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One of the directions in the development of linear time optimization theory is based on its
relationship with the classical moment problem. The investigation of the time optimization problem
for the canonical system

Ty = u, lu| <1, Ty = Ty 1, i=2,...,n,

2(0) 2, 2(©)—0,  ©—min (L)
is important in this connection.

By [1], this problem is equivalent to the power moment problem on the minimal possible interval.
This approach has permitted obtaining [1, 2] an analytic solution of problem (1) for a system of
arbitrary order n, including methods for finding the control u(t), the optimal time ©, and the
switching instants 11,75, ..., T, 1 [points of discontinuity of the function u(t)]. The explicit form

of the polynomials A, (©,2) and A, (©,z) of degree p? for n = 2p — 1 and degree p(p + 1) for
n = 2p such that the maximum real root ©, of the equation A, (0, 2)A,(©,z) = 0 is the optimal
time from 2 to 0 was given in [1|. After finding the optimal time, the next step is to find the
switching instants for the control u(t). In the method suggested in [1], one successively seeks
the switching instants as the minimal roots of the corresponding polynomials, whose total degree
is equal to p(p — 1) for n = 2p — 1 and p? for n = 2p. The procedure is rather cumbersome in
that the sequence of polynomials determining the next switching instant is evaluated only after the
previous instant has been found.

In the present paper, we show that finding switching instants can be implemented in a simpler
way in the framework of the theory constructed in [1]. More precisely, we explicitly write out a
polynomial of degree n — 1 such that all switching instants 13,75, ...,7, 1 are its roots. Further-
more, by multiplying the coeflicients of the polynomial by some known factors, one obtains the
components of the support vector at the point = of the domain of controllability in time ©,. This
is another advantage of this polynomial, since the support vector is used in the solution of optimal
control problems [3].

Let u(t) be a time optimal control from x to 0 for system (1). This is a piecewise constant
function that has at most n — 1 points of discontinuity [4] and assumes the values £1. Since u(t)
is piecewise continuous, it follows from the relation

@

x = —/GATbU(T)dT, (2)
0
where A is an n x n matrix with unit entries on the first subdiagonal and remaining entries equal
to zero and b = col(1,0,...,0) is an n-dimensional vector, that
2 [, Tk
(—D)Fay, = (—1)”“H [2(_1)%1}@ - (—1)"“7”] : k=1,...,n. (3)
o



Here and in the following, 7,, = © and % is the control on the last interval [T, 1,7,], i.e., either
% = +1 or 4 = —1. Just as in [2], here we have two systems of relations, one for initial points x
brought into the origin by a control of the first kind (7 = —1) and the other for the case in which

@ = +1 (a control of the second kind). Since @ = %1 (i.e., @ = 1/a), it follows that relation (3) can
be rewritten in the form

G = (—1)" (_1)j+1Tj’f7 k=1,...,n; (4)

here we have used the notation Gy = [TF + (—1)"aklay] /2, k=1,...,n
Following [1, 2], to find the optimal time ©, the time optimal control @, and the switching instants

Ti,...,T, 1, we introduce the sequence of polynomials {7 (x, ©, %)} given by the recursion formula
O + dx 1 —
1
= 5 Yo = E <Gk - ;:1 %sz) ) k=2...,n (5)
(we also set vo = —1).

As was mentioned above, the optimal time O, is the maximum real root of the equation
An (’yl(mY 67 _1)7 A 7’yn(m7 67 _1)) An (’yl(mY 67 1)7 A 7’yn(m7 67 1)) — O'
Here A,, (with n = 2p or n = 2p — 1) is given by the relations

Agpq = det (’Viﬂ'*q)ijﬂ ’ q € {0,1}, (6)

where i is the row index and j the column index of the corresponding matrix. Moreover, if & = —1,
then ©, is the maximum real root of the equation A, (vi(z,0,—1),...,7.(x,0,—-1)) = ()
if @ = +1, then ©, is the maximum real root of the equation An (vi(z, @, +1), .., T, S , 1) = ()
i.e., O is the maximum real root of the equation

An(,yl (%,@,ﬂ),,’}/ﬂ(.@,@,ﬂ))io (7)
Theorem 1. The switching instants 11, ..., 1,1 are found from the equation
"= OA, (1 (2,00,1) ..., (2, Op, 1)) -
tl 1 ) ) ) ) ) ) B @ — 07 8
2.1 oo Yot 2, €0, 0) ®)

=1 k=l

where © is the initial point, ©q is the optimal time from x into 0, and @ is the control on the last
interval [T,,_1; ©q].

The proof is based on the following assertion.

