )+ ( =Y AGE-Pa@) = > AGE-Da),

gez™ y€—Dy

where f1 = Fd_ fon= F_ g and according to Lemma 2 supp g1 C —D,4. Further since we have
supp fr CZ™\ (—Dy) then forz € Dy, 5 € —DgwehaveZ — g € Dy so that f1(Z —g) = 0forsuch z,
g. Thus supp f1 g1 CZ™ \ Dy. a

Theorem 3. If the elliptic symbol Ay(€) € C(T™) admits periodic wave factorization then the
operator Ag is invertible in the space La(Dy).

Proof. We'll remind that according to the Lemma 3 an invertibility of the operator A, in the space
Lo(Dg) is equivalent to an invertibility of the operator AqPp, + IQp, in the space Ly(Z™). It is easily
concluding the last invertibility is equivalent to solving the Riemann problem (4 ) for arbitrary right-hand

side g(§) € Lo(Z™) with G(&) = flgl(f). If we have the periodic wave factorization for the symbol A4(€)
then

AL(©)2F(€) = AZHEP (&) + Ax(&)g(e), £eT™, (9)

and we have a jump problem. The first summand A4(£)®*(€) € A(T™) according to a holomorphic

property, and the second one AZ(£)®~(¢) € B(T™) according to the lemma 3. Taking into account the

theorem 2 we conclude that the Riemann problem (9) has a unique solution for arbitrary g(&) € La(T™).
O

5. DISCRETE BOUNDARY VALUE PROBLEMS IN A HALF-SPACE

We will consider here certain pseudo-differential operators using general concepts of the theory of
special operator equations.

5.1. Discrete Laplacian
We define the discrete Laplacian by divided difference of second order instead of partial derivatives
0%u N .
p Nud(ajly"' T+ 2, 7$m) —2’LLd(ZE1,"' T+ 1,0 733m)
L
+ 'U,d(xl, e 75;/{?7 e 7xM) = AikUd,
so that

Z i =Au~ Z Aikud = Ayug.
k =1

Remark 2. This is not a convolution operator but a difference one in a discrete space.
Applying the discrete Fourier transform to the last expression one can easily obtain the formula

m

(Fa(Aquq))(€) = (Z(eif’“ - 1)2) Uq ().

k=1

It is natural the function Ag(&) = S_7°, (ek — 1)2 should be called a symbol of the discrete Laplacian.

Let A4 be a linear bounded operator acting in the discrete space Lyo(Z™). A a rule this operator is
considered with the following operator equation

Agqug = Vd, Vg € Lg(Zm), (10)

and if the operator is such that one can apply the discrete Fourier transform to the equation (10) reducing
it to the multiplier o4(&)uq(§) = v4(€), & € R™, then the function o4(€) is called a symbol of operator
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Ay. Of course Ay means not an arbitrary operator but such that above multiplier representation is valid,;
it may be a convolution operator or a difference one. Let us note in the last equation all functions are
periodic, thus we can consider these functions on T™.

Factorization technique for a symbol [3, 9] is used if the equation (10) is considered not on the
whole lattice Z™ but on its part, in our case on Z'" = {& € Z" : ,,, > 0}. In other words instead of
the equation (10) one considers the equation

PLAguy =vi, v € Ly(Z7), (11)

where Py : Lo(Z™) — Lo(Z"") is a projector, and a solution u} belongs to Lo(Z™).
Everywhere below we consider discrete operators with continuous periodic symbols.
Definition 3. The symbol 04(§) is called an elliptic symbol if 5i]fqlrf loa(€)] > 0.
E m

Remark 3. For our case it is equivalent that the symbol is not vanishing everywhere.

6. PERIODIC FACTORIZATION

Let us denote & = (¢/,&).

Definition 4. A periodic [actorization for elliptic symbol o4(€) is called its representation
in the form o4(¢',€) = o) (&,8)-07(¢,€), where adi(f) admit bounded analytic continuation
with respect to the variable &, into half-strips Iy ={z € C: z =&, +it,&y € [-7, 7], £7 > 0}
for almost all &'.

Definition 5. An index of periodic factorization of elliptic symbol o4(§) is called divided by2m
variation of an argument of the function o4(§) under varying &, from—m to x.

Remark 4. This is easily seen that the index of factorization does not depend on &'

Since the discrete Laplacian with the symbol A4(&) is not an elliptic symbol according the definition
3 we will consider here the discrete Helmholtz operator Hy = Ay — k%I, where I is an identity operator
with some fixed k£ € R to satisly the definition 1.

