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Abstract—Incoherent bremssirahlung of high-energy electrons in a crystal is due to the thermal spread of
atoms with respect to their equilibrium positions in the lattice. In this paper, an incoherent-radiation simulation
procedure based on semiclassical formulas of bremsstrahlung theory is developed. A significant orientation
dependence of the intensity of hard incoherent radiation is demonstrated for angles of electron incidence on a
densely packed crystallographic axis (plane) that are close to the critical axial (plane) channeling angle. The
simulation results are in good agreement with the experimental data.

INTRODUCTION

The channeling phenomenon can occur in crystals
in the case of motion of fast charged particles along a
crystallographic axis (or a plane) where the particles
move in channels formed by atomic strings or crystal
planes [1-3]. There is a certain redistribution of a parti-
cle stream in a crystal during the channeling process.
As a result, the yields of the processes related to the
small impact parameters can be either increased or
decreased. This is connected to the fact that positively
charged particles in the channeling regime cannot very
closely approach the atomic nuclei in the lattice; there-
fore, such particles collide with nuclei more rarely than
in the absence of channeling. The inverse effect occurs
for negatively charged particles.

If the crystal is disoriented by a small angle with
respect to the stream, then the particles involved in
above-barrier motion with respect to atomic strings and
crystal planes appear in addition to channeled particles
[3-5]. For the above-barrier particles, there is also some
redistribution of the stream density of particles in the
crystal, and this redistribution essentially differs from
the redistribution of the stream density of channeled
particles. In the case of above-barrier motion near the
atomic planes, positively charged particles hover in the
region of the atomic nucleus localization in crystallo-
graphic planes for a sufficiently long time, while nega-
tively charged particles traverse this region faster than
positively charged ones. And if the crystal disorienta-
tion angle significantly exceeds the critical channeling
angle, then there is no effect of redistribution of the par-
ticle stream in the crystal [3].

Thus, the orientation dependence of the yields of the
processes related to the small impact parameters must

exist in the case of crystal disorientation by angles on
the order of the critical channeling angle. This orienta-
tion dependence was observed previously for the yields
of nuclear reactions, delta electrons, and some other
processes [2, 3, 6, 7].

This paper deals with an analysis of the orientation
dependence of the intensity of the incoherent radiation
of relativistic electrons and positrons for particles mov-
ing near a densely packed crystallographic axis and a
plane in the crystal. The simulation procedure for this
process is based on the semiclassical bremsstrahlung
theory and numerical simulation of particle motionin a
crystal regarded as a set of parallel atomic strings. In
this case, the incoherent scattering by thermal vibra-
tions of lattice atoms is taken into account together with
the coherent scattering of particles by continuous
potentials of atomic strings. Thus, using the developed
procedure, one can take the particle dechanneling and
rechanneling effects into account, which makes this
procedure applicable for targets of arbitrary thick-
nesses. The simulation results are compared to the
experimental data on the orientation dependence of the
photon yield in the range of energies close to the emit-
ting electron energy [7]; these data were obtained pre-
viously at the Kharkov Institute of Physics and Tech-
nology.

PROCEDURE

The process of relativistic electron radiation in some
material evolves in a large spatial region along the par-
ticle momentum; this region is called the coherence
length [3, 8]. If the electron collides with a large num-
ber of crystal atoms in this region, then the effective



constant of its interaction with lattice atoms can be
large as compared to unity and one can use a semiclas-
sical approximation to describe electron radiation in a
crystal. In this case, in the dipole approximation, the
bremsstrahling spectral density can be described by the
formula [3, 9]
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where g = S (- kv); k is the wave vector of the emit-

ted photon, |k| = w/c; € and v are the respective energy
and velocity of the initial electron, €' = € — fiy; W, =

J v, (De“?dt is the Fourier component of the electron

acceleration in the direction orthogonal to v, and 0 =
m?c3w/2¢ee’. In particular, for the radiation of the elec-
tron in an isolated-atom field (we represent the atomic
potential in the form of a screened Coulomb potential
U(r) = (Ze/r)exp(—+/R), where Z is the atomic number
and R is the Thomas—Fermi radius), we have
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Here, K(x) is the modified Bessel function of the third
kind (the Macdonald function) and p, is the impact
parameter. Because the characteristic values of ¢ giving
the largest contribution to the integral in (1) are g ~ 0 <<
R, we can set ¢ = 0 in (2) and obtain
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Integrating over ¢ and then over the impact parameter,
we obtain, with logarithmic accuracy, the Bethe—
Heitler result for the radiation efficiency of the unit-
density particle beam incident on the atom:
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We note that the integral over the impact parameter
diverges for small py. This divergence is related to the
dipole approximation valid for p, = fi/mc. We take this
restriction into account by introducing a cut-off in the
lower integration limit (p,;, = #i/mc is the electron
Compton wavelength); the logarithmic accuracy of the
result is due to this fact.

