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Abstract A theoretical description of the process of metabolism has been developed
on the basis ofthe Pachinko model (see Nicholson and Wilson in Nat Rev Drug Discov
2:668-676,2003) and the queueing theory. The suggested approach relies on the prob-
abilistic nature of the metabolic events and the Poisson distribution of the incoming
flow of substrate molecules. The main focus of the work is an output flow of metabolites
or the effectiveness of metabolism process. Two simplest models have been analyzed:
short- and long-living complexes of the source molecules with a metabolizing point
(Hole) without queuing. It has been concluded that the approach based on queueing
theory enables a very broad range of metabolic events to be described theoretically
from a single probabilistic point of view.
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1 Introduction

Metabolism is an undetachable property of any living organism on Earth which deter-
mines a life functionality of the living objects on any level of organization. To date, a
major piece of attention has been focused on the development of experimental tech-
niques and methodologies for investigation of metabolic processes and metabolites.
A typical example is arapidly growing area of research, called metabonomics, which
specifically deals with metabolites and has a huge potential for identification of var-
ious human diseases on early stage (see Nicholson and Lindon 2008). A common
approach in metabonomics is to measure the global, dynamic metabolic response of
living systems to biological stimuli or genetic manipulation, and characterize/quantify
metabolites’ distribution using various experimental techniques (see Nicholson and
Lindon 2008; Beckonert etal. 2010). Theoretical description of metabolism in complex
multicellular system in terms of metabolites’ distribution is extremely difficult task as
it requires detailed knowledge of all metabolic pathways. Numerous approaches for
analytical description of metabolism have so far been developed, all of them grounded
on the use of concrete metabolic picture, e.g., the flux-based approaches (see Grimbs et
al. 2007; Aldridge et al. 2006; Stelling et al. 2002), metabolic network analysis (Jeong
etal. 2000; Lima-Mendez and Helden 2009), Petri net analysis (Chaouiya 2007; Peleg
et al. 2002), stochastic approach (De Jong 2002), entropy approach (see Veselkov et
al. 2010) and others.

In the present work, we develop an alternative theory specifically linked to the
qualitative Pachinko model first suggested by Nicholson in (see Nicholson and Wilson
2003), and based on probabilistic approach to treat metabolism in terms of metabolites’
distribution using the queueing theory. As a starting point in analysis, we used the
work by Trenkenshu (Trenkenshu (1992)) reported the successful application of the
queueing theory in biokinetics.

2 Results and Discussion
2.1 Pachinko Model for Metabolism

The process of metabolism may be considered in terms of a qualitative scheme named
the Pachinko model (Fig. 1) (see Nicholson and Wilson 2003). The model is derived
from a typical Pachinko machine (Japanese pinball), in which the outcome is deter-
mined by a probabilistic flow and collisions between the steel balls and pins. The
Pachinko model diagram (Fig. 1) represents xenobiotic metabolism and interactions
with endogenous, sym-endogenous, sym-xenobiotic and trans-xenobiotic elements.
In this diagram, the Pins represent key metabolizing enzymes or transporter mole-
cules, some of which are arranged in sequence to indicate probable pathways. A Hole
represents an exit point from the system of an excreted metabolite. Some pathways
through the machine are more probable than the others, dictated by a combination
of the chemistry and enzyme-substrate interactions. A mutation at any point is the
equivalent of moving or changing the size of a Pin that alters the probabilities of
routes through the machine. The outcome is conditional on the sequence and sites
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Fig. 1 Pachinko model diagram, redrawn by permission from Macmillan Publishers Ltd: Nature Rev. Drug
Discov. (Nicholson and Wilson 2003), copyright (2003) (Color figure online)

of the previous metabolic events. Highly probable events lead to macrometabolites;
low-probability events lead to the formation of micrometabolites. The activity of the
system is influenced by the present numbers and types of other metabolites flowing
through the system. This will result in a probabilistic interaction between the species
and could lead to blocking some pathways normally used in drug metabolism.

2.2 General Formulations of the Theory

In the above described qualitative Pachinko model, the following three objects may be
separated: an incoming flow; centers of metabolism (Holes)', and transporter molecules
or ferments (Pins). Such approach in general does not introduce new biophysical
processes, but is fully probabilistic in its origin and therefore should be described by
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the laws of probability. Its quantitative description may, in principle, be accomplished
by any of the approaches currently developed in literature and cited in the introductory
section, e.g., flux-based models (Grimbs et al. 2007; Aldridge et al. 2006; Stelling
et al. 2002) or Petri net analysis (Chaouiya 2007; Peleg et al. 2002). However, the
Pachinko approach introduces the incoming flow of metabolites in general case as a
flow of discrete particles, which may create queues near the Pins and Holes and result
in deviation from the common mass action law which is most often used in order
to quantify the metabolic network by means of kinetic equations (see for example
Wagner and Fell 2001; Aldridge et al. 2006; Covert et al. 2001). Analysis of the
Pachinko model and its fundamental probabilistic origin results in the conclusion that
it may be described in terms of mathematical queueing theory (QT), which has found
extensive application in applied biokinetics (e.g., Kiihl and Jobmann 2007; Trenkenshu
1992) and is most appropriate for description of statistical systems with queues. Let us
further apply the queueing theory to quantitative description of the Pachinko metabolic
model.