Lemma. One has

Op/0Gy =1k, On/0Gry=—/(k—j), Jj=1...,k—1L 9)

Proof of the theorem. It follows from (4)—(6) that, for given x and the above-defined 0, and 1,
the determinants A, are functions of T%,..., T, 1 [A, = Ay (Y1, -3 Y); Ve = W (G, ..., Gy,
k= 17...771; and Gl :Gl(le---yTnfl)y [ = 1,...,n].

For these ©y and @, Eq. (7) becomes an identity. Differentiating it with respect to 7}, we obtain

the system
ON,JOT; =0,  j=1,...,n—1,

or OA, 8GN, O OA, 8,

oG, o1, | aa, ot, |V oa, o

~0, j=1,...,n—1. (10)



It follows from (4) that

0Gy, /0Ty = (— )"““k;T’“ L (11)
Substituting (11) into (10), we obtain
, A OA oA, oA,
—1) I R 2T 3T =0 j=1,...,n—1.
(=1) (aal* oG, 7 g, T e, = hen
This means that the switching instants 77, ...,7,,_| are the only roots of the equation

DA, /OG, + 2 (DA, JOG) t + 3 (DA, JOGE) 2 + - -+ n (0N, JOG,) " = 0,
or

Zla—A"tH = 0. (12)

For a given initial point # and for these ©g and 1, the left-hand side of Eq. (12) is a polynomial of
degree n — 1, which has n — 1 real roots.

Taking account of the relation 9A,/0G, = >0, (0A,/0v) (0/0G)), | = 1,...,n (here
Oy /OG, = 0 for k < 1) and using relations (9) with [ = k — j, we obtain

(’9Gl Z

Substituting the last expression into (12), we arrive at (8), which completes the proof.

Let us now find the derivatives 9A,,/07;. From the form of the determinants (6), we find that
the derivative 9A,, /07, is the sum of the cofactors of «,. By Agf’” we denote the determinant
obtained from the determinant A,, by deleting the ith row and the jth column. Then

%71-

ODgp 1 ) G,
—_— Y = Azljly kzly...72p_1;
avk 1<z:k<Jrl '
(’9A i
2”: ZAgpﬂ, k=1,...,2p.
1< ]<p

Substituting the resulting expressions into (8), we obtain the following equations for all switching
instants:

2p—1 2p—1
> Y Y A 0
=1 k=l = J?jpl
for n =2p—1 and
2p 2p
OUD DI P
e

for n = 2p. The proof of the theorem is complete.
Consider the time optimization problem for system (1). We rewrite it in the vector form

& = Ax + bu, lu| <1, 2(0) = xo, x(0) =0, (13)

where the n x n matrix A and the n-dimensional vector b are the same as in (2).
By S(©) we denote the zero controllability domain for system (13) in time O, i.e.,

S(O) = {:E r = —/GATbU(T)dT},

0

where u(7) is an arbitrary measurable function such that |u(7)| < 1. Here ¢ is a boundary point
of the set S(0©).



Theorem 2. The vector

SN "L DA ON,, OA
= =Y o (=) (= 2)! D™(n—1I=—=
o (a3 s 2 3 B - 0

k=n—1
(14)
is a support vector of the controllability domain S(©) of system (1) at the point x(0).

Proof. Let A* be the transpose of the matrix A of system (13). We consider the adjoint system
of (13) in reverse time for the auxiliary variables ¥, s, ..., %, :

= — A" (15)

As the initial vector ¥(0) = ¢ = (¢9, 43, ..., 94?) we take the support vector of the controllability
domain S(©) at the point z [5]. System (15) has the nontrivial solution (t) = 1 e 4™,
Let u*(t) be the time optimal control for system (1) from x4 to 0; by [5], it has the form

u*(t) = sgn(—(t),b) = sgn (—¢’e ", b) = —sgn (¢, e 4b) . (16)
The inner product (¢°, e~ %) is the polynomial

n—1

(W% e ) =) (=)' 1, (17)

=0

whose roots, by (16), are the switching instants. Consequently, neglecting a constant factor C', the
polynomial (17) coincides with the left-hand side of Eq. (8); i.e., we can write

nfl

S oSty o

=0 = k= l+1

Hence, (‘D%?ﬂ/“ =C ZZ:[H (0AL/0Vk) Yr—i—1, OF

T/J?H - (‘DlC“ Z (aAn/’Yk) Ve—1—1, [=0,....,n— 1.

k=I+1

%7171-

By setting €' = 1, we find that the vector

O, O, oA,
g= < o = Vi—13— (’9 — s (=) Y = 1) ’Yo)
=1

o

is the support vector of the controllability domain S(©) of system (1) at the point x,. Since
Yo = —1, we obtain the vector (14).
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