We now consider the emission of an electron inter-
acting with a crystal, which is a system of atoms peri-
odically located in the space. We study the case of an
electron incident on the crystal at a small angle y to one
(the z axis) of the densely packed crystallographic axes.

It is well known [3] that the averaging of the expression
IWqI2 over the thermal vibrations of atoms in a crystal
results in the decomposition of this quantity (and of the
radiation intensity) into two terms describing the coher-
ent and incoherent effects in the radiation:
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where the indices n and m number the atoms participat-
ing in collisions with incident electrons, ¢, is the instant
at which an incoming electron collides with the nth

atom, p, = p(t) - pg is the impact parameter for the

collision with the »nth atom in its equilibrium state pg ,
p(1) is the electron trajectory in the plane orthogonal to
the z axis, and u, is the thermal displacement of the
nth atom relative to its equilibrium position.

In the frequency range

o > 2ee'y/m’ca, (6)

where a is the distance between two nearest parallel
atomic strings, the term describing incoherent effects
contributes mainly to the radiation intensity [3]. As in
the case of radiation on the separate atom, we assume
q = 0, substitute the expression for W in (3), and obtain
the following expression for the incoherent fraction:
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It is convenient to compare the efficiency of the
coherent radiation in a crystal to that of radiation in an
amorphous medium (for the same number of collisions

with atoms). It is easy to see that the ratio of these two
quantities is given by
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where
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N is the total number of atoms with which the electron
moving in the crystal collides and integration over d?p,




means integration over all possible entrance points
(located in one unit cell in the xy plane) for electrons
entering the crystal.

Calculating F(p), one must introduce a cut-off at
small distances as in the case of one separate atom,; i.e.,
one must put P < Ppin for p = pmin- The averaging over
thermal vibrations is performed by integration with a
Gaussian distribution. Such integration can be per-
formed only numerically; therefore, the values of the
function F(p) in (8) are determined by interpolating
results of the numerical integration for the finite set of
the values of p. The integration over d’p, can be per-
formed by the Monte-Carlo method. The impact
parameters p,, for collisions with atoms are determined
by using the electron trajectory in the crystal obtained
by numerical simulation.

Let us consider the electron motion in a crystal at a
small angle y to one of the densely packed crystallo-
graphic axes. This motion is such that the approxima-
tion of the atomic-string continuous potential is valid.
In this case, the problem of electron motion in a crystal
can be reduced to the two-dimensional problem of
motion in the xy plane perpendicular to the string axes.
The electron trajectory p(f) can be determined from the
equation of motion [1-3]
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where Ug(p — pg ) is the potential energy of interaction
of the electron with the continuous potential of the

atomic string parallel to the z axis and pg is the position
of the string in the xy plane.

However, the thermal spread of the atomic positions
relative to their equilibrium positions in the crystal
leads to the appearance of incoherent scattering by
atomic thermal vibrations together with coherent elec-
tron scattering [3].

The scattering angle of an electron in the field of a
separate atom can be found from the equation of motion
and described by the formula differing from expres-
sion (3) for WO only by the coefficient ¢:
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Summing the angles of scattering by all atoms con-
tained in the atomic string in the crystal and averaging
the squared absolute value of this quantity over the
atomic thermal vibrations, we obtain an expression sim-
ilar to (5) and find that the average value of the squared
incoherent scattering angle (9%);,.., can be described by
a formula coinciding with (7) within an accuracy of the
coefficient ¢:
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Thus, simulating the electron trajectory in the crystal,
one can take incoherent scattering from atomic thermal
vibrations into account by adding a random quantity
obeying the Gaussian distribution with variance equal
to (2Z22e*c*/e2R?)F(p,,) to each of the components of the
electron velocity in the xy plane at the instant of colli-
sion with the nth atom.