The key assumption ofthe QT approach is a Poisson character of the incoming flow

of molecules
(kt)k
Pk(t) = - IE\ r

Let us suggest that a main property of the outcoming flow of metabolites is the relation
of macrometabolite flow out of the system Xout to the incoming flow (or substrate) J1;n:

A Q- 1)

~-out

in

Let us term this quantity as the effectiveness of the metabolism process in a given
biological system. In fact, the effectiveness of metabolism is proportional to the prob-
ability of interaction of molecules coming in the system with Pins and Holes. In the
general case, this probability depends on time, on the parameters of interaction with
Pins (ai, 02 am) and Holes (bb b2 b\):

®= P(t\ai,a2  am;bi,b2  bi) @)

Hence, the main task of modeling the process of metabolism in this work is the
determination of the explicit form of the function (2).

2.3 Model with Fast Dissociation Between Molecule-Pin and Molecule-Hole

Letus assume thatthe incoming flow of molecules is uniform, containing only ‘normal’
molecules, which activate a metabolizing process. Pins and Holes are thought to be
distributed randomly over the volume of the system, having the concentrations Cp and
Ch, respectively. Random distribution implies that all routes in the system are equally
probable. Let us consider a limiting case when the time of dissociation of Molecule-
Pin (tp) and Molecule-Hole («n) complexes is much shorter than compared with the
time of entering of a new molecule into the system
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T = 1/Ain» 1p, TH. 3)

Apparently, a molecule entered in the system will interact with the Pins and Holes
with probabilities pp and pu, respectively. In the equilibrium state, these probabilities
will be proportional to the corresponding concentrations:

Pp = Kp mCp, Pr = Kuy *Ch- 4)

According to the formulation ofthe Pachinko model, a source molecule will undergo
(i - 1) interactions with the Pins, and Anally, an zth step will lead it to the Hole. The
probability of such pathway is

Pi =p'plpH

Assuming that the number of possible interactions is sufficiently big, the total proba-
bility to get a positive outcome in the form of macrometabolite should be written as a
sum of all pi

®)

Taking into account Eq. (4), one finally gets

2.4 Model for Long-Living Complexes Molecule-Hole

The limiting condition (3) may be removed. It is expected that some Holes may be
engaged with the processing of the first-captured molecule and are therefore inacces-
sible to other molecules. In order to evaluate this process, it is necessary to consider
the interaction of the molecule with the hole in more detail. Let us assume that there
is no queueing of the molecules in the vicinity of the Holes, waiting for their turn to
be processed.

Following the previously described analysis, the probability to pass through a set
of Pins and enter the reaction center in the Hole can be derived from (5)

(6)

In case of a Poisson flow of molecules (1), the probability that during the time t no
molecules will enter the Hole equals to

Po(t) = exp(-hnt)-

Considering short times, the exponent may be simplified to
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Recalling thatthe probability of entering the Hole alsodepends onthe setof interac-
tions with the Pins (6), one can write an expression for the probability Po(At) that
during the short period of time At, no molecules will enter the Hole

Po(At) = 1- XinPpAt (8)

Dealing witha short period of time that is much less than 1/k-m,onecan assume that
during this period, only one molecule can enter the reaction center. The corresponding
probability may therefore be written as

Pi(AM = 1- Po(At) = XcAt,

where Xc = JlwPp and represents a flow in the vicinity of the Hole.

Consider a system with n centers of metabolism (Holes). Let us calculate the prob-
ability that after a short period oftime (t, t + At), all centers are vacant. It may happen
in the following circumstances:

- atthe moment of time t, all Holes are vacant, and during the time At, no molecules
had entered the reaction center, PQo

Poo = P3(M « (1 —XcAt) 9)

- atthe moment of time t, one Hole is engaged, but during the time At, the complex
Molecule-Hole had dissociated, and no molecules had entered the reaction center,
Pio (the piece of time At is thought to be too short to take into account the
possibility that two or more Holes may be engaged to the moment of observation)

Pw = Pi(t)-(1-Xc -At)- H(AL), (10)

where H(t) is the probability that the complex Molecule-Hole had dissociated to the
moment t.
Let us assume an exponential law for that (which is common in QT)

H(t) = 1- exp j th

For short At, H(At) « At/Ty = At mi>h, where in = 1/th and represents a
frequency of processing the incoming molecules in the Hole. Thus, Eq. (10) adopts
the form

Pw = P\(t) m(l - Xc mAt) mAt mi>h, (11)

Finally, to the end of At, the probability that all Holes are vacant equals to

Po(t + At) = Poo + Pio = Po(t) m(1 —XcAt) + Pi(t) m(1 —XcAt) mAt mzh (12)



Evaluation of (12) results in

Po (t + At) —Po(t) . .
At = -XcPoit) + Piit) (1 - XcAt) \'h- (13)