Lemma 5. [findex of factorization [or discrete operator Aq is zero then its symbol admits a
periodic factorization.

All details for constructing such factorizations are contained in [12, 13]. Key role plays a periodic
analogue of the Hilbert transform, i.e. an operator of the form

™

~ 1 m ~ Sm ~
(Hg,erud)(ﬁ) = %v.p. /cot %ud(ﬁl,nm)dnm.

This is a simple corollary of the theory of periodic Riemann boundary value problem which permits in
future considering non-vanishing indices.

Lemma 6. /ndex of factorization for the discrete operator Hy is equal to 1.

This fact is verified immediately. Indeed, under fixed ¢’ the argument varying is determined by the
term with e%m for arbitrary k.

7. A GENERAL SOLUTION

Lemmas 5 and 6 permit describing a structure of a general solution for the equation (11) for the case
Ag = Hgin the space Lo(Z7) using methods [3, 9] and the theory of periodic Riemann boundary value
problem [12, 13].

Theorem 4. For Ay = Hy all solutions of the equation (3) are given by the formula

G4(€) = e hH(E En) (HE (0710 ]))(€) + EE)e S h M€ 6m),

where hy (¢,&m) are Jactors of periodic [actorization for the symbol e %m(Ay(€) + k?), W} is an
arbitrary continuation of v} onto the whole Z™, c(x') is an arbitrary function from Lo(Z™1).

Factors of a periodic factorization are constructed according to classical books of F.D. Gakhov [5]
and N.I. Muskhelishvili [6] with the change of the Hilbert transform H by the operator H,".
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7.1. Boundary Value Problems

The Theorem 4 contains an assertion on non-uniqueness of a solution for the equation (11). To
extract an unique solution one needs additional conditions. Usually they use boundary conditions.
Simplest variants are given by discrete analogues of Dirichlet or Neumann conditions. We will consider
here discrete Dirichlet conditions. We will require that a solution of the equation (11) satisfies the
following discrete Dirichlet condition

Udlz,,=0 = 9a(Z'), (12)

where gg is given function of a discrete variable on a discrete hyper-plane Z™~1. The condition (12) for
Fourier image takes the form

/‘ad(&/, £m)dfm = gd(é./)v

and according to the Theorem 4 it leads to the following integral equation with respect to ¢(¢’)

/ (€Y BT (€ e )dm = Fa(€):

we use the notations

™

Fa€) = gul€) = [ &SI €121 + Y 1] ()

Further, denoting

/ e Em BT € )dEm = b(E),

and supposing b(¢') # 0 one can easily find &(&') = b=1(¢’) f4(€’). Then a solution of the problem (11),
(12) for Fourier image takes the form

Gq(€) = e hNE ) (/2T + BE )W ) (E) + 7€) Fal€)e mhiME Em).

Remark 5. One can verify that really b(¢') is a non-vanishing complex constant.

Theorem 5. Discrete boundary value problem (11), (12) is uniquely solvable in the space
Lo(Z1Y) for an arbitrary right-hand side vqg € Lo(Z1') and an arbitrary boundary function gq €

Lo(Z™ 1),

7.2 Discrete Poisson Formula

[f the right-hand side of the equation is a zero, v:{ = 0, then formula for a solution of the discrete
boundary value problem (11), (12) will be very simplified @q(&) = b=(¢)ga(¢)e~%mh ' (¢, &n), and
after applying the inverse discrete Fourier transform it will be like this expression

wa(#,im) = Y Pa@ =7 Em)ga(¥), (13)
g/ezm—l

where the function of a discrete variable P;(Z) is defined by inverse discrete Fourier transform of the
function b=1(¢"e~®mh 1 (¢, &y,). The formula (13) is a discrete analogue of the Poisson formula for
solving the Dirichlet problem in a hali-space.
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CONCLUSION

Taking into account these results one can wait some interesting interrelations between discrete and
continue theory which will permit to justify obtaining discrete solutions with computer calculations for
a lot of distinct boundary value problems and wide classes of equations. Moreover such technique are
also useful for studying difference equations in multidimensional spaces [10. 11, 14—16]. Last these
“discrete” considerations can be transferred on more general situations and operators. [t will be a subject
of forthcoming papers of the author.
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