RESULTS AND DISCUSSION

The specific examples of simulation were chosen
according to the experimental conditions described in
[7]. In one of these examples, the authors recorded the
radiation of 800-keV electrons incident on a Si crystal
(Z=14,R=0.194 A) at a small angle \y to the (111) axis
in the hard radiation spectral region (A = 700 MeV),
where the incoherent mechanism of bremsstrahlung
gives the main contribution. Figure 1 shows the experi-
mental data (Fig. 1b in [7]) and the result of the simu-
lation taking into account the coherent scattering of
electrons by continuous potentials of atomic strings,
incoherent scattering by atomic thermal vibrations, and
the divergence of the electron beam on the order of 5 X
10~ in the experiment under discussion.

Because there is satisfactory agreement between the
simulation results and the experiment, we can explain
the significant increase in the radiation intensity at
small y (as compared to the radiation intensity in an
amorphous medium) by axial electron channeling.
Indeed, for the incidence angles y <€ ., where the crit-
ical axial channeling angle [1-3]

V. = J2UR(0)e = J4Ze'lea,

is 5.1 x 10~ rad in this case, axial channeling occurs for
the majority of particle entrance points in the crystal.
For the motion in the channeling regime, the electron (a
negatively charged particle) moves near the atomic
string, experiencing collisions with atoms with small
impact parameters, which leads to the maximum effi-
ciency of incoherent radiation. At the same time, the
positron (a positively charged particle) in the axial
channeling regime moves far from atomic strings,
which results in the minimum radiation efficiency. For
clarity, we neglected the beam divergence and incoher-
ent scattering by atomic thermal vibrations in Fig. 2. As
vy is increased, the number of channeled particles
decreases; then the different impact parameters for the
collisions with atoms become equiprobable as in an
amorphous medium, and the incoherent radiation effi-
ciency becomes equal to the radiation efficiency in an
amorphous medium (with an accuracy of the Debye—
Walter factor).

We now consider the effect of atomic planes in the
crystal on the incoherent radiation intensity. Let an
electron beam be incident on a crystal at a small angle
6 to one of the densely packed crystallographic axes.
We assume that the angle y (being small and such that
the approximation of the continuous potential of the
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Fig. 1. Yield of 700-MeV photons depending on the inci-
dence angle of 800-Mev electrons to the (111) axis of a Si
single crystal of thickness of 30 pm [7] (experimental
points) and the relative efficiency of incoherent electron
radiation obtained by using the simulation results based on
formula (8) taking into account incoherent electron scatter-
ing by thermal vibrations of lattice atoms and electron beam
divergence (circles).

atomic string is valid) much exceeds the critical axial
channeling angle, y > .. For such large angles vy, the
simulation procedure for the particle trajectory in the
crystal can be simplified significantly (and the required
computer time can be decreased) as compared to the
method based on the numerical integration of equation
of motion (10). Indeed, because the atomic string
potential decreases rapidly with distance, the electron
trajectory is bent mainly at a small region located at the
least distance from the string axis. For this reason, we
approximate the actual particle trajectory by a broken
line; the angles between the portions of this line in the
xy plane are equal to the azimuthal angles of the particle
scattering (deflection) in the field of the corresponding
strings:
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where b is the impact parameter for the collision with
the string, €, = ey?/2 and p,;, is the distance of the clos-
est approach of the electron to the atomic string axis [3, 4].
The successive passage from one collision with the
string to another is performed in the simulation process.
At each step, the coordinates of the atomic string with
which the atom will collide and the impact parameter
for this next collision are determined by using the
known parameters of the current rectilinear portion of
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Fig. 2. Relative efficiency of incoherent crystal positron
(solid line) and electron (dashed line) radiation obtained by
using the simulation results under the conditions of Fig. 1
without considering incoherent particle scattering by atomic
thermal vibrations and electron beam divergence.

the trajectory. The details of this procedure are
described in [9].

Incoherent scattering is taken into account by add-
ing, to the azimuthal incoherent scattering angle (12), a
random quantity obeying a Gaussian distribution with
the dispersion (9%);,con/2W° (see (11), where the sum-
mation is over all atoms of this string, with which the
particle experiences sufficiently close collisions).
Using such a model, which is more realistic than that in
[9], one can take into account the dechanneling phe-
nomenon in which the particles moving in channels
formed by crystal atomic planes can leave these chan-
nels because of the scattering by atomic thermal vibra-
tions.