Equation (13) simplifies when At -> 0

dp;)t(t) = -XcPo + Pi(t)vn- (14)

Similar thoughts allow to deduce a differential equation for the case when k centers
are engaged

P < nepeI(t) - fxe + kw) PU() + I+ DVIPKH () (19
Whenk = n
dpé;(‘) = AcPn-i(t) - n<HPJiit). (16)

Lets consider an equilibrium state. Apparently, the derivatives of probabilities in
Eqgs. (14)—16) should be equal to zero, and we get a system of linear differential
equations

-XcPo+ P\WVh =0

XcPk-1 - (Ac+ k\'H) Pk + (k+ 1) vjjPk+i = 0

17)
"F]P/i-l - mM\'HPn=o0
Pk =1
20
Sequential substitution of equations in (17) results in the solution of the system
Pk
18
Pk = Tip- (18)

where p = Xc/vh and represents a relation between the incoming flow of molecules
in the vicinity of the Hole and the frequency of processing in the Hole. Substituting
the last equation in (17) by (18)

_ UK
Po = (19)
e

and combining (18) and (19)
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Fig. 2 The distribution of the probability P\ that k centers are engaged (n = 50)

At this point, it is interesting to look at the distribution of Pk values over the range of
K (Fig. 2).

It is clearly seen from the Fig. 2 that there exists a maximum of distribution which
corresponds to the number of the engaged Holes which appear under the given incom-
ing flow of macrometabolites k{n. On increasing the incoming flow with respect to
the frequency of processing vh (p = 2, 10, 25), the maximum of distribution is being
shifted right-hand thereby meaning that more Holes are engaged and the system is get-
ting more busy. Apparently, each engaged Hole produces an outcoming macrometabo-
lite, and hence, knowledge of the distribution of the engaged Holes (20) enables to
calculate the outcoming flow Xout

Aout = Ph (P\vh + 2P2vh iPuvh) = Ph Vh 'Y'.KPK
k=1
- I
Pl
= Phvh [k 7
k=1 _i=0

and the effectiveness of metabolism

"out PpPH Z P @1)
2] =0 i\
The function cp(p) is depicted on the Fig. 3.

Very slow incoming flow of macrometabolites (p 0) being completely processed
by the system of Holes results in maximum effectiveness of metabolism (~80 %, see
Fig. 3). A relation p 0 is similar to Eq. (3) which means that the metabolism under
such condition operates in accordance with the fast dissociation model (see above).
An increasing of p leads to proportional (rough approximation, see Fig. 2) engaging
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P

Fig. 3 Dependence of the effectiveness of metabolism on the incoming flow of molecules (p) for different
total number of Holes n, and PpPu = 0-8

n

Fig. 4 Dependence of the effectiveness of metabolism @ on the total number of Holes in the system for
different incoming flows p and P?Py = 0.8

of the Holes. Eventually, most of the Holes are becoming engaged, which means
that the production of the outcoming metabolites is mainly determined by the rate of
processing in the Hole (vn) (which is maintained constant) and hence to a decreasing
of (p. An increase of the number of metabolism centers (n) results in increasing of
the number of processing points in the system and therefore to a greater (p (Fig. 3).
Qualitatively, the same conclusions may be deduced from the Fig. 4. Very small n
means that the system is not able to process all incoming molecules, whereas very
high n allows it. An increasing of the incoming flow (p) under constant n decreases
the effectiveness of metabolism (Fig. 4), as we have seen it on the Fig. 3.

3 Conclusions

The main aim of the work is to develop a new strategy of analysis of biological
metabolism interms of metabolites’ flow by using the Pachinko model and a formalism
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of queueing theory. The results presented here are a first step in pushing forward
this approach and discuss only the simplest cases of the metabolizing system with
different rates of interactions between the source molecules entering the system and
the reaction center of the system (Hole) without queueing. Apparently, this approach
allows the analysis to be extended to more complicated cases of the metabolizing
processes, €.g., taking into consideration the non-uniformity ofthe incoming molecules
(introduction of micrometabolites which block metabolism once being captured in
the reaction center), subsequent consideration of a competition between macro- and
micrometabolites for binding with the Holes, introduction of the queueing to the
system and so forth. In fact, there are no limitations for applications of QT for the
analysis of metabolism. One can just think about two fundamental assumptions behind
the suggested theory of metabolism: an approach based on the probabilistic nature of
the processes under investigation and consideration of the incoming molecules as a
Poisson flow of events. In this respect, the suggested theory may be considered as a
mixture of the flux-based and stochastic approaches, currently used for quantitative
description of metabolic networks. We see the uniqueness of this theory in its ability to
take into accountthe ‘time structure’ ofthe metabolites’ flows, which includes different
lifetimes of the metabolites’ transformation/interaction/complexation in biological
fluid and treatment of the effects of saturation as a consequence of statistical queueing
of metabolites, using the well-elaborated instruments of the queueing theory. Further
application of the developed theory to real biological systems, as well as inclusion
of queues and competing fluxes into the QT approach, is currently under way in our
laboratory.
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