Hard radiation of 1.2 GeV electrons incident on a Si
crystal at a small angle © to the (110) plane was
recorded in the experiment whose results (Fig. 2 in [7])
are reproduced in Fig. 3. In this case, the electron inci-
dence angle to the (001) axis (the z axis) was chosen to
be sufficiently large in order to guarantee the absence of
axial channeling:

Y~ 100wy, .

(the critical axial channeling angle is 3.5 x 10~ rad in
this case). Fig. 3 shows the simulation results for inco-
herent radiation depending on the incidence angle 6
taking and not taking into account the incoherent elec-
tron scattering by atomic thermal vibrations in the crys-
tal. In the former case, we observe sufficiently good
agreement of the simulation results with the experimen-
tal data. The electron beam divergence under the exper-
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Fig. 3. Yield of 1.1-GeV photons depending on the 1.2-GeV
electron incidence angle to the (110) plane of a Si single
crystal of thickness of 30 wm [7] (experimental points) and
the incoherent electron radiation efficiency obtained by
using the simulation results taking (circles) and not taking
(dashed line) into account incoherent electron scattering by
thermal vibrations of lattice atoms.
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Fig. 4. Relative efficiency of incoherent crystal positron
(solid line) and electron (dashed line) radiation under the
conditions of Fig. 3 without considering incoherent particle
scattering by atomic thermal vibrations.

1

Fig. 5. Variation of the orientation dependence of the incoherent electron radiation efficiency under the condition of Fig. 3 as a func-

tion of the crystal thickness.

imental conditions is 10~* rad and does not affect signif-
icantly the radiation intensity.

In this case, the character of the orientation depen-
dence of the incoherent radiation efficiency is also due
to the special features of the electron dynamics in the
crystal. It can be demonstrated most clearly by a com-
parison of the orientation dependences of the electron
and positron incoherent radiation under the same con-
ditions (see Fig. 4, where the possibility of incoherent
particle scattering by atomic thermal vibrations in the
crystal is not taken into account for clarity). Plane chan-
neling occurs for the majority of particle entrance
points in the crystal for 8 close to zero. In the plane-
channeling regime, the electron moves mainly near the
atomic plane in the crystal and the impact parameters
for atomic collisions are small, which leads to the max-

imum incoherent radiation efficiency. On the other
hand, the positron in the plane-channeling regime
mainly moves far from the atomic planes, which results
in the minimum radiation efficiency.

For 6 close to the critical plane-channeling angle
(the value of which is 6, = 2 X 10~ rad in the case under
consideration), above-barrier positrons move mainly
near the atomic planes in the crystal, which leads to the
maximum incoherent radiation efficiency. On the con-
trary, above-barrier electrons pass rapidly through the
atomic plane, which results in the minimum coherent
radiation intensities.

For 6 > 6, the energy €, = €0°/2 of the transverse
particle motion [3] greatly exceeds the height of the
potential barrier formed by the continuous potential of
the atomic plane in the crystal. In this case, the particle



trajectory becomes almost rectilinear. For such a trajec-
tory, all possible impact parameters for the atomic col-
lisions are almost equiprobable as in an amorphous
medium and the incoherent radiation efficiency
becomes (with an accuracy of the Debye—Walter factor)
becomes equal to that in an amorphous medium and
independent of the crystal orientation.

Electron scattering from the thermal vibrations of
the lattice atoms by a large angle can lead to electron
dechanneling, and the electron motion becomes above-
barrier instead of that in the plane channel. For this rea-
son, the above-mentioned maxima and minima become
less pronounced, as can be seen from the simulation
results taking into account scattering by atomic thermal
vibrations (Fig. 3) and excluding the possibility of
dechanneling.

As the crystal thickness increases, the probability of
electron dechanneling increases, which leads to a grad-
ual increase in the orientation dependence of the inco-
herent radiation efficiency (Fig. 5).

CONCLUSIONS

The simulation results show that there is a consider-
able dependence of the incoherent bremsstrahlung
yield on the crystal orientation with respect to the inci-
dent particle beam for incidence angles close to the crit-
ical axial and plane channeling angles. This orientation
dependence is due to the special features of the dynam-
ics of charged particles in the crystal and is significantly
different for electrons and positrons. In the case of elec-
trons, the simulation results for incoherent radiation
agree well with the experimental results in [7], the
authors of which measured the orientation dependence
of the yield of photons with energies close to the energy

of emitting electrons; in this case, the contribution of
the incoherent mechanism is dominant.
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